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Primitive system

Euler system - standard variables

00 + divk(pu) =0,
Ot(ou) + divx (ou ® u) + Vip(o,9) = oV<F

0. (Goluf + oe(e.)) + aive | (Geluf + oe(e.) ) u + div. ol D))

= oVxF -u




Conservative variables - scaling

Polytropic EOS

1 m|?
+ 508 p=(y-1)ce=(y-1) (Es*%>

Euler system - conservative variables

atQ =+ dime = 0,

1 1
Bem + div, ('" ® m) +vxp - QVXF
0 € €

OE- + divy KE + lZp) T} ~1v.Fm
€ 0 €




Solution class for the primitive system

Classical solutions

Existence on a short time interval the length of which may depend on ¢.
Results of this type by Klainerman, Majda, Schochet, Alazard and many
others

Weak solutions

Global existence not known. Problem is ill posed e.g. in L* for some
initial data




Why to go measure—valued?

Motto: The larger (class) the better

m Universal limits of | numerical | schemes

m Limits of more complex physical systems - vanishing viscosity/heat
conductivity limit

Global existence for “any” data

Weak-strong uniqueness

A (DMV) solution coincides with a smooth solution with the same initial
data as long as the latter solution exists




Entrop

Gibbs’ relation

¥Ds = De + pD (1)
4

Entropy equation (inequality)
Ot(os) + divx(gsu)O

O¢(os) + dive(sm) > 0

Thermodynamic stability - standard variables

de

,%>0

Thermodynamic stability - conservative variables

S: (o,m,E) — ps(o,m, E) concave function



Entropy renormalization

Entropy in the polytropic case

Renormalization

Sy =xo0s, 0:(0Sy) + div«(0Syu) >0

Levels of renormalization

m “Isentropic”

m Standard dissipative

m Vanishing viscosity




Relative energy

Ballistic free energy

He(o,9) = oe(o,9) — Oos(o,?)

Relative energy in standard variables
£ (o.9,u|z.9,5)

WD) () g~ 1y(a. )

1 i
= Solu—1if* + Hj(e, ) -

Relative energy in the conservative variables
¢ (o, E,m|5, E,)

=7 |:S(Q7 E7 m) - vQ,Eﬁ"‘S(’é?




Relative energy inequality

& (omefaia) ax]
—/T/ 05(0, m, E)ded + (o, m, E)m-vxﬁ] dxdt
/ /{Qu—m) o+ L= m) @ m ) vxu} dxdt
—(y—1) / /[( 1|m|2)divxﬁ] dxdt

+ / / gatvs(§7q9)+m.vxq§s(§,q§)} dxdt

//{ 8“’(9719) pr(éﬁ)] dxdt



Dissipative measure—valued (DMV) solutions
Parameterized measure

Fo={ezomeR Eco0)}, Q@ =(T)xQ
phase space physical space

{Vixtexeqr, Yex € P(F)
Field equations

al’ <Vt,x; Q> + divy <Vt,x; m> =0

mgm

at <Vt,x; m> + divx <Vt,x;

> + Vi <Vt,x; P> = Dx,U/C

Gt/ (Vixi E) dx+D =0, 0t (Vix; 05) + dive (Vix; sm) >0
Q

Compatibility

/ /|,uc|dxdt§ C/ Ddt
0 Q 0




Relative energy inequality for (DMV) solutions

/Qvtx Q,m,E)g,ﬁ,ﬁ)> dx]t:T+D(T)

t=0

< / / vtx 0s(0,m, E)) 8:9 + (Vex; s(0,m, E)m) - vm] dxdt
)

/[vm oli —m 8tu+<vt,x;w>:vxﬁ} dxdt

*(7*1)/0 /SYKVt,X;Ef%%%iVXﬁ} dxdt

+ / ' / [(vt,x;g> 9eVs(8, 5)+<Vt,x;m>-vxq§s(§,z§)] dxdt
4 /0 ’ [(vt,x;é—m %atp(é,é)_<vt,x;m>.1§vxp(@,1§)] dxdt

+ /Vxﬁ:d,uc7
o Ja

:o\sn



Limits of Euler flows with strong stratification

Scaled Euler system

Oro + divi(pu) =0
1

. 1
Oclou) + divi(ou © ) + 5 Vxp(o,0) = 5 0VF,

1, , 1 . 1 - 1
0. (Goluf + Soee.)) + dive | (Golul* + S oe(e.0) ) u

. 1 1
+divy (;p(g, 19)u> = E—QQVXF -u.

