127 (2002) MATHEMATICA BOHEMICA No. 2, 131–138 Proceedings of EQUADIFF 10, Prague, August 27–31, 2001

SOLVABILITY PROBLEM FOR STRONG-NONLINEAR NONDIAGONAL PARABOLIC SYSTEM

A. A. Arkhipova, St. Petersburg

Abstract. A class of q-nonlinear parabolic systems with a nondiagonal principal matrix and strong nonlinearities in the gradient is considered.We discuss the global in time solvability results of the classical initial boundary value problems in the case of two spatial variables. The systems with nonlinearities q ∈ (1, 2), q = 2, q > 2, are analyzed.

Keywords: boundary value problems, nonlinear parabolic systems, solvability MSC 2000 : 35K50, 35K45, 35K60

Let Ω be a bounded domain in R^n , n ⩾ 2, with a sufficiently smooth boundary. For a fixed T > 0 and Q = Ω × (0, T ), we consider a solution u: Q → R^N , u = (u^1, . . . , u^N ), N > 1, of the parabolic system

(1) u^k_t − d dx_α a^k_α(z, u, u_x) + b^k(z, u, u_x) = 0, z = (x, t) ∈ Q, k = 1, . . . , N.

We define the set D = Q × R^N × R^{nN} and assume that

a) the functions a = {a^k_α}^{k⩽N}_{α⩽n} and b = {b^k}^{k⩽N} are sufficiently smooth on D; b) for a fixed q > 1, a(·, ·, p) ∼ |p|^{q−1}, b(·, ·, p) ∼ |p|^q, |p| ≫ 1, all derivatives of a and b that we need have the natural growth with respect to the gradient;

c) the nondiagonal principal matrix

{_{∂a}k_α

∂p^l_β

}_{α,β⩽n}

k,l⩽N satisfies the following assumptions

on D: (2) ∂a^k_α(z, u, p)

∂p^l_β ξ^k_αξ^l_β ⩾ ν(1 + |p|)^{q−2}|ξ|^2, | | | ∂a(. . .) ∂p | | | ⩽ μ(1 + |p|)^{q−2}, ∀ξ ∈ R^{nN} ;

d) the strongly nonlinear term b satisfies the condition

(3) |b(z, u, p)| ⩽ b_0(1 + |p|)^q , (z, u, p) ∈ D.

Here ν, μ, b_0 = const > 0.

We investigate the solvability of the Cauchy-Dirichlet problem

(4) u|_∂′_Q = φ,

where ∂^′Q is the parabolic boundary of Q and φ is a given smooth function.

First of all, we recall some known results. We fix the class V = L_q ( (0, T ), W^1_q (Ω) ) ∩ L_∞(Q)

and note that the global solvability of (1), (4) in V was stated for the scalar situation (N = 1) in the following sense. Assume that for a fixed M > 0 an apriori estimate

(5) ‖u‖_{∞,Q} ⩽ M

can be derived. Then there exists a solution u ∈ V ∩ C^α (Q) with some α ∈ (0, 1). Further regularity of the solution follows provided all the data are smooth enough [1].

In some sense this result is also valid for a class of quasilinear diagonal systems (N > 1, q = 2). More precisely, if estimate (5) and the “smallness” condition b_0M < ν hold then a solution u of (1), (4) exists in V ∩ C^α (Q).

It should be remarked that due to the maximum principle we are able to formulate sufficient conditions which provide estimate (5) in the cases mentioned above.

Now, let us consider a parabolic (elliptic) system with a nondiagonal principal matrix. In this situation, the following questions arise: i) How to guarantee estimate (5)? ii) Is the class V suitable for proving global solvability of (1), (4)?

Under the conditions a)–d), the global solvability problem for (1), (4) has not been solved yet.

Certainly, we cannot expect classical global solvability of this problem. As is known, there are counterexamples of the regularity for quasilinear nondiagonal systems even if b ≡ 0 (q = 2, n > 2) [2]. On the other hand, for systems (1) whose main part is the heat operator, but the term b(z, u, p) is non-zero and satisfies (3), singularities can appear in Q at some time. The heat flow of harmonic maps provides an example of such a situation (see, for example, [3], [4]).

From the above, it follows that there are two reasons that cause nonsmoothness of solutions of the problem under consideration.

During the recent years, the author has investigated the global solvability for (1), (4) under assumptions a)–d) in the following particular case.

We define the functional

(6) E[u] = ∫ Ω f(x, u, u_x) dx, u = (u^1, . . . , u^N ), N > 1, and denote by L = {L^k}^{k⩽N} the Euler operator of E:

L^ku = − d dx_α f_pk_α + f_uk .

