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Orthogonalization with respect to the standard inner product

A = (a1, . . . , an) ∈ Rm,n, m ≥ n = rank(A)

orthogonal basis Q of span(A):

Q = (q1, . . . , qn) ∈ Rm,n, QT Q = In

A = QR, R ∈ Rn,n upper triangular,
factorization uniqueness: positive diagonal entries

κ(Q) = 1, ‖R‖ = ‖A‖, ‖R−1‖ = 1/σn(A), (κ(R) = κ(A))

C = ATA = RTR



CLASSICAL AND MODIFIED GRAM-SCHMIDT ALGORITHMS

I classical and modified Gram-Schmidt are mathematically equivalent, but
they have ”different” numerical properties

I classical Gram-Schmidt can be ”quite unstable”, can ”quickly” lose all
semblance of orthogonality



classical Gram-Schmidt process:
for j = 1, . . . , n

uj = aj

for i = 1, . . . , j − 1

ri,j = 〈aj , qi〉
uj = uj − ri,jqi

rj,j = ‖uj‖
qj = uj/rj,j

modified Gram-Schmidt process:
for j = 1, . . . , n

uj = aj

for i = 1, . . . , j − 1

ri,j = 〈uj , qi〉
uj = uj − ri,jqi

rj,j = ‖uj‖
qj = uj/rj,j



GRAM-SCHMIDT PROCESS VERSUS ROUNDING ERRORS

I modified Gram-Schmidt (MGS):
assuming O(u)κ(A) < 1

‖I − Q̄T Q̄‖ ≤ O(u)κ(A)
1−O(u)κ(A)

Björck, 1967 , Björck, Paige, 1992

I classical Gram-Schmidt (CGS)?

‖I − Q̄T Q̄‖ ≤ O(u)κn−1(A)

1−O(u)κn−1(A)
?

Kielbasinski, Schwettlik, 1994

Polish version of the book, 2nd edition



TRIANGULAR FACTOR FROM CLASSICAL GRAM-SCHMIDT VS.
CHOLESKY FACTOR OF THE CROSS-PRODUCT MATRIX

exact arithmetic:

ri,j = (aj , qi) =

(
aj ,

ai −
∑i−1

k=1 rk,iqk

ri,i

)

=
(aj , ai)−

∑i−1
k=1 rk,irk,j

ri,i

The computation of R in the classical Gram-Schmidt is closely related to the
left-looking Cholesky factorization of the cross-product matrix
C = AT A = RT R

Cholesky QR algorithm: the triangular factor computed as the Cholesky factor
of the cross-product matrix C and the orthogonal vectors recovered from the
inverse of the triangular factor as Q = AR−1



CLASSICAL GRAM-SCHMIDT PROCESS: THE LOSS OF
ORTHOGONALITY

AT A + ∆E1 = R̄T R̄, A + ∆E2 = Q̄R̄

R̄T (I − Q̄T Q̄)R̄ = −(∆E2)T A−AT ∆E2 − (∆E2)T ∆E2 + ∆E1

assuming O(u)κ(A) < 1

‖I − Q̄T Q̄‖ ≤ O(u)κ2(A)
1−O(u)κ(A)

Giraud, van den Eshof, Langou, R, 2005

Barlow, Smoktunowicz, Langou, 2006



ITERATED GRAM SCHMIDT OR GRAM-SCHMIDT PROCESS WITH
REORTHOGONALIZATION

I Iterated Gram-Schmidt algorithm: Gram-Schmidt process can be applied
iteratively to improve the orthogonality between the computed vectors

I Gram-Schmidt with reorthogonalization: ”two-steps are enough” to
preserve the orthogonality to working accuracy



classical Gram-Schmidt:
for j = 1, . . . , n

uj = aj

for i = 1, . . . , j − 1
ri,j = 〈aj , qi〉
uj = uj − ri,jqi

rj,j =
q
‖aj‖2 −

Pj−1
i=1 r2

i,j

qj = uj/rj,j

classical Gram-Schmidt with reorthogonalization:
for j = 1, . . . , n

uj = aj

for k = 1, 2
a
(k)
j = uj

for i = 1, . . . , j − 1
r
(k)
i,j = 〈a(k)

j , qi〉
uj = uj − r

(k)
i,j qi

rj,j = ‖uj‖
qj = uj/rj,j



GRAM-SCHMIDT WITH THE REORTHOGONALIZATION

uj = (I −Qj−1Q
T
j−1)aj , vj = (I −Qj−1Q

T
j−1)

