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Lecture Notes

Abstract Consider the following phenomena: Given a metric space X a function f : X —
R and z € X, we can study the continuity of f at z, to calculate sup f; if X is a Banach
space, we can study non-emptiness of a subdifferential 0f(z), or ask for fi, fo : X — R if
Of1(x1)+0fa(x2) contains 0 provided that the sum f; + fo attains infimum at x and z1, 2
are close to x; given two metric spaces X, Y, a mapping f : X — 2¥, and z € X, we want
to calculate a modulus of surjectivity sur f(x) of f at x, or a slope of f at x; ... Such ques-
tions are important to study, no doubts. On the other hand, countable/separable objects
are easier to manipulate with than uncountable/nonseparable ones, no doubts. Separable
reduction is a procedure which transforms uncountable/nonseparable settings into count-
able /separable ones and thus enables to tackle them more easily. We plan to show that
behind many uncountable /nonseparable phenomena (like those mentioned above, but ac-
tually behind many other ones, often going far beyond variational analysis) there are “rich
families” of separable subspaces of a space in question, which are good/big/small enough
to focus on the corresponding separable cases only. In order, just to get a taste, a main
and most important property of rich families is that the intersection of two, or even of
countably many rich families is non-empty, it is even a rich family again. Amazing, isn’t?
The rich families were first articulated some 15 years ago by J.M. Borwein and W. Moors,
though, in set theory a similar concept existed for several decades. Now a definition
follows. Given a non-separable metric space X, a family R consisting of (some) closed
subspaces of X is called rich if it is “big enough” and moreover, whenever Y;,Y5, ... is
an increasing sequence of elements of ‘R, then the closure of Y; UY5U- - - also belongs to R.

Keywords Asplund space, separable reduction, cofinal family, rich family, Fréchet differ-
entiability, Fréchet subdifferential, Fréchet normal cone, fuzzy calculus, extremal principle
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Motto “The Asplund spaces form a right framework for variational analysis.” Boris
Mordukhovich around 2000

1 Motivation for performing separable reductions

A central theme of our investigation will be the concept of Fréchet differentiability and
subdifferentiability.

Definition 1.1. Let (X, || - ||) be a Banach space, let f : X — (—o00, +00| be a proper
function, i.e. f # 400, and let x be any element of the domain of f, which means that
f(z) < +o0. We say that f is Fréchet differentiable at z if there are an element z* of the
dual space X* and a function o : [0, 400) — [0, +00] such that @ — 0ast |0, and

o(Ihl]) > fz + h) = f(x) = (", h) > —o([|A]])

holds for every non-zero h € X. In this case the x* is called the Fréchet derivative of f
at x and it is denoted by the symbol f'(x). We say that f is Fréchet subdifferentiable at
x if there are x* € X* and a function o : [0, +00) — [0, +00) such that @ —0ast |0,
and

f(x+h) = f(x) = (=7, h) > —o(|[n]]) (1.1)

holds for every 0 # h € X. The (possibly empty) set of all *’s for which (1.1) holds with
a suitable function o(-) is called the Fréchet subdifferential of f at x and is denoted by

O f ().

Of course, if f'(x) exists, then Op f(x) = {f'(z)}. If f as well as —f are Fréchet subdiffer-
entiable at x, then an easy reasoning reveals that the function f is Fréchet differentiable
at x. We also observe that * € Jpf(x) if and only if, for every ¢ > 0 there is § > 0
such that m(f(:c + h) — f(z) — (z*,h)) > —¢ whenever h € X and 0 < ||| < 6.
Finally, for convex functions, Or f(x) coincides with the well known Moreau-Rockafellar
subdifferential 0f(z); see [Ph, page 6].

