137 (2012) MATHEMATICA BOHEMICA No. 2, 139-148

ON SIMILARITY SOLUTION OF A BOUNDARY LAYER PROBLEM
FOR POWER-LAW FLUIDS
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Abstract. The boundary layer equations for the non-Newtonian power law fluid are ex-
amined under the classical conditions of uniform flow past a semi infinite flat plate. We
investigate the behavior of the similarity solution and employing the Crocco-like transfor-
mation we establish the power series representation of the solution near the plate.
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1. MATHEMATICAL FORMULATION

Consider a steady two-dimensional laminar flow of a power-law fluid with constant
speed V., over a semi-infinite flat plate at zero incidence. In the absence of the
body force and external pressure gradients, the laminar boundary layer equations
expressing conservation of mass and momentum are governed by ([2], [14]):
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where the y and z axes are taken along and perpendicular to the plate, v and w are the
velocity components of the fluid parallel and normal to the plate, 7 = & |Ov/ (p)‘z|n*1 X
Ov/dz is the shear stress, and v = v|0v/0z|" ! (v = k/0) is the kinematic viscosity.
The case n = 1 corresponds to a Newtonian fluid, 0 < n < 1 is referred to as

the pseudo-plastic non-Newtonian fluid and n > 1 describes the dilatant fluid. The
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appropriate boundary conditions are

(1.3) v(y,0) =0, w(y,0) =0,

(1.4) v(y,2z) = Voo as z — o0,

where V., > 0 represents the mainstream velocity.

The continuity equation (1.1) is satisfied by introducing a stream function
Y(y,z) such that v = 0¢Y/0z, w = —0v¥/Jy. Then the momentum equation
can be transformed into an ordinary differential equation by the transformation
0= (Re/(y/L)Y "V (z/L), ¥y, 2) = LVao(Re/(y/L))~/ D f (), where 1 is the
similarity variable, f(7) is the dimensionless stream function, L is the characteristic
length and Re is the generalized Reynolds number defined as Re = V2 "L"/k.
The partial differential equation (1.2) is transformed into an autonomous third order

non-linear differential equation

mn—1 ey 1 " __
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where primes denote differentiation with respect to 1. The transformed boundary

conditions are

(1.6 =0, J0)=0, flec) = im f/ln) =1

The nondimensional velocity components can be expressed by f(n) as v(y,z) =
Voo £'(n), w(y, z) = Voo (n + 1)_1Rey_1/("+1)(nf’(77) — f(n)), where Re, = V2 "y" x
(k/0)~!. We note that when n = 1 (Newtonian fluid), the present problem is reduced
to the classical Blasius problem [3]. Equation (1.5) is referred to as the generalized
Blasius equation. We shall use the shooting method, and we replace the condition at
oo by one at n = 0 f”(0) = . The real number v has a physical meaning: it provides
the wall shear stress nwan = ’yVOZReZ/ (n+1)y=n|5|"~1y and the non-dimensional drag
coefficient Cp = (n+4 1)/ (+DRe™™/ (1) 4114 ([2], [13]). For the Newtonian case
(n = 1), it was found in [13] that ¢ = 0.33205. Highly accurate numerical results
for v have been provided in [1], [6], [9]. In 1908, Blasius [3] obtained a numerical
solution to (1.5)—(1.6) for n = 1 in the form of a power series for small values of 7:

o0 1\ k Ak’ykJrl
1. _ 2 1 0 3k
(L.7) fm) =n ;)( 5) G
k—1 .
where A, = > (%A Ap 1 if k=2, Ag= A = 1.
j=0
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The main goal of this paper is to examine the properties of the solution to the
boundary value problem (1.5)—(1.6) and to give a power series expansion of the
solution for small value of 7.