Then system (1) is the gradient flow for the functional E. Consider the problem

(7) u^k_t − d dx_α f_pk_α (x, u, u_x) + f_uk (x, u, u_x) = 0, (x, t) ∈ Q, k ⩽ N, u | |_Γ = 0, u | |_{t=0} = φ_0(x),

where Γ = ∂Ω × (0, T ).

The variational structure of system (7) provides an apriori estimate of the solution u: (8) ‖u_t‖^2_{,Q} + sup_{(0,T )} ‖u_x(·, t)‖^q_{,Ω} ⩽ e_0,

where e_0 = const depends on the data only.

Moreover, this structure also ensures monotonicity of the global energy

E[u(·, t_1)] ⩽ E[u(·, t_2)], ∀ t_1 > t_2,

and a local energy estimate

(9) ‖u_t‖^2_{,PR(z}0_) + sup_{λR(t0 )} ‖u_x(·, t)‖^q_{,ΩR (x0)} ⩽ c R^q ∫ P_{2R} (z^0)

(1 + |u_x|)^q dP.

In (9) and below, we denote

P_R(z^0) = Q_R(z^0) ∩ Q, Q_R(z^0) = B_R(x^0) × λ_R(t^0), B_R(x^0) = { x ∈ R^n ; |x − x^0| < R } , λ_R(t^0) = (t^0 − R^q, t^0 + R^q), Ω_R(x^0) = B_R(x^0) ∩ Ω.

We say that Q_R(z^0) is a q-parabolic cylinder and denote by

(10) δ_q(z^1, z^2) = sup { |x^1 − x^2|, |t^1 − t^2|^{1/q} } , ∀ z^1, z^2 ∈ R^{n+1} ,

the q-parabolic distance in R^{n+1} .

To introduce an example of system (7), we put

(11) f(x, u, p) = ⟨A(x, u)p, p⟩ (1 + |p|)^{q−2}, q > 1, in the definition (6) of E. We assume that A(·, ·) is a nondiagonal positive definite and smooth matrix on Ω × R^N , and, in addition, A^{αβ}_{kl} = A^{βα}_{lk} . Generated by the function (11) the system (7) satisfies conditions a)–d), in particular, f_u(·, ·, p) ∼ |p|^q, |p| ≫ 1.

Let us now proceed to discussing some solvability results recently proved by the author.

We stated some solvability results for problem (7) in the case of two spatial variables.

First, we considered problem (7) with n = q = 2. We analyzed it with quasilinear and nonlinear operators under the Dirichlet or Neumann type conditions ([5]–[8]). For all these situations the following result was proved.

Theorem 1. For a fixed number T > 0, there exists a global solution of (7), which is almost everywhere smooth in Q. The singular set consists of at most finitely many points. The solution u has a finite norm (8), and it is a weak solution in the sense of distributions.

This result was proved with help of the continuability theorem of smooth solutions from a semiclosed time interval. We essentially exploited the imbedding theorems for two dimensional domains and the fact that the “local normalized energy” 1 R^{n−q} ∫ B_R(x^0) |ux(x, t)|

q dx is a monotonic function of R if n = q = 2. For the case n = 2 and q > 2, we have the following result.

Theorem 2. Let q > 2, n = 2, and let T be a positive fixed number. There exists a smooth solution of problem (7) in Q if all the data are sufficiently smooth.

Now, we give a sketch of the proof of this result.We start by deriving some apriori estimates for solutions u of (7) smooth on the time interval [0, T ).

First of all, from (8) one can deduce an apriori estimate

(12) ‖u‖_Cγ_{(Q,δq )} ⩽ const

where γ is a number in (0, 1).

Estimate (12) allows us to derive apriori estimates for stronger norms of u in Q. From this point, we study problem (7) in a local setting. Let v(y, t) = u(x(y), t) be a solution of the problem

(13) v_t − d dy_α

A^k_α(y, v, v_y) + B^k (y, v, v_y) = 0, (y, t) ∈ Q^+_2 , k, . . . , N, v | t=0 = φ_0(x(y)), v | Γ^+_2 = 0,

where Q^+_R = B^+_R (0) × (0, T ), B^+_R (0) = B_R(0) ∩ {y_2 > 0}, Γ^+_R = γ_R(0) × (0, T ) and γ_R(0) = B_R(0) ∩ {y_2 = 0}. On the set D = Q^+_2 × R^N × R^{2N} , functions A^k_α and B^k satisfy conditions (2) and (3) with some other constants.

With help of (12), one can derive the inequality

(14) sup λ_R(t^0 ) ∫ Ω_R(y^0)

|v_y(y, t)|^2 dy + ∫ P_R(z_0) [ (1 + |v_y|)^{q−2}|v_{yy}|^2

+ (1 + |v_y|)^{q+2} ] dP ⩽ cR^{2α}, ∀ R ⩽ R_0, z^0 = (y^0, t^0) ∈ Q^+_{3/2},

with α ∈ (0, 1) and R_0 > 0.