Now, consider a “big”, that is non-separable Banach space X, e.g. X := /ly([),
where I' is a“big” set, say I' := R; the set of real numbers. Let f : X — R be a
convex continuous function. We want to focus on points of Fréchet differentiability of f.
Because X is big, we are facing a problem how to tackle this question. Indeed, dealing
with uncountable objects can be difficult, once we have at hand just ten fingers. This
“tool” can help us in considering problems with all finite numbers, and at the best case, to
manipulate with countable objects, having cardinality w — the first infinite number (right
after all millions, billions, trillions, ...). Now, assume that we can find points of Fréchet
differentiability of convex continuous functions defined on separable spaces, that is, on
those Banach spaces which possess a countable dense subset. For our concrete X := l5(T"),
the restriction of f as above to any separable subspace Y C X, denoted by f|y, has points
of Fréchet differentiability; this true by Preiss-Zajicek theorem [Ph, page 22]. Can we
deduct from this “separable” information that the whole f, defined on X, is somewhere
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Fréchet differentiable? The answer is affirmative and this is caused by availability of
a suitable “separable reduction” of the phenomenon of Fréchet differentiability. More
generally, let f : X — (—00,400] be a proper function and assume that we know that
for every (or at least for many) separable subspaces Y of X, the restriction f|y has points
of Fréchet subdifferentiability. Then we look for a suitable separable reduction allowing
us to prove that the whole f has the same property. Let us first present (and prove) a
meaningful and very useful “separable” statement.

Proposition 1.2. Let (X, ||-||) be a (separable) Banach space whose dual X* is separable
and let f: X — (—o00,+00] be a lower semi-continuous function. Then the set of all
x € X where the Fréchet subdifferential O f(x) is non-empty is dense in the domain of

f.

Proof. We realize that X admits an equivalent Fréchet smooth (off the origin) norm.
Indeed, let {z1,zs,...} be a countable dense subset of the unit sphere Sy of X and
{£1,&, ...} be a countable dense subset of the unit sphere Sy« of the dual. Then the
assignment

X" o2 " — \/||x*||2 + > 27wt )2 4 Y00 27 st (o, sp{é&y, - ,fn})Z =: |z¥|

is an equivalent weak* lower semi-continuous norm. A small effort reveals that this norm
is locally uniformly rotund, and hence, by Smulyan test, the predual norm |- | on X
defined by

Xozr—sup {(z,2): 2% € X*, |2 <1} = |z

is Fréchet differentiable at every nonzero point of X. For more details, see [DGZ, page
43].

Next, let T € dom f and £ > 0 be given. We shall find an x € X such that |xr —T| < ¢
and Op f(x) is non-empty. From the lower semi-continuity of f find ¢’ € (0,¢) so small
that f is bounded below on the open ball B(Z,¢). Define

[ (tan(& |z —7)))* itz € Bz, €
w@%—{+m if 2 € X\ B(,2).

Then ¢ : X — [0, 400] is easily seen to be proper and lower semi-continuous. Now,
Borwein-Preiss variational principle [Ph, Theorem 4.20] provides a Fréchet smooth func-
tion # : X — [0,400) such that the sum f + ¢ + 6 attains infimum at some v € X;
clearly, v € B(Z,¢’) Ndom f. We thus have

fw+h)+ev+h)+0w+h)> flv)+ev)+0w) forevery heX,

and so
fo+h)— fv)+ (&' (v) + 0 (v),h) > —o(|h|) for every he X

where o is a function such that @ — 0ast | 0. We proved that —¢'(v) —6'(v) € Opf(v),
and hence Jp f(v) # 0. O



Joke. If X* is separable and ¢g : X — R is convex continuous, then putting f := —g in
the proposition above, we conclude that g is Fréchet differentiable at points of a dense
subset of X.

Well, the separable case is done. Now, consider non-separable spaces. Here one
should be careful, since, for instance, /., admits an equivalent norm which is nowhere
(even) Gateaux differentiable: (o 3 (z,) — ||(z4)]|e + limsup,, . |zx| is such a norm.
In what follows, we shall restrict ourselves to Banach spaces with the property that every
separable subspace of it has separable dual. Such spaces are called Asplund spaces. (The
original definition is that X is Asplund if every convex continuous function on it has
points of Fréchet differentiability.) The reason why we cannot go beyond Asplund spaces
can bee seen from the fact that (even) the canonical norm of the “innocent” ¢; is nowhere
Fréchet differentiable; actually every non-Asplund space admits an equivalent norm which
is nowhere Fréchet differentiable, see [M, page 197]. (The situation is even worse. Ac-
cording to R. Haydon, there is a non-separable Asplund space having no Gateaux smooth
norm [HJ].) Now a main question which concerns us arises: Is it possible to extend Propo-
sition 1.2 to non-separable Asplund spaces? The answer is affirmative. Just the proof is
not easy. It will occupy more or less the rest of this text. The technology used goes back
to [F, FZ, Pr] and D. Gregory [Ph, Theorem 2.14] (in the reverse chronological order). In
order not to get lost, we shall first restrict ourselves to Fréchet differentiability of convex
functions. And this is right D. Gregory’s theorem below, with (now) a bit simplified proof.