2. INITIAL VALUE PROBLEM OF THE GENERALIZED BLASIUS EQUATION

Instead of (1.5)—(1.6) consider the initial value problem (1.5) with

(2.1) f0)=0, f(0)=0, f"(0)=",

where v € R is the shooting parameter. For an appropriate v the solution to (1.5)—
(2.1) satisfies (1.6). The boundary condition at infinity indicates that v > 0. In
the case n = 1, K. Topfer [15] realized that there is a second group invariance such
that if i denotes the solution to (1.5) with initial conditions ~(0) = 0, h'(0) = 0
and h”(0) = 1, then the solution f with initial solutions f(0) = 0, f'(0) = 0 and
f"(0) = 5 can be obtained by f(n) = v'/3h(y'/3n). It therefore suffices to compute h
and then rescale it so that the rescaled function has the desired asymptotic behavior
for large 7, namely f/(co) = 1. The true value of the second derivative at the origin

—3/2

is then v = [ lim A/(n)] . Analogously to Topfer we get
n—00

Theorem 2.1. Assume that f is the solution of (1.5)—(1.6) such that f”(0) =~
and h is the solution of

- 1
2.9 mn—=1 g \r "_ 9
(2.2) (W' R 4 g hh =0, n>0, n#2,
(2:3) h0)=0, ha(0)=0, h"(0)=1.
Then
(24)  f) =ACTIBRGC), = [ Tim W) O,

Proof. Let usintroduce the scaling transformation h = \* f, n* = Ay for (1.5),
where k and p are real, non-zero parameters. We determine x and p such that the
boundary conditions are substituted by suitable conditions. After simple calculations
we get that when k = (1—2n)/(2—n)u the governing differential equation (1.5) is left
invariant by the new variables h and n* and the primes for h denotes the derivative
with respect to n* in (2.2). The initial conditions for f correspond to (2.3) with the
choice of A = v when h”(0) = ~=21f"(0) = 4"~ 2#+L1. Hence with x = (1 — 2n)/3,
i = (2 —n)/3, we have for the power of y that x —2u +1 = 0 i.e., h = 41 -27)/3f

141



n* = v2="/3p and we get h”(0) = 1. Then (2.4) holds and 7 is determined by the
boundary condition at oo as

1= lim f/'(y) = lim 7" *B'(g") = lim 5" D530 (%),

7—00 1n—00 n—00

O

Remark. Applying (2.4) it is possible to determine the value v numerically by
solving the initial value problem (2.2)—(2.3) for different values of n.

We note that the case n = 2 was treated in the paper [10]. For the existence and
uniqueness of solutions of (1.5)—(1.6) we refer to [5]:

Theorem 2.2. Let n > 0, then there exists a unique solution of problem (1.5)—
(1.6). Furthermore, if 0 < n < 1 then f” > 0 for all p > 0, and if n > 1 there exists
1o > 0 such that f” > 0 on [0,79).

For positive v it was deduced that f, f' and f” are positive on (0,7), and the
solution f exists on (0,00) [5]. We assume that f is the solution to (1.5)—(1.6). Then
there exist r > 0 and 1, > 0 such that f = f, on (0,00), 0 < f/ < 1 for [0,7,] and f
satisfies )

mmn=1 ey 7
(1" f)+n—+1ff =0,
f(O):Ov fl(o) =0, f/(nr) =1,

where 7, is unknown. We employ the following Crocco-like transformation for (1.5)—
(1.6): s= f" and G = f”, and we arrive at the problem [12]

nn+1)
(2.6) G'(0)=0, G(1)=0.

(2.5) G"G" 4 (n —1)G" G + =0,

We note that G(0) = f(0). Here we are interested in the positive solution of (2.5)—
(2.6) in [0,1). It was shown that there exists a unique r such that the initial value

problem

Yall _ n—1,/2 S _
(2.7) G"G"+(n-1)G"G* + 7n(n+1) 0,
(2.8) GO0)=r, G'(0)=0

has a continuous, unique, positive solution which vanishes for 1, and r > 0 is the
shooting parameter [5]. Our task is to determine r = f”(0) = ~ such that G is
positive on [0,1) and G(1) = 0.
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Let g be the inverse function of f/: g(f.(n)) = n, then ¢g(0) = 0 and g(1) = n,.
Moreover for any s € (0,1) G(s) =1/4'(s), n = g(s).