Geometry

Q=7T7x(0,1), 7> = [0,1]|101} — the two dimensional torus

u-n|aQ:0




Isothermal case

Boyle-Marriot EoS - stationary problem

p=0Y, F=F(z) = —z, Vip=0VxF

Isothermal case

V(0s©) = —0sViF, 0s = exp (—%) , ©>0

Well-prepared initial data
00,e = 0s + 5@81, q90,5 =0 + 5795)135, Uo,e

1082 lloo @y + 1952l oo @y + 1U0.c ] oo @urmy < €,
gg) — 0, 19((]1’2 — 0, ug,e — Ug in LI(Q) ase — 0,

Uo € W R®), k>3, Up = [Ug, U3,0], divalp = 0.




Target problem - isothermal case

Limit velocity

U =U(t,xn 2z), xn € T2 z¢€ (0,1)

Incompressible Euler system in 2D

O:U+U-V,yU+ V=0, diviU =0 in T2, z fixed

Stratified initial data

U(0, x) = Uo(xn, 2) = [U&(xh,z)7 Ug(xh,z),O]




Singular limit (MV) — strong

Convergence to the target system

Let {V¢«}(t,x)e(0,T)x, D be a family of dissipative measure-valued
solutions to the scaled system scaled Euler system, with the well prepared
initial data
Vg,x = 500,/—:700,/—;“0,51Cv00,/—;190,€'
Then
D —0in L™(0, T),

and

VS =6, ees in L0, T; LN MY (F)weak—())),

where [gs, ©] is the static state and U is the unique solution to the
incompressible 2D Euler system




Isentropic case

Stationary problem
p=o9, F=F(z)= -z
ss(0s,95) =5, exp ((v — 1)3) VX(Q;Y) = —0;VxF

ps =exp((v —1)3) o)




Target problem - isentropic case

Anelastic Euler system

U +U-VU+ V,M=0, div(esU) =0, x € Q




Singular limit (MV) — strong

Let
Uo € W*(; RY), k > N, divi(0sUo) =0, Up - nlsg = 0.

Suppose that the anelastic Euler system with initial datum Uy admits a unique
strong solution U defined on a maximal time interval [0, Tmax)-

Let {Vi,}(t.0e©,m)x0 0 < T < Thmax, be a family of (DMV) solutions such
that

{[Q, , P] H — &

where

< M(x )}:1 fora.a. x €Q,

fz-u-

‘P Ps

[IMc|| ooy < € and M. — 0 in L'(Q) as ¢ — 0.

Suppose that the initial entropy satisfies
{[Q, , P ‘s—s T < s(o,p) < §—|—52+a} =1 foraa. x€Q, a>0

Then
D=0 inLl>”(0,T)ase—0,

and

V& = ds5u5 in L0, T, L9 MY (F))) ase = 0forany 1 < g < oo



Il prepared initial data

Isentropic Euler system

Oro + divx(pu) =0

. 1
Oro + divi(ou @ u) + ?VXp( )=0

Q=R" N=2,3, 0—>5>0, u—0as x| =

Il prepared initial data
0(0,-) = 0o,e, 00 mO+e[s]—sin L'NL(RY)

u(0,-) = uo. — Up + in 120 L=(RY,RY)




Target system, acoustic waves

Incompressible Euler system

9:U + div,(U® U) + V,M =0, div,U=0in R"

Acoustic waves

€0ss: + divk(aVxP) =0

o
O,V + %sz -0




Dispersive estimates (Strichartz’s estimates)

Strichartz estimates

I5(m, Moy + 95007, )y

)(N*U(%*%) I

2 2
Jsollypeaqrsy + V@0l ks,