Proposition 1.3. (D. Gregory) Let (X, ||-||) be a non-separable Banach space, f : X — R
a convex continuous function, and Z a separable subspace of X. Then there exists a
separable subspace Y of X, containing Z, and such that, if the restriction fly of f toY
is Fréchet differentiable at some x € Y, then the “whole” f is Fréchet differentiable at x.

Proof. First, we need a translation of Fréchet differentiability (of convex functions)
completely to the terms of the space X: f is Fréchet differentiable at x € X if and only if

S(z,t) == sup (f(z+th) + f(z —th)) =2f(z) +o(t) as Qi 3t]0;

heBx

this is easy to check. For any x € X and any ¢ > 0, if S(x,t) < 400, we find a vector
u(z,t) € Bx such that

flz+tu(z,t) + f(z —tu(z,t) > Sz, t) — 2. (1.2)

(This u(x,t) is almost “the worst possible” as regards the Fréchet differentiability of f
at x.) Let Cy be a countable dense subset of Z. We shall construct countable sets
CoCcCyCcCyC---C X as follows. Let m € N be given and assume that C), | was
already found. Find a countable set C,,, in X such that it is stable under making all finite
linear combinations with rational coefficients, and that it contains C),,_; as well as the set
{u(x,t) :x € Chpq, t € Qu}; clearly, C,, is again countable. Do so for every m € N,
and put finally Y :=C;UC5 U ---. Clearly, Y D Z.

We claim that this Y has the desired property. So, assume that f|y is Fréchet differ-
entiable at some = € Y. We shall show that the whole f is Fréchet differentiable at x
as well. (If x € C;UCy U -+, then it is rather easy to proceed. So, we have to find an
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argument working also for z € Y\ C; UCyU---.) Let L denote a Lipschitz constant of f
in a vicinity of z; see [Ph, Proposition 1.6]. Pick any ¢ € Q. small enough (so that we can
profit below from the L-Lipschitz property of f around z). Find then ¢ € |J,._, C, such
that ||c — z|| < 2. We can now subsequently estimate for all sufficiently small ¢t € Q. (so
that we can profit from the Lipschitz property of f)
2f(x) S(z,t) < S(c,t) + 2Lt*

fle+tu(e,t)) + fle—tulet)) + > + 2Lt
flz+tule,t)) + f(z —tulc,t)) +t* + 4Lt

sup (f(z +tk) + f(z —tk)) + t* + 4Lt?
k€By

= o(t)+2f(x) as Qy2t]0

since fl|y is Fréchet differentiable at z. Therefore, the “whole” f is Fréchet differentiable
at x. O

IN A A CIA

Homework. Show that the (semi)-continuity of a function is also separable reducible in
the spirit of Proposition1.3. Hint. Realize that the continuity of f at x can be character-

ized via “oscillation”, that is diameter of f ( B (z, t)), t > 0 and that the latter quantity

can be calculated via a suitable countable subset of B (x,t); see [FI2].

We finish this section by one observation. Let S(X) denote the family of all closed
separable subspaces of a non-separable Banach space X. We actually showed that the
subfamily C of all Y € §(X) such that the conclusion of Proposition 1.3 holds is cofi-
nal/dominating/saturating in S(X), that is, it has the property that for every Z € S(X)
there is Y € C containing Z.



2 Motivation for introducing rich families

Going back to the previous section, we can say that Fréchet differentiability of a convex
continuous function is “separably reducible” via a suitable cofinal subfamily of S(X).
Consider now two convex continuous functions fi, fo. We would like to separably reduce
Fréchet differentiability simultaneously for both functions. A natural way how to do this
would be to consider the family C := C; N C;. However, we, or may be just the author
of this text, does not see if C is cofinal, not even if it is non-empty. Then it remains to
cultivate a bit the argument above and thus get a cofinal family working simultaneously
for both functions. And what about if somebody brings one more functions, etc? This
trouble can be remedied with help the concept of rich family. It was first articulated in a
joint paper by J.M. Borwein and W. Moors [BM]; see also [LPT, Section 3.6] and [FI2].

Definition 2.1. Let X be a (rather) non-separable Banach space [or just a metrizable
space]. Let S(X) denote the family of all closed separable subspaces [closed separable
subsets] of X. A family R C S(X) is called rich if

(i) it is cofinal, and

(i) it is o-complete, that is, whenever Y,Ys,... are in R and Y; C Yy C ---, then
Y =YUY,U---€R.

