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Abstract. We study a discrete model of the SU(2) Yang-Mills equations on a combina-
torial analog of R*. Self-dual and anti-self-dual solutions of discrete Yang-Mills equations
are constructed. To obtain these solutions we use both the techniques of a double complex
and the quaternionic approach.
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1. INTRODUCTION

We study an intrinsically defined discrete model of the SU(2) Yang-Mills equations
on a combinatorial analog of R%. It is known (see, for example, [5]) that a gauge
potential can be defined as a certain su(2)-valued 1-form A (the connection 1-form).
Then the gauge field F' (the curvature 2-form) is given by

(1.1) F=dA+ANA,

where A denotes the exterior multiplication. The Yang-Mills equations can be ex-
pressed in terms of the 2-forms F' and *F as

(1.2) dF+ ANF—-FANA=0, d«F+AAN*F —xFNA=0,

where * is the Hodge star operator.
We consider the self-dual and anti-self-dual equations

(1.3) F=xF, F=—xF
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Equations (1.3) are nonlinear matrix first order partial differential equations. In the
4-dimensional Yang-Mills theories the self-dual (instanton) and anti-self-dual (anti-
instanton) solutions of (1.3) are the absolute minima of the Yang-Mills action and
satisfy the second-order Yang-Mills equations (1.2) (see [4]).

The purpose of this paper is to construct the self-dual and anti-self-dual solutions
of discrete SU(2) Yang-Mills equations which imitate the corresponding solutions of
the continual theory. The ideas presented here are strongly influenced by the book
of Dezin [2]. We develop discrete models of some objects in differential geometry,
including the Hodge star operator, the differential and the exterior multiplication,
in such a way that they preserve the geometric structure of their continual analogs.
We continue the investigations which were originated in [3], [6]-[8]. The geometrical
discretisation techniques used here extend those introduced in [2] and [6]. A combi-
natorial model of R* based on the use of the double complex construction is taken
from [8].

2. QUATERNIONS AND THE SU(2)-CONNECTION

We begin with a brief review of some preliminaries about quaternions. The quater-
nions are formed from real numbers by adjoining three symbols i, j, k, and an arbi-
trary quaternion x can be written as

(2.1) T = 11 + 2ol + 23] + 24K,
where x1, 2, x3, 4 € R. The symbols i, j, k satisfy the identities

(2.2) iZ=j?=Kk*>= -1,
ij=-ji=k, jk=-kj=1i, ki=—-ik=}j.

It is clear that the space of quaternions is isomorphic to R*. By analogy with the
complex numbers, x; is called the real part of x and x2i + x3j + x4k is called the
imaginary part. In the sequel we will write

Imx = xoi + z3j + z4k.
The conjugate quaternion of x is defined by
T =x1 — T2l — x3] — x4k
Then the norm |z| of a quaternion can be introduced as
(2.3) |z]? = 27 = 2% + 22 + 22 + 22
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The algebra of quaternions can be represented as a sub-algebra of the 2 x 2 complex
matrices M (2,C). We identify the quaternion (2.1) with a matrix f(z) € M(2,C)
by setting

(2.0 o = (

T, + X9l X3+ T4l
—xs + x4l T —x0i /)

Here i is the imaginary unit.
It is well known that the unit quaternions, i.e., those that have the norm |z| = 1,
form a group and this group is isomorphic to SU(2). The 2 x 2 complex matrices

(2.5) i=<é Ei)’ j:<_01 (1)) k:(? (1)>

realize a representation of the Lie algebra su(2) of the group SU(2). Note that mul-
tiplying by —i these tree matrices we obtain the standard Pauli matrices. Matrices
(2.5) correspond to the units i, j,k given by (2.2). Thus the Lie algebra su(2) can
be viewed as the pure imaginary quaternions with the basis i, j, k.

Let the SU(2)-connection A be given by

(2.6) A=A, (x)dat,

where A, (z) € su(2) and x = (z1,...,24) is a point of R?. On the other hand, A
can be defined also as taking values in the space of pure imaginary quaternions. Let
f(x) be a function of the quaternion variable (2.1) with quaternion values. Then we
can write A as

(2.7) A =TIm(f(x)dx),

where f(z) = f1(z) + fo()i+ f3(x)j + fa(z)k and dz = dzq + daei + dzsj + dzsk.
Using the rules of multiplication (2.2) we have

Ai(z) = fa(2)i+ f3(2)] + fa(x)k, As(z) = fi(x)i+ fa(2)] — f3(2)k,
Az(z) = —fa(@)i+ fi(2)j + fa(2)k, As(z) = f3(2)i - fa(2)j + f1(z)k.