2aj

‖uj‖ = |rj,j | ≥ σmin(Rj) = σmin(Aj) ≥ σmin(A)
‖aj‖
‖uj‖ ≤ κ(A), ‖uj‖

‖vj‖ = 1, QT
j−1(

vj

‖vj‖) = 0
A + ∆E2 = Q̄R̄, ‖∆E2‖ ≤ O(u)‖A‖

‖aj‖
‖ūj‖ ≤

κ(A)
1−O(u)κ(A) ,

‖ūj‖
‖v̄j‖ ≤

1
1−O(u)κ(A) ,

‖Q̄T
j−1v̄j‖
‖v̄j‖ ≤?

assuming O(u)κ(A) < 1

‖I − Q̄T Q̄‖ ≤ O(u)
1−O(u)κ(A)

Giraud, van den Eshof, Langou, R, 2005



STANDARD INNER PRODUCT: ROUNDING ERRORS

I modified Gram-Schmidt:
assuming O(u)κ(A) < 1

‖I − Q̄T Q̄‖ ≤ O(u)κ(A)
1−O(u)κ(A)

Björck, 1967, Björck, Paige, 1992

I classical Gram-Schmidt:
assuming O(u)κ(A) < 1

‖I − Q̄T Q̄‖ ≤ O(u)κ2(A)
1−O(u)κ(A)

Giraud, van den Eshof, Langou, R, 2005

Barlow, Smoktunowicz, Langou, 2006

I classical or modified Gram-Schmidt with reorthogonalization:
assuming O(u)κ(A) < 1
‖I − Q̄T Q̄‖ ≤ O(u)

Giraud, van den Eshof, Langou, R, 2005

Barlow, Smoktunowicz, 2011
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Orthogonalization with respect to a non-standard inner product

B ∈ Rm,m symmetric positive definite, inner product 〈·, ·〉B

A = (a1, . . . , an) ∈ Rm,n, m ≥ n = rank(A)

B-orthonormal basis of span(A):

Q = (q1, . . . , qn) ∈ Rm,n, QT BQ = In

A = QR, R ∈ Rn,n upper triangular with positive diagonal entries

B1/2A = (B1/2Q)R, ‖B1/2Q‖ = σn(B1/2Q) = 1 (κ(Q) ≤ κ1/2(B)))
‖R‖ = ‖B1/2A‖, ‖R−1‖ = 1/σn(B1/2A) (κ(R) = κ(B1/2A)

C = ATBA = RTR



classical Gram-Schmidt:
for j = 1, . . . , n

uj = aj

for i = 1, . . . , j − 1
ri,j = 〈aj , qi〉B
uj = uj − ri,jqi

rj,j =
q
‖aj‖2

B −
Pj−1

i=1 r2
i,j

qj = uj/rj,j

classical Gram-Schmidt with reorthogonalization:
for j = 1, . . . , n

uj = aj

for k = 1, 2
a
(k)
j = uj

for i = 1, . . . , j − 1
r
(k)
i,j = 〈a(k)

j , qi〉B
uj = uj − r

(k)
i,j qi

rj,j = ‖uj‖B

qj = uj/rj,j



LOSS OF B-ORTHOGONALITY IN GRAM-SCHMIDT

modified Gram-Schmidt:

O(u)κ(B)κ(B1/2A) < 1

‖I − Q̄T BQ̄‖ ≤ O(u)‖B‖‖Q̄‖2κ(B1/2A)
1−O(u)‖B‖‖Q̄‖2κ(B1/2A)

classical Gram-Schmidt and AINV algorithm:

O(u)κ(B)κ(B1/2A)κ(A) < 1

‖I − Q̄T BQ̄‖ ≤ O(u)‖B‖1/2‖Q̄‖κ(B1/2A)κ1/2(B)κ(A)
1−O(u)‖B‖1/2‖Q̄‖κ(B1/2A)κ1/2(B)κ(A)

classical Gram-Schmidt with reorthogonalization:

O(u)κ1/2(B)κ(B1/2A) < 1

‖I − Q̄T BQ̄‖ ≤ O(u)‖B‖‖Q̄‖‖Q̄(1)‖



THE LOCAL ERRORS IN A NON-STANDARD INNER PRODUCTS

general positive definite B :

|fl[〈ūi, q̄j〉B]− 〈ūi, q̄j〉B| ≤ O(u)‖B‖‖ūi‖‖q̄j‖
|1− ‖q̄j‖2

B| ≤ O(u)‖B‖‖q̄j‖2

diagonal positive (weight matrix) B :

|fl[〈ūi, q̄j〉B]− 〈ūi, q̄j〉B| ≤ O(u)‖ūi‖B‖q̄j‖B

|1− ‖q̄j‖2
B| ≤ O(u)



DIAGONAL CASE IS SIMILAR TO STANDARD CASE

modified Gram-Schmidt:

O(u)κ(B1/2A) < 1

‖I − Q̄T BQ̄‖ ≤ O(u)κ(B1/2A)