The power of rich families is demonstrated by the following fundamental fact; see [BM]
and also [LPT, page 37].

Proposition 2.2. The intersection of two, even of countably many, rich families of a
given space is (not only non-empty but even) rich again.

Proof. Let Ry, Rs be two rich families in S(X). Let Z € S(X) be arbitrary. From the
cofinality of Ry, Ry we find, alternatively, two sequences Y}, Y3}, ...in Ry and Y, Y22, ...
in Ry such that Z C Y CY? CY) cYP YS! C---. ThenY :=Y'UY,}U--- =
Y2UYZU--- belongs to R by (ii), and the cofinality of R is proved. The proof that R
is o-complete is simple, and is left to a potential reader.

Okay, once we know that the intersection of two rich families is rich, we can conclude,
via a simple induction, that the intersection of any finite number of rich families is again
rich. Finally, let R, Ro, ... be a sequence of rich families and denote by R the intersection
of all them. Then, for sure, and immediately, R is o-complete. Let Z € S(X) be any.
Find subsequently Y; € Ry so that Y7 D Z. Find Y5 € Ry N'Ry so that Y5 D Y;. Find
Ys € R1 N Ry N Rz so that Y3 D Y. (Fed up already?) ... Profiting from what was
already proved, we get that Y := Y UY,! U--- belongs to R, and the cofinality of R is
also verified. m

Next we shall strengthen the conclusion of Proposition 1.3 by showing that, behind
the separable reduction of Fréchet differentiability of (for this moment only) convex func-
tions, there is a suitable rich family.

Proposition 2.3. Let (X, || - ||) be a non-separable Banach space and f : X — R be
a conver, not necessarily continuous, function. Then there exists a rich family R
in S(X) such that for every Y € R and every x € Y the whole function f is Fréchet
differentiable at x if (and only if) the restriction fl|y is Fréchet differentiable at x.
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Proof. Search for a suitable R is not so obvious. Indeed, it is not clear to us if the
“natural” candidate, the family of all Y € S(X) such that for every z € Y, the function
f is Fréchet differentiable at x if (and only if) the restriction f|y is Fréchet differentiable
at x, works. We shall proceed as follows. For every subspace Y of X, every x € X, and
every t > 0 we put

Sy (z,t) :==sup { f(z + th) + f(x —th) : h €By %

here, and below éy denotes the open unit ball in Y. (Here, and in what follows, we shall
frequently profit from the boon coming from using open balls.) Now, we define

R:={Y € S(X): Sy(z,t) = Sx(z,t) forevery z €Y andevery t>0}.

We shall show that this R is rich.
Let us prove that R is cofinal in S(X). For every z € X and every ¢t > 0, v > 0, if

Sx(z,t) < 400, we find a vector u(x,t,7) €By such that

[z +tu(z,t,7) + f((z — tu(z,t,7)) > Sx(z,t) — 7.

Now, fix any Z € S(X). Pick a countable dense subset Cy in Z. Let m € N be fixed
for a short while and assume we have already found C,,_;. Find then a rationally linear
countable set C,, in X such that it contains C,,_; as well as the set {u(m,t,y) D ox €
Cm-1, t, 7€@+}. Doing so for every m € N, put finally Y := CoUC; UCy U - - -. Clearly,
Y lies in S(X) and contains Z. It remains to verify that Y does belong to R. So, fix

any h €Bx and any t > 0. We have to show that Sx(z,t) < Sy(z,t). Find a rational
t" € (0,¢) such that £||h[| < 1. Find then 2’ € C;UC,U- - - such that ¢||h| + [l2’ —z|| < ¢/
and t' + ||z’ — z|| < t. Find then m € N so big that C,,_; contains z’. Now, for every

k € By we have

/ /

Fl@' + k) + f(@ — k) :f<:p+t<%/k+ ‘ t_x)) +f<x—t(%/k:+ ’ t_x)) < Sy(x,b);

here we profited from the fact that H%k + x/;’” H < t—t/ + Ha:’foH < 1. Thus, recalling that k

was an arbitrary element of éy, we have that Sy (2/,t') < Sy(z,t) (< Sx(z,t) < 400).
Next, fix for a while any v € Q. . We can estimate:

f(x+th) + f(x—th) = f<xl+t,<%h—|— I;x’>) —|—f<$’_t’(§h_'_ x;x,>)
< Sx(z,t) <y + f(2' +tu(@ t', 7)) + f(a' = tu(@' ', 7))

<7y 4+ Sy, t) < v+ Sy(z,1);

here we profited from the inequality ||Zh + 222 | < L||A| + ”x;—,‘r,” < 1. Thus we have

that f(x+th)+ f(x —th) < Sy(z,t)+~. And, as vy € Q1 and h €Bx were arbitrary, we
obtain that Sx(x,t) < Sy(z,t) for every z € Y and ¢ > 0. This means that Y € R.

