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ON SOLUTIONS OF THE DIFFERENCE EQUATION
Tn+1 = xn—3/(_1 + xnxn—lxn—an—3)
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Abstract. We study the solutions and attractivity of the difference equation ;41 =
Tn—3/(—1+ xnTpn_12n—2xn—3) for n = 0,1,2,... where z_3,z_2,2_1 and zo are real
numbers such that xgr_1z_ox_3 # 1.
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1. INTRODUCTION

A lot of work has been done concerning the attractivity and solutions of the
rational difference equations, for example in [1]-[9]. In [3] Cinar studied the positive
solutions of the difference equation x, 1 = xn—1/(1 + zpx,—1) for n = 0,1,2,...
and proved by induction the formula
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To for n is even.

In [6] Stevic studied the stability properties of the solutions of Cinar’s equa-
tion. Also in [7] Stevic investigated the solutions of the difference equation 411 =
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Bz,,_1/B + z,, and gave the formulas
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Moreover, in [1] Alogeili generalized the results from [3], [6] to the kth order

Tant+1 = T— 1(

case and investigated the solutions, stability character and semicycle behavior of the
difference equation x, 1 = xn—k/(A + Tp_kxy) where x_g,...,zog > 0and A >0, k
being any positive integer.

Our aim in this paper is to investigate the solutions of the difference equation

Tn-3
1.1 T = for n=0,1,2,...
( ) i —1—FInIn,1In72In73
where x_3,2x_9,2_1 and xg are real numbers such that xox_i1z_ox_3 # 1.
First, we give two definitions which will be useful in our investigation of the be-
havior of solutions of Eq. (1.1).

Definition 1. Let I be an interval of real numbers and let f: I* — I be a
continuously differentiable function. Then for every z_; € I, i = 0,1,2,3, the
difference equation x,1 = f(n,ZTn-1,Tn—2,Tn—3), n = 0,1,2,..., has a unique
solution {z,},~ .
Definition 2. The equilibrium point Z of the equation z,+1 = f(zn, Tpn-1,.-.,

ZTn—k), n=0,1,2,..., is the point that satisfies the condition Z = f(Z,...,Z).

2. MAIN RESULTS

Theorem 1. Assume that rox_1x_sx_3 # 1 and let {:cn}n__3 be a solution of
Eq.(1.1). Then for n =0,1,2,... all solutions of Eq.(1.1) are of the form

(2.1) Tant1 = T—3/ (1 + 2or_12_97_3)" ",
(2.2) Tanta2 = T—o (—1 + zor_12_97_3)" ",

(2.3) Tanss =1 /(=14 zor_12_9x_3)" ",

(2.4) Tgnta = o (—1+ Io$_1I_2I_3)n+1 )

Proof. x1,29,23 and x4 are clear from Eq.(1.1). Also, for n = 1 the result
holds. Now suppose that n > 1 and our assumption holds for (n — 1). We shall show
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that the result holds for n. From our assumption for (n — 1) we have

Tan—3 =x_3/ (=1 +zox_12_01_3)",

Tyn—2 = T_o(—1+ x0T _12_01_3)",

Tan—1 =x_1/ (=1 + zoz_12_07_3)",
Tyn = 20 (=1 + 202 _17_27_3)" .

Then, from Eq. (1.1) and the above equality, we have

Tan+1 = Tan—3/(—1 + TanTan—1Tan—2Tan—3)

wg/(—1+moz_17 91 _3)" T3
N —1+4+zor_17_27_3 - (—1 +$o$—1$—2$—3)n
That is,
Ton+1 = T :
(=1 + zow_17_ow_3)" "
Also,

Tyn—2

Ton+2 =
—1 4+ 24011040 Tan—1%4n 2

Tr_9 (—1 + $0I,1$,2$,3)n

- -1+ $0$_1$_2$_3/(—1 + xox_lx_gx_g)

=2_9 (—1 + $0$_1$_2$_3)n+1 .