1−O(u)κ(B1/2A)

classical Gram-Schmidt and AINV algorithm

O(u)κ2(B1/2A) < 1

‖I − Q̄T BQ̄‖ ≤ O(u)κ2(B1/2A)

1−O(u)κ2(B1/2A)

classical Gram-Schmidt with reorthogonalization:

O(u)κ(B1/2A) < 1

‖I − Q̄T BQ̄‖ ≤ O(u)

Gulliksson, Wedin 1992, Gulliksson 1995



Orthogonalization with respect to a symmetric bilinear form

B ∈ Rm,m symmetric indefinite and nonsingular

A = (a1, . . . , an) ∈ Rm,n, m ≥ n = rank(A)

B-orthonormal basis of span(A):

Q = (q1, . . . , qn) ∈ Rm,n, QT BQ = Ω ∈ diag(±1)

A = QR, R ∈ Rn,n upper triangular with positive diagonal

if no principal minor of C vanishes (if C is strongly nonsingular)

C = ATBA = RTΩR

Bunch 1971, Bunch-Parlett 1971

Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981

Slapnicar 1999, Singer and Singer 2000, Singer 2006



classical Gram-Schmidt:
for j = 1, . . . , n

uj = aj

for i = 1, . . . , j − 1
ri,j = ωi〈Baj , qi〉
uj = uj − ri,jqi

ωj =sign
h
〈Baj , aj〉 −

j−1P
i=1

ωir
2
i,j

i
, rj,j =

s���〈Baj , aj〉 −
j−1P
i=1

ωir2
i,j

���
qj = uj/rj,j

classical Gram-Schmidt with reorthogonalization:
for j = 1, . . . , n

uj = aj

for k = 1, 2
a
(k)
j = uj

for i = 1, . . . , j − 1
r
(k)
i,j = ωi〈Ba

(k)
j , qi〉

uj = uj − r
(k)
i,j qi

ωj = sign[〈Buj , uj〉], rj,j =
p
|〈Buj , uj〉|

qj = uj/rj,j



Conditioning of the factors R and Q

‖R−1
j ‖2 ≤ ‖C−1

j ‖+ 2
∑

i=1,...,j−1; ωi+1 6=ωi

‖C−1
i ‖

C = RT ΩR ⇒ ‖R‖ ≤ ‖C‖‖R−1‖

κ(R) ≤ ‖C‖
(
‖C−1‖+ 2

∑
j; ωj+1 6=ωj

‖C−1
j ‖
)

‖Q‖ ≤ ‖A‖‖R−1‖, σmin(Q) ≥ σmin(A)
‖R‖

κ(Q) ≤ κ(A)κ(R)

R, Okulicka-Dluzewska, Smoktunowicz, 2015

N. Higham, J-orthogonal matrices, SIAM Review 2003



Example with well-conditioned principal submatrix

A =
(

1 0
0 1

)
, B =

(
1

√
ε√

ε −ε

)

Q = R−1 =

(
1 −1
0 1√

ε

)
, R = Q−1 =(

1
√

ε

0
√

ε

)
, Ω =

(
1 0
0 −1

)

‖B‖ ≈ 1 + ε and σmin(B) = 2ε

‖R‖ ≈
√

1 + ε, σmin(R) ≈
√

ε, κ(R) = κ(Q) ≈ 1√
ε



Example with ill-conditioned principal submatrix

A =
(

1 0
0 1

)
, B =

(
ε 1
1 −ε

)

Q = R−1 =

( 1√
ε
− 1√

ε(1+ε2)

0
√

ε√
1+ε2

)
, R = Q−1 =( √

ε 1√
ε

0
√

1+ε2√
ε

)
, Ω =

(
1 0
0 −1

)

‖B‖ = σmin(B) =
√

1 + ε2

‖R‖ ≈
√

2√
ε
, σmin(R) ≈

√
ε√
2
, κ(R) = κ(Q) ≈ 2

ε



Classical Gram-Schmidt computes a Cholesky-like factor of C

Cholesky-like factorization:

assuming O(u)‖A‖2‖B‖(‖C−1‖+ maxj, ω̄j+1 6=ω̄j ‖C
−1
j ‖) < 1

C + ∆C = R̄T Ω̄R̄,
‖∆C‖ ≤ O(u)[‖R̄‖2 + ‖B‖‖A‖2]

Bunch 1971, Bunch-Parlett 1971

Slapnicar, 1999

Classical Gram-Schmidt (B-CGS) process :

C + ∆C = R̄T Ω̄R̄,

‖∆C‖ ≤ O(u)[‖R̄‖2+‖B‖‖A‖‖Q̄‖‖R̄‖+‖B‖‖A‖2]



The loss of B-orthogonality between computed vectors

Cholesky-like B-QR factorization: Q̄ = fl(AR̄−1)