Next, we state that for some s ∈ (0, 1) we have

(15) sup_{(0,T )} ‖v_t(·, t)‖_{2+2s,B}+_{1 (0)} ⩽ c_1.

Here and below, c_i, i = 1, . . . , 4, are positive constants depending on the data only. To derive (15), we use (14) for estimating the strongly nonlinear terms generated by functions B^k . After that, we are able to look at our problem as at an elliptic one for a fixed t ∈ (0, T ).

The reverse Hölder inequalities hold for

V (·, t) = (1 + |v_y(·, t)|)^{q−22} |v_{yy}(·, t)|

in B^+_{12} (0).

Due to the Gehring Lemma, we have the estimate of ‖V (·, t)‖_{p,B}+_{12 (0)} with some p > 2. As a consequence, we arrive at the estimates

(16) sup_{(0,T )} ‖v_{yy}(·, t)‖_{p,B}+_{12 (0)} ⩽ c_2, sup_{(0,T )} ‖v_y(·, t)‖_{Cβ (B+1} 2 (0)) ⩽ c3, β = 1 − 2/p > 0.

Estimates (12), (16) guarantee that

‖u_x‖_Cβ_{0 (Q;δq )} ⩽ c_4

with some β_0 > 0.

Apriori estimates of stronger norms of u up to t = T follow from the linear theory. It means that u can be extended as a smooth function up to t = T .

Due to the known solvability results, there exists a smooth solution u of (7) on some time interval [0, T_0). Let T_0 define the maximal interval of existence of a smooth solution u. Suppose that T_0 < T . As was explained above, u can be extended as a smooth function up to t = T_0. Thus, one obtains a contradiction with the definition of T_0. From all that was said above, it follows that T_0 ⩾ T . Theorem 2 is proved.

A more complicated case is n = 2, q ∈ (1, 2). To prove the solvability of (7), we introduce approximate problems

(17) u_t + Lu − εΔu = 0 in Q, u | |_Γ = 0, u | |_{t=0} = φ^ε, ε ∈ (0, 1].

Here φ^ε is an approximation of φ, φ^ε satisfies the compatibility conditions for system (17), φ^ε tends to φ in the strong sense if ε → 0.

For a fixed ε > 0, we prove global classical solvability of (17) in the space H^{2+α,1+α/2}(Q) with Hölder exponent α ∈ (0, 1) (the definition of this space see in [1], Ch. I, §1). Certainly, the norm of the solutions u^ε of (17) in this space tends to infinity if ε → 0. We are able to estimate different norms of u^ε due to the fact that for a fixed ε > 0 the Laplace operator forms the main part of the elliptic operator of system (17), and functions f_u(x, u, u_x) are not the strongly nonliner terms with respect to the Laplace operator. Also, it is worth noting that all estimates of u^ε are derived in the standard cylinders (q = 2 in the definition of Q_R).

The sequence u^ε tends in some sense to the limit function u if ε → 0, and u is a solution of (7). More exactly, the following fact was proved.

Theorem 3. Let q ∈ (1, 2) and let T be a fixed positive number. There exists a solution u of problem (7), which is almost everywhere smooth in Q; u ∈ L_∞((0, T );^∘W 1 q (Ω)), and u_t ∈ L_2(Q). The closed singular set Σ of u has dim_{q−H} Σ ⩽ 2 (dim_H Σ ⩽ 4 − q). Moreover, dim_H Σ^τ ⩽ 2 − q, ∀ τ > 0, where Σ^τ = Σ ∩ {t = τ}.

In the statement of Theorem 3, the estimate dim_{q−H} Σ ⩽ 2 means that for all η > 0 we have H_{2−q+η} (Σ; δ_q) = 0, where the δ_q-parabolic metric is defined in (10).

Now, we explain the main steps of the proof of Theorem 3.

Lemma 1. There exists a number ω_0 depending on the data only, such that if

(18) ω^{εj}_{R0} (z^0) ≡ osc_{PR0 (z0)}u^{εj} ⩽ ω_0

for a point z^0 ∈ Q with some R_0 > 0 and a sequence ε_j → 0, then

(19) ‖u^{εj} ‖_{Cγ1 (PR∗ (z0 );δq )} + ‖u^{εj}_x ‖_{Cγ2 (PR∗ (z0);δq )} ⩽ c_0

with some γ_1, γ_2 ∈ (0, 1) and R_∗ = R_∗(R_0, ω_0) < R_0, and u^{εj} is a solution of (17).

It should be remarked that, in general (in the case of nondiagonal matrix and condition (3)), the smallness of the oscillation of a solution does not guarantee an estimate of the Hölder norm of the solution.

It is evident that condition (18) provides smoothness of the solution u at the point z_0.