As regards the o-completeness of R, consider an increasing sequence Y7, Ys, ... in it
and put Y :=Y; UY,U---. Fix for a whileany z € Y and any ¢t > 0. (If z € Y{UY,U- - -,
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then a reader can easily verify that Sy (z,t) = Sx(z,t). Further, we take into account
that this may not be so.) Fix any h Eéx and any ¢ > 0. We have to show that
f(x +th) + f(x — th) < Sy(z,t). Find ¢’ € (0,t) such that f||h]] < 1. Find then
¥ € YUYoU--- such that t|h]| + ||2' — z| < ¥ and ¢’ + |2’ — z|| < ¢. Finally find m € N
so big that Y, contains 2’. Now, we can estimate:

/

flathy+ fo—th) = f(o 4 ¢ (phe 25N 15 (e =0 (Gh+ 255)) o

t t t
< Sx (', ') = Sy, (2", ') < Sy (2, 1);

here we used that Y;, € R and that ||5h+ 2% || < 1. On the other hand, for every k €By
we have

/ /

f@ +tk)+ f(o' —t'k) :f<:v+t<%/k—l— a t_x)) +f<x—t<%/k~l— ‘ t_x)> < Sy (z,t);

here we used that Ht—tlk + x/T’IH < 1. Thus, recalling that k£ was an arbitrary element of
logy, we have that Sy (2/,t') < Sy(z,t). Now putting together this inequality with (2.1),

we can conclude that f(x + th) + f(x — th) < Sy(z,t). And, as h €By were arbitrary,
we have that Sx(z,t) < Sy(x,t) for every x € Y and ¢t > 0. This means that Y € R. We
verified that our R is o-complete.

It remains to check that our R “works”. So, take any Y in it and any x in Y such
that the restriction f|y is Fréchet differentiable at = (if there is any such). This means
that

(Sy(z,t) —2f(z) =) sup{f(z+th)+ f(z —th): heéy}—2f(x):0(t) as t]0.

But the definition of R guarantees that Sy (z,t) = Sx(z,t) for every t > 0. Therefore

sup { f(z +th) + f(z — th) : h €Bx }—2f(x)=o(t) as t]0,
that is, the whole f is Fréchet differentiable at x. O]

There are many other separable reducible statements, and practically, behind any,
such there is a suitable rich family.
Homework. Given a real-valued function f defined on a Banach space (more generally,
on a metric space), show that the continuity of it is separable reducible via a rich family.
Hint: Define R as that consisting of all Y € S(X) such that for every x € Y and every
t > 0 we have diam f B (z,t)) = diam f( B (z,t) NY); here B (x,t) means the open
ball around x with radius ¢.



3 Separable reduction of Fréchet subdifferentiability
via rich families in general Banach spaces

Consider a convex function ¢ : X — —o00, +00], with ¢(0) finite, and let ¢ > 0 be given.
We start with proving a simple but basic Fact: d¢(0) N c¢Bx« is non-empty if and only
if o(h) > ¢(0) — c||h|| for every h € X. (We note that the subdifferential dp(0) can
be empty, for instance, when ¢ is a linear non-continuous functional on X.) Indeed, if
xz* € 0p(0) N cBx+, then for every h € X we have ¢(h) > ¢(0) + (z*, h) > ¢(0) — ||k
Reversely, having this inequality at hand, we know that the function ¢ + || - || attains
infimum at h := 0. Hence 0 € (¢ + || - |)(0) = 9¢(0) + 9| - ||(0) = J¢(0) — c¢Bx~, by
Moreau-Rockafellar theorem [Ph, page 47]. Thus dp(0) N c¢Bx+ # 0.