Our aim is to give an approximate power series solution to problem (2.7)—(2.8)
and also to problem (1.5)—(1.6) for small values of 7 and n > 0; moreover, to present
a method for the determination of the coefficients.

3. POWER SERIES REPRESENTATION OF THE LOCAL SOLUTION

The object of this section is to determine the local solution G of (2.7)—(2.8) near
the origin. We will consider (2.7)—(2.8) as a system of certain differential equations,
namely, the special Briot-Bouquet differential equations. For this type of differential
equations we refer to the book by E. Hille [8] and E. L. Ince [11]. In order to establish
the existence of a power series representation of G(s) about s = 0 we refer to the
following theorem [4]:

Theorem 3.1. Consider the system of equations

5‘3—? = (€, 21(6), 22(6)),
(3.1) w
fd—g - Ug(f, Zl(f)a ZQ(E));

where functions uy and ug are holomorphic functions of &, z1(£), and z3(§) near
the origin, and moreover u1(0,0,0) = u2(0,0,0) = 0. Then a holomorphic solution
of (3.1) satisfying the initial conditions z1(0) = 0, 22(0) = 0 exists if none of the
eigenvalues of the matrix

our ou |
021 1(0,0,00  Oz2 1(0,0,0)
(3'2) 8U2 8’(1,2

021 1(0,0,00 022 1(0,0,0)
is a positive integer.
o0
This theorem ensures the existence of formal solutions z; = apl® and zp =

k=0

> bré¥ for system (3.1), and also the convergence of formal solutions.
k=0
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Theorem 3.2. Let n > 0. The initial value problem (2.7)—(2.8) has a unique
analytic solution of the form G(s) = Q(s?) in the neighborhood of s = 0, where Q is
a holomorphic solution to

2q 1

& V= Vg TR

near zero satistying Q(0) = r, Q'(0) = —1/[6n(n + 1)r"].

Proof. Let us formulate (2.7) as a system of Briot-Bouquet type differential
equations (3.1) and take the solution in the form G(s) = Q(s°), s € (0,1), where
Q € C?(0,1). Substituting G(s) = Q(s°) into (2.7) we get that Q satisfies

1
s

Introducing a variable ¢ by & = s° we have

(3.4) Qe =Y

Q_/Q 1 53/5*2i
NS

Q"  n(n+1)52

Take the function @ in the form Q(§) = r + ¢€ + z(§), for some constant ¢, and
z € C?(0,a), 2(0) = 0, 2/(0) = 0. Therefore @ fulfils the conditions Q(0) = r,
Q'(0) = q, Q&) = g+ 2 (&), Q") = 2’(§). The initial condition G(0) = r is
satisfied. We restate (3.4) as a system of equations

z1(§) = 2(§) . 21(0) =0
z2(§) = 2'(§) } with 22(0) = 0} '

Due to (3.4) we get that

mey— 9= lat =l (¢ +22(9))°
s S T 72
1 - 1
At D Gt et a@)

We arrange the system of equations (3.1) as follows

u1(§, 21(£), 22(§)) = €22

= k) - (o OO
ua(§,21(€), 22(6) = ——5— (0 + 22(6) — (-~ V= e
o gi1 !
n(n+1)02°  (r+g€+21(9)"
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In order to satisfy conditions u1(0,0,0) = 0 and u2(0,0,0) = 0 we must get zero for
the power of £ on the right-hand side of the second equation. Therefore 3/§ —1 =0,