‖Q̄T BQ̄−Ω̄‖ ≤ O(u)[κ2(R̄)+‖R̄−1‖2‖A‖2‖B‖+2‖BQ̄‖‖Q̄‖κ(R̄)]

Classical Gram-Schmidt (B-CGS) process :

‖Q̄T BQ̄− Ω̄‖ ≤
O(u)

[
κ2(R̄) + ‖R̄−1‖2‖A‖2‖B‖+ 3‖BA‖‖R̄−1‖‖Q̄‖κ(R̄)

]



The loss of B-orthogonality between computed vectors

CGS with reorthogonalization (B-CGS2):
O(u)‖A‖2‖B‖‖C‖(‖C−1‖+ maxj, ω̄j+1 6=ω̄j

‖C−1
j ‖)2 < 1

‖Q̄TBQ̄− Ω̄‖ ≤ O(u)‖B‖‖Q̄‖2



Numerical experiments - model examples

C =
(

C11 C12

C21 C22

)
=
(

RT
11 0

RT
12 RT

22

)(
I 0
0 −I

)(
R11 R12

0 R22

)
,

1. κ(C11) = 100 � κ(C) ≈ 102i, κ(C12) = 10i for i = 0, . . . , 8;
C22 = 0 (‖C11‖ = ‖C12‖ = 1)

2. κ(C11) = 10i � κ(C) = 1 for i = 0, . . . , 16; C2
11 + C2

12 = I
C22 = −C11 (‖C11‖ = 1/2)



The spectral properties of computed factors with respect to the
conditioning of the submatrix C12 for Problem 1.

‖C−1
12 ‖ ‖C−1‖ ‖S22‖ ‖R̄‖ = ‖Q̄−1‖ ‖R̄−1‖ = ‖Q̄‖

100 1.6180e+00 1.0000e+02 1.4142e+01 1.4142e+01

101 1.0099e+02 1.0000e+02 1.4142e+01 1.4142e+01

102 1.0001e+04 1.0000e+02 1.4142e+01 1.0001e+02

103 1.0000e+06 1.0000e+02 1.4142e+01 1.0000e+03

104 1.0000e+08 1.0000e+02 1.4142e+01 1.0000e+04

105 1.0000e+10 1.0000e+02 1.4142e+01 1.0000e+05

106 1.0000e+12 1.0000e+02 1.4142e+01 1.0000e+06

107 9.9808e+13 1.0000e+02 1.4142e+01 1.0000e+07

108 1.8925e+16 1.0000e+02 1.4142e+01 1.0000e+08



The loss of B-orthogonality ‖Ω̄− Q̄T BQ̄‖ with respect to the conditioning
of the submatrix C12 for Problem 1.

‖C−1
12 ‖ Cholesky B-QR Cholesky B-QR2 B-CGS B-CGS2

100 6.9767e-15 3.1373e-15 4.5838e-15 3.1956e-15

101 8.5940e-14 6.6516e-15 5.1740e-14 7.1550e-15

102 1.8989e-12 5.6400e-14 4.4021e-12 5.1951e-14

103 4.8268e-10 3.2421e-13 1.5760e-10 4.4188e-13

104 2.9594e-08 4.9631e-12 1.1656e-08 2.6936e-12

105 1.5621e-06 3.7820e-11 1.8274e-06 2.9007e-11

106 2.4082e-05 2.0335e-10 2.3673e-04 2.8010e-10

107 3.7036e-02 2.5207e-09 9.6352e-03 2.9913e-09

108 6.5241e-01 2.0603e-08 4.1306e-01 2.4907e-08



The spectral properties of computed factors with respect to the
conditioning of the submatrix C11 for Problem 2.

‖C−1
11 ‖ ‖C−1‖ ‖S22‖ ‖R̄‖ = ‖Q̄−1‖ ‖R̄−1‖ = ‖Q̄‖

100 1.0000e+00 2.0000e+00 1.9319e+00 1.9319e+00

101 1.0000e+00 2.0000e+01 6.3226e+00 6.3226e+00

102 1.0000e+00 2.0000e+02 2.0000e+01 2.0000e+01

103 1.0000e+00 2.0000e+03 6.3246e+01 6.3246e+01

104 1.0000e+00 2.0000e+04 2.0000e+02 2.0000e+02

105 1.0000e+00 2.0000e+05 6.3246e+02 6.3246e+02

106 1.0000e+00 2.0000e+06 2.0000e+03 2.0000e+03

107 1.0000e+00 2.0000e+07 6.3246e+03 6.3246e+03

108 1.0000e+00 2.0000e+08 2.0000e+04 2.0000e+04

109 1.0000e+00 2.0000e+09 6.3246e+04 6.3246e+04

1010 1.0000e+00 2.0000e+10 2.0000e+05 2.0000e+05

1011 1.0000e+00 2.0000e+11 6.3246e+05 6.3246e+05

1012 1.0000e+00 2.0000e+12 2.0000e+06 2.0000e+06

1013 1.0000e+00 1.9999e+13 6.3245e+06 6.3245e+06

1014 1.0000e+00 2.0004e+14 2.0188e+07 2.0520e+07

1015 1.0000e+00 2.0011e+15 6.6349e+07 5.2040e+07



The loss of B-orthogonality ‖Ω̄− Q̄T BQ̄‖ with respect to the conditioning
of the principal submatrix C11 for Problem 2.