The next statement translates the non-emptiness of Fréchet subdifferential of any, not
necessarily convex or continuous, function purely into terms of the space X. To do so, we
need more notation. Namely, we denote
e by A the collection of all sequences 6 = (9,,) € (0,+00)* such that §; > dp >
e by A the collection of all sequences A = (\,) € [0,400)* such that the set {n € N:
An > 0} is finite and " >° A, = 1;

e by T the collection of all (1,) € N* such that the set {n € N: v, # 1} is finite, and
e given v = (1) € T and 6 = (6,) € A, we denote by H(v,d) the collection of all
H = (h,) € X% such that ||h,| <6, for every n € N,

Proposition 3.1. Let (X, || - ||) be a general Banach space, consider a proper function
f:X — (—o0,+0o0], let x € dom f, and let ¢ > 0 be given. Then Opf(x) N cBx~ is
non-empty if and only if there is a sequence § = (6,) € ANQY so that

Z)\ ( Fl@+ hy) —thu) | 3 At (3.1)
Yn n=1
for all (\,) € A, allv = (v,) €Y, and all (h,) € H(v,9).
Proof. Sufficiency. For h € X define
mf{z/\ (@ + o) + L hal]) = f(2) :
(3.2)

(M) €A, (1) €T, (hn) € H(v, ), f:/\nhn - h}

n=1

if ||h]| < &1, and p(h) := +oo if ||h]| > d;. It is clear from (3.1) that ¢(h) > —c||h|| > —cc
for all h € X. We shall verify that ¢ : X — (—o00, +00] is a convex function. Fix any
a € (0,1) and any h,h’ € dom ¢; then ||| < 01, [|[F| < 6;. Fix any ¢ > 0 and find
(M), M) eA, v=(v,)eX, v'=(v!])€eY, and (h,) eH(v,6), (h,)eH(v',J) such that

> Nahn=h, @(h +t>2)\ F@+ha) + 2hall) = f(2)
n=1
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and that the same holds if we replace \,, v,, h, and h, respectively, by X/, v/, k! and
B'. Take an n € N so big that A\, = A, =0 for n > n and set

A= a\,, V) = Uy, R = hy, if1<n<mn;
N=01—-a)\,_., Vv =v_., h;; =h_., if n <n <2n;
A =0, v =1, h! =0, if n > 2n.

We note that (A))) € A, v":= (v])) € T, and ||h)|| < d,» for every n € N; so (h))) €
H(v",d). Then

ap(h) + (1 —a)p(h) +t + f(z)

n

> 3 [ (Fa o+ ) o) + (= ), (F 1) + V—Zr|h;u)]

n=1

= SN m) ,,Hh"u)+ZA::+n(fx+hZ+n> )
£ n+n

_ ZX’( ()4 ) = (i (1= )W) + £ (o).

which proves the convexity of ¢ as ¢ > 0 could be taken arbitrarily small.

Now, it follows from (3.1) and (3.2) that 0 > ¢(0) > 0. Thus ¢(h) > ¢(0) — c||h|| for
every h € X. By the Fact above, there is a z* € Jd¢(0) such that [|z*] < c. We shall
show that z* € O f(z). So, consider an arbitrary € > 0. Find m € N such that = < ¢.
Take any fixed h € X such that ||h|| < 6,,. Put A\, =1, hy, = h and vy, = m and
for n € N\ {m} put A\, =0, h, =0, and v, = 1; then (/\n) €A vi=(y,) €7, and
(hn) € H(v,d). Hence, by (3.2) we get that

fl@+h)+elhll = f(z) = flz+h)+ LRl = f(z) = (k) > @(0) + (2", h) = (2", )

as x* € dp(0). Therefore z* € O f(x) N cBx-.

Conversely, assume there is z* in Op f(z) N ¢Bx+. For every n € N we find 4,, € Q4
such that f(z + h) + ||h|| — f(x) > (z*, h) whenever h € X and ||h]| < 0,. We may
arrange that 6; > dy > --+. Then § := (6,) € AN QY. For h € X define p(h) by the
formula (3.2) with this ¢ if |h]| < 01, and p(h) := 400 if |h]| > ;. As above, we can
check that this ¢ is a convex function on X. We certainly have that ¢(0) < 0. Fix for
a while any h € X, with ||h]| < 6;. Consider any (\,) € A, any v = (1,,) € T, and any
(hyn) € H(Y,0) such that > 7 A,h, = h. We observe that for every n € N we have
flx+ha) + o-llhall = f(2) > (2%, hy). Tt follows that

Z)\ F@+hy) + Ehall) - Z)\ 2% hy) = (¥, h).

