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Driven Navier-Stokes system

Field equations

do + divx(pu)dt =0
d(ou) + divi(ou @ u)dt + Vip(p)dt = div,S(Vu)dt +| 0G(x, g, u)dW

S(Vxu) = p (qu + Viu— %divm]l) + Adiv,ul

Stochastic forcing

QG(X7 o, U)dW = Z QGk(X7 o, u)de

k=1

Iconic examples

Gk = fi(x), Gk = udk(x) — “stochastic damping”




Additive vs. multiplicative noise

Additive noise
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0> bi(x) dWk

k=1

d(ou)--- = gi bi(x) dWi =d (gi b (x) de> — dgi b (x) W

k=1 k=1 k=1

=d <QZ b (x) de> + div,(ou)

General multiplicative noise

0G(x, o, u)dW = " 0Gi(x, o, u)d Wi
k=1




Initial and boundary conditions

(Random) initial data
Q(O7 ) = 0o, (Qu)(ov ) = (QU)O

Spatial domain

Q C RY, or “flat” torus Q = T" = ([0, 1]|{0,1})N7 N=(1),2,3

u - njaq = 0 impermeability

u X n|pq = 0 no-slip

[S-n] x nlag = 0 complete slip




Weak (PDE) formulation

Field equations

o[ oo

{/Q ou- o dx} ;0 — /0 /qu ®u: Vi + p(o)diveg dxdt

:—/OT/QS(VXU) Ve dxdt +

[ (o)

¢ = ¢(x) — a smooth test function

Stochastic integral (Itd’s formulation)

/OT(/QQG~¢dX)dW—§/OT(/C)QGk.¢dx)dﬂk




Admissibility

Energy inequality

—/ 8tw/ olul® + P(o) dxdt+/ w/Squ Vu dxdt

< %(0) /Q [7‘(6’2‘200' + Ploo)] dx
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>0, 9(T)=0, P(p) =




Strong vs. martingale solutions

Strong solutions

m the functions p, u are differentiable a.s., the equations are satisfied in
the classical sense

m the probability space uniquely determined

Martingale solutions

m solutions defined on a different, typically, the standard probability
space

m the white noise as well as the initial data coincide with the originals




Existence theory

Local existence of strong solutions [Kim [2011]], [Breit, EF,
Hofmanova [2017]]

If the initial data are smooth, then the problem admits local-in-time
smooth solutions. Solutions exist up to a (maximal) positive stopping
time. The life-span is a random variable.

Global existence for the Navier—Stokes system [Breit, Hofmanova
[2015]

The Navier—Stokes system admits global-in—time martingale solutions for

N
p(o) = o, v > 5




Weak—strong uniqueness

Weak-strong uniqueness [Breit, EF, Hofmanova [2016]]

Pathwise uniqueness.

A weak and strong solutions defined on the same probability space and
emanating from the same initial data coincide as long as the latter exists
Uniqueness in law.

If a weak and strong solution are defined on a different probability space,
then their /aws are the same provided the laws of the initial data are the
same




Stochastic stationary solutions

Complete trajectories

0,u € L5,c(0, T; L7 x WH(Q; RY))

Stationarity

The law of the solution is time shift invariant

probability {(¢,u) € B} = probability {(o(t + 7),u(t + 7)) € B}
for any 7 > 0 and any

B — a Borel subset of L},.(0, T; L” x W"*(Q; R"))




Stationary solutions to the Navier—Stokes system

Basic hypotheses

]
|Gk| + | VG| = ax, Zai < 0
k>0

N
p(o) = o, v> 5

m complete slip/no slip boundary conditions

Stationary solutions [Breit, EF, Hofmanova, Maslowski] [2017]

For a given (deterministic) mass

M:/gdx>0
Q

the Navier—Stokes system admits a stationary martingale solution.




Method of the proof

Finite—dimensional approximation

Use the Krylov—Bogolyubov theory on the approximate system

do + divk(pu) dt = Ao dt + M (/ 0 dx> dt
Q

+ Galerkin approximation for the momentum equation

Uniform bounds

Uniform bounds based on deterministic estimates + It8's chain rule

Stochastic compactness method

Skorokhod—Prokhorov theorem (works on Polish spaces), here we have
weak topology




Complete system — more physics?

Complete system
do + divx(pu)dt =0
d(ou) +divi(gu®@u)dt+ Vip(o,?)dt = diviS(Vu)dt +| 0G(x, o, u)dW

S(Vxu) = u (qu + Viu— %dm.ﬂl) + Adiv,ul

Internal energy balance

doe(o,9) + div«(ce(o, 9)u)dt + diveqdt = S(Viu) : udt — p(p, 9)diviudt

qg=—rVyd

Gibbs’ relation

UDs(o,V) = De(o, V) + p(o,9)D (1