‖C−1
11 ‖ Cholesky B-QR Cholesky B-QR2 B-CGS B-CGS2

100 5.0322e-16 3.2067e-16 5.3413e-16 3.9373e-16

101 1.2883e-15 8.7715e-16 1.5521e-15 1.2610e-15

102 4.5583e-15 3.5957e-15 4.6097e-15 3.2657e-15

103 1.9874e-14 1.6704e-14 2.6765e-14 2.2026e-14

104 1.5159e-13 1.2480e-13 1.4222e-13 1.3054e-13

105 1.0447e-12 8.1751e-13 1.1241e-12 1.2374e-12

106 1.0511e-11 7.1311e-12 1.6597e-11 6.4763e-12

107 5.8440e-11 5.0812e-11 2.1037e-10 5.1101e-11

108 3.5174e-10 2.3857e-10 6.4724e-10 5.8383e-10

109 5.6336e-09 4.7359e-09 8.5080e-09 3.2390e-09

1010 6.4206e-08 4.7271e-08 1.8162e-07 4.7073e-08

1011 3.3127e-07 2.8293e-07 1.0061e-06 4.2164e-07

1012 3.4508e-06 2.6920e-06 7.6409e-06 6.0936e-06

1013 2.2361e-05 5.5208e-05 1.3357e-04 4.7861e-03

1014 5.4077e-04 3.6470e-04 6.8111e-04 2.1676e+00

1015 5.4339e-03 2.9211e-03 1.0174e-02 4.1463e+00



Orthogonalization with respect to a skew-symmetric bilinear form

A = (a1, . . . , a2n) ∈ R2m,2n, m ≥ n = rank(A)/2

J =
(

0 I
−I 0

)
∈ R2m,2m skew-symmetric and orthogonal

J-orthonormal basis of span(A): Q = (q1, . . . , q2n) ∈ R2m,2n

QT JQ = diag(
(

0 1
−1 0

)
, . . . ,

(
0 1
−1 0

)
) ∈ R2n,2n

A = QR, R ∈ Rn,n upper triangular with positive diagonal

if no minor of C with even dimension vanishes

C = AT JA = RT diag(
(

0 1
−1 0

)
, . . . ,

(
0 1
−1 0

)
)R

Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981

Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986

Benner, Byers, Fassbender, Mehrmann, Watkins 2000



Orthogonalization with respect to a skew-symmetric bilinear form

classical Gram-Schmidt (CGS)

for j = 1, . . . , n
[u2j−1, u2j ] = [a2j−1, a2j ]

for i = 1, . . . , j − 1

[u2j−1, u2j ] = [u2j−1, u2j ]−
�

0 1
−1 0

�−1

[q2i−1, q2i]
T J [a2j−1, a2j ]

�
r11 0
r12 r22

��
0 1
−1 0

��
r11 r12

0 r22

�
= [u2j−1, u2j ]

T J [u2j−1, u2j ]

[q2j−1, q2j ] = [u2j−1, u2j ]

�
r11 r12

0 r22

�−1



Uniqueness of the Cholesky-like factorization?

C =
(

0 ±‖C‖
∓‖C‖ 0

)
= RT JR

=
(

r11 0
r12 r22

)(
0 1
−1 0

)(
r11 r12

0 r22

)
=
(

0 r11r22

−r11r22 0

)

How to compute the (normalization) factor R =
(

r11 r12

0 r22

)
?

Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986

Fassbender 2000, Benner 2003

Salam 2005

Ferng, Lin, Wang 1997

Bhatia 1994, Chang, 1998



Local minimization of the condition number of R

κ2(R) = ‖R‖2F +
√
‖R‖4F−4r2

11r2
22

‖R‖2F−
√
‖R‖4F−4r2

11r2
22

As r11r22 = d is fixed and κ(R) is an increasing function of ‖R‖F , it is
minimized if r12 = 0 and |r11| = |r22|. Then

RT R = |d|
�

1 0
0 1

�
, κ(R) = 1

.
Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986



Local minimization of the condition number of Q

Q = AR−1, κ2(Q) =
‖Q‖2F +

r
‖Q‖4F−4

(‖A‖σmin(A))2

d2

‖Q‖2F−
r
‖Q‖4F−4

(‖A‖σmin(A))2

d2

As ‖A‖σmin(A)/d is fixed and κ(Q) is an increasing function of ‖Q‖F , it is
minimized if r12 is chosen so that q1 ⊥ q2 with ‖q1‖ = ‖q2‖. Then

QT Q =
‖A‖σmin(A)

|d|

�
1 0
0 1

�
, κ(Q) = 1

.
Fassbender, R 2016



Conditioning of the factors R and Q

‖R−1‖2 ≤ ‖C−1‖+
√

2
n−1∑
k=1

(‖C−1
2(k−1)C2(k−1),k‖+ 1)2‖R−1

k,k‖

‖R‖ ≤ ‖C‖‖R−1‖

‖Q‖ ≤ ‖A‖‖R−1‖, σmin(Q) ≥ σmin(A)
‖R‖

κ(Q) ≤ κ(A)κ(R)

Xu 2003



Example with κ(R) � κ(A) ≈ κ(C) ≈ 1

A =

0
BB@

√
ε 1 0 0

1 0 0 −ε
0

√
ε 0 1

0 0 1 −
√

ε

1
CCA, C =

0
BB@

0 ε 1 0
−ε 0 0 1
−1 0 0 ε
0 −1 −ε 0

1
CCA

Q =

0
BBBBBB@

1 0 1
√

ε
√

1−ε2
− 1√

1−ε2

1√
ε

0 0 −
√

1−ε2
√

ε

0 0 − 1√
1−ε2

−
√

ε√
1−ε2

0 1√
ε

√
ε√

1−ε2

ε√
1−ε2

1
CCCCCCA

,

R =

0
BBBB@

√
ε 0 0 − 1√

ε

0
√

ε 1√
ε

0

0 0

√
1−ε2
√

ε
0

0 0 0 −
√

1−ε2
√

ε

1
CCCCA

σ(A) ≈ 1, κ(A) ≈ 1,

σ(R) ≈
√

2√
ε
,
√

ε√
2
, κ(R) ≈ 2

ε , σ(Q) ≈
√

2√
ε
,
√

ε√
2



Conditioning of factors in the SR decomposition

C skew-symmetric, Bunch decomposition of C
L ∈ R2n,2n block unit lower triangular, D ∈ R2n,2n block diagonal

C = LDLT , D =


d1

(
0 1
−1 0

)
. . .

dn

(
0 1
−1 0

)


U ∈ R2n,2n, U = AL−T , UT JU = D

R = diag(R1,1, . . . , Rn,n)LT , Q = Udiag(R−1
1,1, . . . , R

−1
n,n)

Bunch 1982, Benner, Byers, Fassbender, Mehrmann, Watkins 2000, Singer, Singer 2003



Towards the global minimization of the condition number of R

LT =

 I . . . LT
n,1

. . .
...
I

 =

 L1
...

Ln

 , Ln =
(

`n,1

`n,2

)
.

1. For each n minimize ‖Rn,nLn‖2
F subject to r11r22 = dn:

‖Rn,nLn‖2
F = 2|dn|

√
‖`n,1‖2‖`n,2‖2 − (`n,1, `n,2)2 = 2β2

n

and ‖
(

1 0
)
Rn,nLn‖ = ‖

(
0 1

)
Rn,nLn‖ = βn.

2. Set β = maxn βn. For each n compute Rn,n so that
‖Rn,nLn‖2

F = 2β2 and r11r22 = dn.

We can find a block scaling such that all rows of the matrix
R = diag(R1,1, . . . , Rn,n)LT have the same norm equal to β.
Optimality of block scaling? 2nβ2 = ‖RR

n,nLn‖2
F ≤ ‖Rn,nLn‖2

F
Van der Sluis 1969, Shapiro 1982, 1985



Towards the global minimization of the condition number of Q

U = (U1, . . . , Un) , Un = (un,1, un,2) .

1. For each n minimize ‖UnR−1
n,n‖2

F subject to r11r22 = dn:

‖UnR−1
n,n‖2

F = 2
√
‖un,1‖2‖un,2‖2−(un,1,un,2)2

|dn| = 2β2
n

and ‖UnR−1
n,n

(
1
0

)
‖ = ‖UnR−1

n,n

(
0
1

)
‖ = βn.

2. Set β = maxn βn. For each n compute Rn,n so that
‖UnR−1

n,n‖2
F = 2β2 and r11r22 = dn

We can find a block scaling such that all collumns of the matrix
Q = Udiag(R−1

1,1, . . . , R
−1
n,n) have the same norm equal to β.