i.e., § = 3; moreover, we have that —2¢ — 2(n(n+1)r")~! =0, i.e.,
1 1

3.5 e

(3:5) ? 6n(n+1)re

The initial conditions (2.8) are satisfied. For u; and uy we find that

gu Oup g Qw2 1 1 Ow 2
EE (000) T 022100000 1 0211000  9(n+1)rtl 9z 1000 3

Therefore the eigenvalues of matrix (3.2) at (0,0,0) are 0 and —2. Since both the
eigenvalues are non-positive, applying Theorem 3.1 we get the existence of unique
analytic solutions z; and zy at zero. Thus we get the analytic solution Q(&§) =

r + g€ + 2z(€) satisfying (3.4) with Q(0) = r, Q'(0) = ¢, where ¢ is determined by
(3.5). O

Remark. It follows that the solution G(s) to (2.7)—(2.8) has an expansion near
zero of the form G(s) = Y aps?F
k=0

4. DETERMINATION OF THE LOCAL SOLUTION

In this section we give a method for the determination of the coefficients of the
power series solution. We seek a solution of the form

(4.1) G(s) =ag+a1s® +ass®+..., s>0,

with coefficients ar, € R, £k = 0,1,.... From Section 3 we get that ag = r and
a; = q=—1/[6n(n+ 1)r"]. Near zero we have G(s) > 0 and G'(s) < 0 and

(42) Z?) k+1 ak+133k, GH Z 3 k+ ]. 3]€ + 2)ak+1s 3k+1
k=0 k=0
Hence, for G", G*~! and G’ we get

(4.3) G"(s) = Z Aps®t Gn(s) = ZBksgk, G"?(s) = s* Z CrsF
k=0 k=0
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where the coefficients Ay, By and Cj, can be expressed in terms of ax. One can apply
the J. C. P. Miller formula (see [7]) for the determination of Ay, By and Cy:

Ag=ay, By=a)"', Cy=9a} andfork=1,2,...
=
(4.4) A = Ta ]z:()[(lC —jn — jlAjak—j,
k—1
(4.5) By =t > oMk =5)(n 1) = j]Bjax—;,
7=0

k—1
1 .
(4.6) Cy = T > 2k = 3j]Cjck—j, cx = 3(k+ D)ar1.
7=0

Substituting (4.4)—(4.6) into the equation (2.5) we compare the like powers of s and

we get
1 on — 3

47 [ — ] e ——r— —2n—1
(47) T T+ 1) 0 T T 360m2(n 12

10n?4+17n—15 _, .

a3 = —mom———— 2T

2592003 (n + 1)

Then we get
1 on — 3
48 G(s) = (1_7 —<n+1>3_7—2(n+1>6_m).
(48) G =rl - Gmr" * T 360n2(n + 1)27« s
Since G(s) =1/¢'(s) and ¢g(0) = 0 we have g(s fo t)dt and
1 1 on+17
== = A4 T —2(ndl) 7
9(s) { T * T 9520n2(n + 1)2 3
10n? +137n+33 _
559200n3(n + 1)° M) 4 0(519),
hence
1 S5n + 7
_qt —(n+1) pr 4 —2(n+1) g/ 7

10n2 + 137n + 33

73(n+1 / 10 13
259200n3(n + 1)3 ()™ +0(s™).

This implies a similar down stream velocity
1 10n — 21
") — gy~ B3-n 4 UV AL 5 _9n 7
fr(n) =T 4'71(71 4 1)T n 7|n2(n + 1)2
560n —2054n 4+ 1869 ~_;, 10
10!n3(n + 1)3 o

+0(n'?),
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and consequently, the stream function is obtained as

roo 1 P35 10n — 21 F5—2n,8
5ln(n+ 1) 8n2(n +1)2
560n — 2054n + 1869 pT=dn 11
11In3(n + 1)3 +00r™).

These numerical results indicate that a power series solution similar to (1.7) forn = 1
can be obtained for n > 0 in the form

k(2 n)+1

k—1
_ 2 3k
) =1 jz: 3k+2'nk ntr1)F"

where b, = bi(n) are polynomials of order (k — 1).
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