Using (2.7) we can rewrite (1.1) as
(2.8) F=TIm(df(x) Adz + f(z)dz A f(z)dx).

In the quaternion notation the instanton and anti-instanton solutions can be found
in Atiyah [1]. In Section 4 we will construct discrete analogs of these solutions.
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3. DISCRETE MODEL

We will use the double complex construction described in [8]. Let the tensor
product C(4) = C® C ® C ® C of a 1-dimensional complex C' be a combinatorial
model of the Euclidean space R? (for details see also [2]). The 1-dimensional complex
C is defined in the following way. Let C° denote the real linear space of 0-dimensional
chains generated by basis elements x; (points), j € Z. It is convenient to introduce
the shift operators 7,0 in the set of indices by

(3.1) T =J+1 oj=j—1L

We denote the open interval (xj, z,;) by e;. We will regard the set {e;} as a
set of basis elements of the real linear space C' of 1-dimensional chains. Then
the 1-dimensional complex (combinatorial real line) is the direct sum of the spaces
introduced above: C' = C° @ C'. Together with the complex C(4) we consider its
double, namely, the complex C(4) of exactly the same structure (for details see [8]).
We need the double to define a discrete analog of the Hodge star operator.

Let K (4) be a cochain complex with gl(2, C)-valued coefficients, where gi(2,C) is
the Lie algebra of the group GL(2,C). Recall that gi(2,C) consists of all complex
2 x 2 matrices M (2, C) with bracket operation [, -]. The complex K (4) is a conjugate
of C(4) and we have K(4) = K ® K @ K ® K, where K is a conjugate of the 1-
dimensional complex C. Basis elements of K can be written as 27, e/. Then an
arbitrary p-dimensional basis element of K(4) is given by s?p) = s @sh ®sh e
sP, where s¥ is either 2% or e*, k; € Z. Note that s’(“p) contains exactly p of
1-dimensional elements e*i. For a p-dimensional cochain ¢ € K (4) we have

(3:2) =3 ¢ sty,
k p

where goff ) € gl(2,C). We will call cochains forms, emphasizing their relationship

with the corresponding continual objects, differential forms. Denote by K (4) the
complex of cochains over the double complex C/(4). It is clear that K (4) has the same
structure as K (4). Let us introduce the operation i: K (4) — K (4), 7: K(4) — K(4)
by setting

~k _ =k ~~k __ _k
(3:3) () = 3Gy B(p) = Sy

where s’(“p) and §’(“p) are basis elements of K (4) and K (4). Hence for a p-form ¢ € K (4)
we have ip = @.
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For the definitions of d¢, U and % on K(4), which are discrete analogs of the
differential d, exterior multiplication A and the Hodge star operator respectively, we
refer the reader to [8].

Let us consider a discrete 0-form with coefficients belonging to M (2,C). We put

(3.4) F=Y" frat,
k

where 2% = 2" @ ¥ ® 2% @ 2% is the 0-dimensional basis element of K (4). Suppose
that the matrices fi, € M(2,C) look like (2.4). Then fj in quaternionic form can be
expressed as

(3.5) fo=fo+ fii+ fli+ fik.

Hence the form (3.4) can be viewed as a discrete form with quaternionic coefficients.
We will call it simply the quaternionic form when no confusion can arise.
Let us denote by e the quaternionic 1-form

(3.6) e= "= (cf +efi+ehj+ elk),
k k

where e¥ are the 1-dimensional basis elements of K (4). Let A € K(4) be a discrete

%

1-form. We define the discrete SU(2)-connection A (discrete analog of (2.6)) to be

4
(3.7) A= Agel,

k i=1

where A} € su(2). Using (3.4) and (3.6), we write (3.7) in the quaternionic form as
(3.8) A=Im(fUe) :Im(kaek)
k

Then the A% are given by
(3.9) Al = fii+ F3+ fiek, AR = fel+ fid — ik,
A =—fii+ i+ Rk, A= fili- f+ Lk

An arbitrary discrete 2-form F' € K (4) can be written as

(3.10) F=> Y Fl,

koi<j
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where F,ij €gl(2,C),1<4,j<4,and 5 - is the 2-dimensional basis element of K (4).
Let F' be given by

(3.11) F=dA+AUA.