Optimality? 2nβ2 = ‖AL−T
n (RC

n,n)−1‖2
F ≤ ‖AL−T

n (Rn,n)−1‖2
F

Van der Sluis 1969, Shapiro 1982, 1985

Dopico, Johnson 2009



Example with κ(A) ≈ κ(C)

C =


0 ε 0 1
−ε 0 −1 0
0 1 0 1 + 1

ε
−1 0 −(1 + 1

ε ) 0

 = LDLT

=

0
BB@

1 0 0 0
0 1 0 0
1
ε

0 1 0
0 1

ε
0 1

1
CCA
0
BB@

0 ε 0 0
−ε 0 0 0
0 0 0 1
0 0 −1 0

1
CCA
0
BB@

1 0 1
ε

0
0 1 0 1

ε

0 0 1 0
0 0 0 1

1
CCA

A =

0
BB@

0 1 0 1 + 1
ε

1 0 0 0
0 0 −1 0
0 ε 0 1

1
CCA , U =

0
BB@

0 1 0 1
1 0 − 1

ε
0

0 0 −1 0
0 ε 0 0

1
CCA

‖C‖ ≈ 1
ε , ‖C−1‖ ≈ 1

ε2 , κ(C) ≈ 1
ε3 .

‖A‖ ≈ 1
ε , ‖A−1‖ ≈ 1

ε2 , κ(A) ≈ 1
ε3 .

‖U‖ ≈ 1
ε , ‖U−1‖ ≈ 1

ε , κ(U) ≈ 1
ε2



Example: triangular factor local minimization vs. equilibration

R1 =

0
BB@

√
ε 0 0 0

0
√

ε 0
0 0 1 0
0 0 0 1

1
CCA
0
BB@

1 0 1
ε

0
0 1 0 1

ε

0 0 1 0
0 0 0 1

1
CCA =

0
BB@

√
ε 0 1√

ε
0

0
√

ε 0 1√
ε

0 0 1 0
0 0 0 1

1
CCA

‖R1‖ ≈ 1√
ε

, ‖R−1
1 ‖ ≈ 1

ε
, κ(R1) ≈ 1

ε
√

ε

R2 =

0
BBBB@

I 0 0 0
0 I 0 0

0 0
√

ε√
1+ε2

√
(1+ε2)2−ε2

√
ε
√

1+ε2

0 0 0

√
1+ε2
√

ε

1
CCCCA
0
BB@

1 0 1
ε

0
0 1 0 1

ε

0 0 1 0
0 0 0 1

1
CCA

=

√
1 + ε2

√
ε

0
BBBB@

ε√
1+ε2

0
√

1 + ε2 0

0 ε√
1+ε2

0
√

1 + ε2

0 0 ε
1+ε2

√
(1+ε2)2−ε2

1+ε2

0 0 0 1

1
CCCCA .

‖R2‖ ≈
√

1+ε2
√

ε
, ‖R−1

2 ‖ ≈
√

ε√
1+ε2

1
ε

, κ(R2) ≈ 1
ε

.



Example: semi-symplectic factor local minimization vs. equilibration

Q1 =

0
BB@

0 1 0 1
1 0 − 1

ε
0

0 0 −1 0
0 ε 0 0

1
CCA
0
BB@

1√
ε

0 0 0

0 1√
ε

0

0 0 1 0
0 0 0 1

1
CCA =

0
BB@

0 1√
ε

0 1
1√
ε

0 − 1
ε

0

0 0 −1 0
0

√
ε 0 0

1
CCA

‖Q1‖ ≈ 1
ε

, ‖Q−1
1 ‖ ≈ 1

ε
, κ(Q1) ≈ 1

ε2

Q2 =

0
BB@

0 1 0 1
1 0 − 1

ε
0

0 0 −1 0
0 ε 0 0

1
CCA

0
BBBBBB@

4
√

1+ε2
√

ε
0 0 0

0 1
4
√

1+ε2√ε
0

0 0
√

ε
4
√

1+ε2
0

0 0 0
4
√

1+ε2
√

ε

1
CCCCCCA

=
4
√

1 + ε2

√
ε

0
BBBBB@

0 1√
1+ε2

0 1

1 0 − 1√
1+ε2

0

0 0 − ε√
1+ε2

0

0 ε√
1+ε2

0 0

1
CCCCCA .

‖Q2‖ ≈
4
√

1+ε2
√

ε

√
2, ‖Q−1

2 ‖ ≈
√

ε
4
√

1+ε2

√
2
√

1+ε2

ε
, κ(Q2) ≈ 2

√
1+ε2

ε
.