The next step is to introduce an integral description of a regular point of u.

Lemma 2. Suppose that for a point z^0 ∈ Q there exist numbers K > 0, β > 1, R_0 > 0 and a sequence ε_j → 0 such that

(20) sup_{ẑ∈PR}

0 (z^0) sup R⩽R_0

( log_2

2R_0 R )^{βq2}_{2(q−1)}

R^2 ∫ P_R(ẑ)

H^2_{εj} dz ⩽ K,

where H^2_ε = (1 + |u^ε_x|)^q + ε|u^ε_x|^2. Then estimate (18) holds in P_{R1} (z^0) with some R_1 < R_0.

To derive (18) from (20), we exploit a local energy estimate for solutions u^ε of (17). We also use a certain condition for functions from the Sobolev space W^1_q (Ω), n = 2, that makes it possible to estimate their oscillation. To prove (18), we analyze both cases ε_j <^{R2−q}_{χ(R)} and ε_j ⩾^{R2−q}_{χ(R)} , where χ(R) =^K 2−q q (log_2^{2R0}_R )^γ , γ = q(2−q)β 2(q−1) , and

R ⩽ R_0. Next, we denote by R the set of all points z_0 in Q, where (20) holds with some parameters K, β, R_0, and {ε_j }_{j∈N} , ε_j → 0, and put Σ = Q \ R.

We have the following description of Σ:

A point z^0 belongs to Σ if for all M_k → ∞ and R_k → 0, there exist sequences of points ξ_k ∈ P_{Rk} (z^0) and numbers ϱ_k ⩽ R_k such that

(21) lim_{ε→0} ( log_2

2R_k ϱ_k

)_γ

ϱ^2_k ∫ P_{ϱk} (ξ_k )

H^2_ε dz > M_k,

where γ =^{βq2}_{2(q−1)} .

The relation (21) does not allow us to estimate the Hausdorff measure of Σ and, therefore, instead of (21), we prove that one can exploit the following description of z^0 ∈ Σ:

for arbitrary sequences M_k → ∞ and R_k → 0, there exist a sequence of numbers r_k ⩽ 2R_k and an absolute number c_∗ > 1 such that

(22) lim_{ε→0} ( log_2

4R_k r_k

)_γ

r^2_k ∫ P_{rk} (z^0 )

H^2_ε dz >

M_k c_∗ .

From (22), we deduce an estimate of the Hausdorff dimension of the set Σ as was pointed in Theorem 3.

It should be noted that the presence of the logarithmic multiplier in (22) does not allow us to assert that

(23)

H_2(Σ; δ_q) < +∞ (H_{4−q} (Σ; δ) < + ∞, δ = δ_2)

and H_{2−q} (Σ^τ ) < +∞, ∀ τ > 0.

If (23) were proved, then we could pass to the limit in the integral identity corresponding to problem (17) and state that the limit function u is a weak solution of (22) in the sense of distributions.

References

[1] Ladyzhenskaya O. A., Solonnikov V. A., Uraltseva N. N.: Linear and Quasilinear Equations of Parabolic Type. Amer. Math Society, Providence, 1968.

[2] Stará J., John O.: Some (new) counterexamples of parabolic systems. Comment. Math.

Univ. Carolin. 36 (1995), 503–510.

[3] Chen Y., Struwe M.: Existence and partial regularity results for the heatflow for harmonic maps. Math. Z. 201 (1989), 83–103.

[4] Chang K.-C.: Heat flow and boundary value problem for harmonic maps. Ann. Inst.

Henri Poincare 6 (1989), 363–395.

[5] Arkhipova A.: Global solvability of the Cauchy-Dirichlet problem for nondiagonal parabolic systems with variational structure in the case of two spatial variables. Probl. Mat. Anal., St. Petersburg Univ. 16 (1997), 3–40; English transl. J. Math Sci. 92 (1998), 4231–4255.

[6] Arkhipova A.: Local and global solvability of the Cauchy-Dirichlet problem for a class of nonlinear nondiagonal parabolic systems. St. Petersburg Math. J. 11 (2000), 989–1017.

[7] Arkhipova A.: Cauchy-Neumann problem for a class of nondiagonal parabolic systems with quadratic growth nonlinearities. I. On the continuability of smooth solutions. Comment. Math Univ. Carolin. 41 (2000), 693–718.

[8] Arkhipova A.: Cauchy-Neumann problem for a class of nondiagonal parabolic systems with quadratic growth nonlinearities. II. Local and global solvability results. Comment. Math. Univ. Carolin. 42 (2001), 53–76.

Author’s address: A. A. Arkhipova, St. Petersburg State University, Department of Mathematics and Mechanics, Bibliotechnaya pl. 2, Stary Petergof, 198504, St. Petersburg, Russia, e-mail: arina@AA1101.spb.edu.