Hence, we have

n+1
Tanq2 = T_o (=1 +xox_12_22_3)" .
Similarly,
n
. _ Tan—1 _xq/ (=1 +xer_ 17 21 3)
4n+3 — —
—1 4+ T4n42T4n+1TanTan—1 —1+zor_17_27_3
T

(—1 + .%'0&6_1.%'_2.%'_3)”

Consequently, we have

-1

Tan+3 = nt+l-
(—1 + x(){E,lI,Q{E,g)

Now we prove the last formula. Since

T4n

Ton+4 =
—1 4+ 401 3%4n42T4n+1T4n

) (—1 + $0$_1£L'_2£L'_3)n

-1+ $0I,1I,2$,3/(—1 + x(){E,lI,QI,g)

= o (—1 + $0$_1$_2$_3)n+1 ,
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we have

n+1
Tanta = To (=1 +xor_10_00_3)" " .

Thus, we have proved (2.1), (2.2), (2.3) and (2.4). O

Theorem 2. Eq.(1.1) has three equilibrium points which are 0, v/2 and —+/2.

Proof. For the equilibrium points of Eq. (1.1) we write
T =2z/(—1+ zzzT).
Then we have
z° -2z =0.
Thus, the equilibrium points of Eq. (1.1) are 0, v/2 and —+/2. O
Corollary 1. Let {x,} be a solution of Eq.(1.1). Assume that x_3,z_2,2_1,

29 >0 and x_3x_sx_129 > 1. Then all solutions of Eq. (1.1) are positive.

Proof. Thisis clear from Egs. (2.1), (2.2), (2.3) and (2.4). O

Corollary 2. Let {x,} be a solution of Eq.(1.1). Assume that x_3,x_2,2_1,
20 <0 and x_3x_sx_129 > 1. Then all solutions of Eq. (1.1) are negative.
Proof. Thisis clear from Egs. (2.1), (2.2), (2.3) and (2.4). O

Corollary 3. Let {x,} be a solution of Eq.(1.1). Assume that x_3,z_2,2_1,
zo >0 and x_3x_sx_q1x9 > 2. Then

lim x4p41 =0, lim 24,490 =00, lim x4,43 =0 and lim x4y,44 = 00.
n—oo n—oo n—oo n—oo

Proof. Letxz_3,2_9,2_1,20 > 0and x_3z_sx_129 > 2.
Then x_sx_gz_120 — 1 > 1 and Eq. (2.1), (2.2), (2.3) and (2.4) imply

T3

lim %4541 = lim =0
oot n—00 (—1 + $0$,1I72{E73>"+1 ,
lim 24,40 = lim z_o(—14 zozr_17_szx_3)" " = oo,
n—oo n—oo

T—1
lim %4543 = lim =0
n—oo ANt n—oo (—1 4 x0$_1$_2$_3)"+1 ’
lim 24,44 = lim zo(—1+ zoz_12_sx_3)" ! = co.
n—oo n—oo
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Corollary 4. Let {x,} be a solution of Eq.(1.1). Assume that x_3,z_2,2_1,
zo <0 and r_3x_sx_q1x9 > 2. Then

lim x4p41 =0, lim 24542 = —00, lim z4,4+3 =0 and lim z4y,14 = —00.
n—o0 n—oo

n—oo n—oo
The proof is similar to that of Corollary 3. Thus it is omitted.
Now, we give the following result about the product of solutions of Eq. (1.1).
S
Corollary 5. [] Zant1%Tant2%an+3Tansa = (Tox_17_27_3)°t! where s € Z7.
n=0

Proof. From Egs.(2.1), (2.2), (2.3) and (2.4) we obtain

T_3

n+1
Ton+1T4n+2T4n+3Tant4 = 1 T2 (1 + Tor_17023)

(=14 zor_12_27_3)
T—1
g (=14 zoz_1z_sx_3)" 1" 2o (—1+ 2oz 12-203)"" = 20z 12203
- 0L—1Z—22—3

and the above equality yields
S

I zans12anr2mants2anta = (woz_12_23_3)

n=0

s+1

Thus, the proof is complete. O
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