Thank you for your attention!!!
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Orthogonalization with respect to a skew-symmetric bilinear form

B ∈ R2m,2m skew-symmetric and nonsingular

A = (a1, . . . , a2n) ∈ R2m,2n, m ≥ n = rank(A)/2
A = QR, R ∈ R2n,2n upper triangular with positive diagonal

B-orthonormal basis of span(A): Q = (q1, . . . , q2n) ∈ R2m,2n

QT BQ = diag(
(

0 1
−1 0

)
, . . . ,

(
0 1
−1 0

)
) ∈ R2n,2n

C = AT BA = RT diag(
(

0 1
−1 0

)
, . . . ,

(
0 1
−1 0

)
)R



Orthogonalization with respect to a skew-symmetric bilinear form

Schur-like factorization of skew-symmetric and nonsingular B

B = V

(
0 Σ2

−Σ2 0

)
V T

V ∈ R2m,2m orthogonal with V T V = V V T = I
Σ = diag(σ1, . . . , σm) ∈ Rm,m with positive entries

B = V

(
Σ 0
0 Σ

)(
0 I
−I 0

)(
Σ 0
0 Σ

)
V T

(
Σ 0
0 Σ

)
V T A is a J-orthogonal matrix with

J =
(

0 I
−I 0

)
∈ R2m,2m skew-symmetric and orthogonal



Example with κ(R) ≈ κ(A) � κ(C) ≈ 1

A =

0
BBBB@

√
ε 0 0 − 1√

ε

0 0 0

√
1−ε2
√

ε

0
√

ε 1√
ε

0

0 0

√
1−ε2
√

ε
0

1
CCCCA, C =

0
BB@

0 ε 1 0
−ε 0 0 1
−1 0 0 ε
0 −1 −ε 0

1
CCA

Q =

0
BB@

1 0 0 0
0 0 0 −1
0 1 0 0
0 0 1 0

1
CCA , R =

0
BBBB@

√
ε 0 0 − 1√

ε

0
√

ε 1√
ε

0

0 0

√
1−ε2
√

ε
0

0 0 0 −
√

1−ε2
√

ε

1
CCCCA

σ(A) ≈
√

2√
ε
,
√

ε√
2
, κ(A) ≈ 2

ε ,

σ(R) ≈
√

2√
ε
,
√

ε√
2
, κ(R) ≈ 2

ε , κ(Q) = 1



Local minimization of the condition number of R

κ2(R) = ‖R‖2F +
√
‖R‖4F−4r2

11r2
22

‖R‖2F−
√
‖R‖4F−4r2

11r2
22

As r11r22 = d is fixed and κ(R) is an increasing function of ‖R‖F , it is
minimized if r12 = 0 and |r11| = |r22|. Then

RT R = |d|
�

1 0
0 1

�
, κ(R) = 1

.

A =


√

ε 1
1 0
0

√
ε

0 0

, AT JA =
(

0 ε
−ε 0

)
, R =

( √
ε 0

0
√

ε

)

Q = AR−1 =


1 1/

√
ε

1/
√

ε 0
0 1
0 0


Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986



Orthogonal factor Q?

r11 = ‖a1‖ =
√

1 + ε, q1 = 1√
1+ε


√

ε
1
0
0

, r12 = qT
1 a2 =

√
ε√

1+ε
,

r22 = aT
1 Ja2

r11
= ε√

1+ε
, q2 = 1

r22
(a2 − r12q1) = 1

ε


1√
1+ε

−
√

ε√
1+ε√

ε
√

1 + ε
0


QT Q =

(
1 0
0 ≈ 1

ε2(1+ε)

)
, κ(Q) ≈ 1

ε

R =

( √
1 + ε

√
ε√

1+ε

0 ε√
1+ε

)
, λ(RT R) ≈ 1 + 2ε, ε2/16, κ(R) ≈ 4

ε



Local minimization of the condition number of Q

Q = AR−1, κ2(Q) =
‖Q‖2F +

r
‖Q‖4F−4

(‖A‖σmin(A))2

d2

‖Q‖2F−
r
‖Q‖4F−4

(‖A‖σmin(A))2

d2

As ‖A‖σmin(A)/d is fixed and κ(Q) is an increasing function of ‖Q‖F , it is
minimized if r12 is chosen so that q1 ⊥ q2 with ‖q1‖ = ‖q2‖. Then

QT Q =
‖A‖σmin(A)

|d|

�
1 0
0 1

�
, κ(Q) = 1

.

R =

 √
ε
√

1+ε
4√1+ε+ε2

ε√
1+ε 4√1+ε+ε2

0
√

ε 4√1+ε+ε2
√

1+ε



Q = AR−1 =


4√1+ε+ε2√

1+ε
1√

ε
√

1+ε 4√1+ε+ε2

4√1+ε+ε2
√

ε
√

1+ε
− 1√

1+ε 4√1+ε+ε2

0
√

1+ε
4√1+ε+ε2

0 0


Fassbender, R 2016