For convenience we also introduce the shift operator 7; which acts in the set of indices
as 7k = (k1,...7ki,... kq), where 7 is given by (3.1).
By the definitions of d® and U, combining (3.7) and (3.11), we obtain

(3.12) FP = NAL - NA + ALAY — ALAL

where A;A] = A7 |

It should be noted that in the continual case the curvature form F' (1.1) takes
values in the algebra su(2) for any su(2)-valued connection form A. Unfortunately,
this is not true in the discrete case because, generally speaking, the components
A};Aiik - AiAijk of the form AU A (see (3.12)) do not belong to su(2).

To define an su(2)-valued discrete analog of the curvature 2-form we use the
quaternionic form of A (3.8) and put it in (3.11). Then the discrete curvature form
F is given by

(3.13) F=Im{dfUue+ (fUe)U(fUe)}.
Putting (3.9) in (3.12) we find that

Fk12:(A1fli_A2fk fk 1k fk Tk fk T2k fk Tzk)‘
+(ALfy = Do f + 17 nk"'fk Tk S fre T TR 20
+ (A= Dafi + [ I — fkffllk—fkfgk‘f'fk 32k)
— il =12 le+fk le+fk 2k Tl = Ii Frage
F? = (A fy — Dsfi + 1 f? nk —fif7 nk — fifr k+fkf73k)
+ (ALfE = Dsf} — [ f? nk — fif? nk — fifr T3k) — fRf2R)i
+ (A lfk Asfi+ i1} k+fk PR [ SN [ EAY)
it = i th = fifie = FeF2 + Fu i + fi Frns
Bt = (A = Daf + i f + e F2e + 17 T4k:+fk) )i
+ (=AU = A - S nk"’fk rlk+fk me = Tef2n)i
+ (ALfE = Dafii = fR IR — RS2 nk —fefin =1} T4k7)
— RRE2 e+ L — FiFh + i f2 = TR Lo + Fifhe
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FPP = (=D fif = Dsfy + [ f2n + fifhn + 10 73k+fk k)i
+(Dafy = Dafy = fiftw + Fifin + Tiligr — Jifrn)i
+ (Do ff + A3 fi + fifs gk‘f'fkfék*‘fkffsk"'fkfrlsk)
+ fufrgw = I 72k+fk ST o Rl ) SR o
Ft = (Dofi = Dafy + fefogr — o2 — 17 T4k:+fk )i
+ (=D ff = Aufii = [ fL fk ok fk S = TR T
+(Dafy + Aaf = fifiw = Fefin — i 7 T4k — fifrk
— fifon+ Fefie + Fefre + Fo Lt — Fifraw = FaFies
FRt = (Aafi + Aafi + [ frgn + FiF2n + Fi o + Fifran)i
+ (=Dsff — Dafp + fie 73k+fk ot Sl + Fefra)i
+ (Asfy — Aufi + [ f? T3k} — fi k3 Tgk - fi T4k:+fk) T4k7)
e fi e fR = TR = TR b — PR FL e + Fi ke

To obtain (3.13) we must take the imaginary part of these equations.
Theorem 3.1. The discrete curvature F' in (3.11) is su(2)-valued if and only if

—fszfllk—fkf1k+fkf§1k+fzif32k+féf32k fifs ok =0
fift ik~ fif? nk fif? Tk~ fkfgk“‘fkffgk"’fkfmk 0
—fZ rlk+fk 1k — fi le+fk Tak —fr T4k+flc k=0
filr. Tzk) — fi T2k)+fk) 7'2](7 — fr 73k+fkfrgk flcfrgk 0,

=0
0.

)
)

)

—fef3 k+fk k+fk k+fk 7'4k — fRfE 7'4k — frfe 7'4k
fif? k+fk T3k fifh T3k fift ak fifl k+fkf7—4k

)

Proof. From the above, the assertion follows immediately. O

Theorem 3.2. Let e be given by (3.6) and let € be the conjugate quaternion of e.
Then the 2-form e U é is self-dual, i.e.,

(3.14) eUe=xi(eUe),
and € U e is anti-self-dual, i.e.,

(3.15) eUe=—=xi(eUe).

Proof. Denote

E : k E : k
= €, Eij = Eij'
k k
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This implies e; Ue; = €;; and e; Ue; = —¢;; for all ¢ < j. Then we have

eUe = (61 + el + e3j + €4k) @] (61 —eol —e3j — 64k)
= —2{(61 Ues +e3U 64)1 + (61 Ueg —ea U 64)j + (61 Ueyg +ex U 63)1{}
= —2{(e12 + €34)i + (€13 — €24)j + (€14 + €23)k}.

By the definition of * and using (3.3), we get
xi(eUe) = —20{(Esq + £12)i+ (—E2a + €13)j + (€23 + £10)k} = eUe.
In the same way we obtain (3.15). O

Corollary 3.3. For any quaternionic 0-form f, the form fUeUZé¢ is self-dual and
fUeUe is anti-self-dual.

Discrete self-dual and anti-self-dual equations (discrete analogs of equations (1.3))
are defined by

(3.16) F=ixF, F=-ixF.

Using (3.10), by the definitions of 7 and *, the first equation (self-dual) of (3.16) can
be rewritten as

(3.17) FEP=rF  FP=-F*  FY=rF

By analogy with the continual case the solutions of (3.16) are called instantons and
anti-instantons respectively.

4. DISCRETE INSTANTON AND ANTI-INSTANTON

Again in analogy with the continual case consider (3.8), where the components of
f are given by
k

(4.1) fk == W.

Here k = k1 + koi + k3j + k4k, k; € Z, and the norm |k| is defined by (2.3). Putting
this in (3.9) we obtain

—koi — ksj — kak k1i— kaj + ksk

4.2 Al = 2 _ M2 ha) T R3R

(4.2) k 1+ k|2 ’ k 1+ k2
Ai _ kai+ k1j — kok Ai _ —ksi+ kaoj + k1k

1+ k2 ’ 14 |k|?
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It is convenient to denote

) 1
43 M = . i=1,2,3,4.
(4.3) TR TR e S

Substituting (4.2) in (3.12) and using (4.3) we find the components F,ij, for example,

F2 = {MMN1+ k2 -k — k) 4+ MZ(1+ k3 — k2 — ko) }i
+ { M} (kyky + koks) — M2 (ksky + kak1)}j
+ { M} (koky — k1ks) + M? (kikz — koka)
+ M (kikg + ko) — M2 (k1ka + k).

Note that the last term in F,ij has the form M} (k;k; + k;) — Mg(kik:j + k). Hence,
by Theorem 3.1, the curvature F' defined by (4.2) is su(2)-valued if and only if

(4.4) Mi(kzk?j + k?j) — Mg(k?zk?j + kz) =0

for any k; € Z,14,5 =1,2,3,4 and i < j. An easy computation shows that equation
(4.4) has only the solutions

(45) W= ki =ky =ks = k4, k; € Z.

Thus, the su(2)-valued discrete curvature 2-form F' can be written in quaternionic
form as

(4.6) F= Z M,,(2 = 2u){(Yy — e54)i + (€15 + €54)j + (€14 — €53k},
k,ki=p

where M, = M} = M? = M} = M}}. From (4.3) we have M,, = 2(1+4M2)(11+u+2u2)'
Since k; = p, in (4.6) we can write ¢} instead of efj If we consider the 0-form

(4.7) w=Y M,(1-pa*, pel,
n

and use the relation (see the proof of Theorem 3.2)
eUe = 2{(c12 —e34)i+ (13 +€24)j + (€14 — €23)k},

then F' can be written as
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In view of Corollary 3.3, I is anti-self-dual, i.e., ¥ = —7 % F. Thus under the
condition (4.5), A with components (4.1) describes an anti-instanton.
In the same manner we can see that the quaternionic 1-form

A=Im(fUe),

where f has the components

k

fk:m7

leads to an instanton solution of (3.17). Indeed, in this case the discrete curvature
(3.13) has the form F = wUeUe. Consequently, F is self-dual.
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