Therefore, by (3.2), ¢(h) > (z*,h) ( > (0) + (z*,h)) whenever h € X and ||h]| < 61,
and hence 2* € dp(0). And as ||z*|| < ¢, applying the Fact above again, we get that (3.1)
holds. [
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Now we are ready to perform separable reduction of the nonemptiness of Fréchet
subdifferential via a rich family. For every subspace Y of X, every x € Y, every A =
(An) € A, every v = (v,) € N¥, every 0 = (0,) € A, and every ¢ > 0 we denote by
I(x,\,v,0,c,Y) the following (possibly infinite) quantity

1nf{Z/\< [z + hy) —||h ||>+c

Clearly, with this notation, (3.1) reads as I(z, A\, v, d,¢, X) > f(z).
For A = (\,) € A, v = (v,) € N, and ¢ > 0, we define the family R, ,. as that
consisting of all Y € §(X) such that for every z € Y and every § € AN Q“ we have

) € H(v,8) N yw} (3.3)

Iz, \v,0,¢,X)=1I(z,\,v,6,¢,Y). (3.4)

Proposition 3.2. For any A = (\,) € A, v = (v,) € N¥, and ¢ > 0 the family Ry,
defined above is rich.

Proof. Fix any A, v and ¢ as above. We re-denote I(x, \,v,d,¢,X) and I(z, A\, v,0,¢,Y),
respectively, by I(x,d, X) and I(x,d,Y). Now, for every x € X, every § € A, and for
every m,n € N, we find vectors g,(x,d,m) € X, with ||g,(z,d, m)| < d,,, such that

H2.6.5) 4~ 2 30 (o + guledim) + g 6.m)]) + o 3 Ao
(3.5)

if I(z,d,X) > —o0, and

—m > ZA ( T+ gu(w,8,m)) + V—1n||gn(x,5, m)||) n CH i)\ngn(x,cs, m)H (3.6)

if I(x,d, X) = —oo. Here, we choose the vectors g, (z, d, m) in such a way that g, (x,d,m) =
gn(z,0’,m) whenever 4,6" € A and §,, = ¢',, for every j € N such that \; > 0. Using this
policy, we guarantee that for every x € X and every m € N the set {g,(x,6,m) : n €
N, 6 € ANQ¥} is countable.

We first show that R, . is cofinal in S(X). So, fix any Z € S(X). Choose a countable
dense subset Cj in Z. Assume further that for some m € N we have already constructed
countable sets Cy C C7 C -+ C C,,,—1 C X. Define then C), as the Q-linear span of the
set Cp,_1 U {gn(m, om): neN, z e, § € ANQ~¥}. Clearly, C,, is again countable.

Put Y := CoUC,U---. Clearly, Y € S(X) and Y D Z. We have to show that YV
belongs to R, that is, that (3.4) holds. So, fix any x € Y and any 6 € AN Q*. Clearly,
it is enough to prove that I(z,0,X) > I(x,0,Y). Consider any (h,) € H(v,0). Put
N :={n € N: )\, > 0}; this is a finite set. Take an arbitrary » € Q4 so small that
|hnl| < 6., —2r for every n € N. Find then §' = (J;) € ANQ* such that 0} < ¢; for every
i€ Nand ¢, =9, —rifne N. Find m € N so big that dist (z,C,,—1) < r; pick then
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Ym € Cpu—1 such that ||z —y,,[| < 7. We are now ready to estimate

i (£ 0+ 000810 + g )1} € 3 A0 |

" n=1
> Z (£ = 4 9u s 810) + -l = 2+ 90 s ) (37
+CHZ/\ —x+gn(ym,5’,m))H —r—cr>1(x,0,Y) -1 —cr,

the last inequality being true because (Y, — & + gn(Ym,d’,m) : n € N) € H(rv,5) NY™.
If I(ypm,d', X) = —oo for infinitely many m € N, then (3.6) and (3.7) imply together
that —m > I(x,6,Y)—r—cr for all such m; hence I(x,6,Y) = —oc, and thus I(z,J, X) >
—oo = I(2,4,Y).
Assume now that I(y,,,d’, X) > —oo for all sufficiently large m € N. Fix one such m,
big enough to guarantee that m > % . Define b}, :== h, + * —y,, if n € N, and h], := 0 if
n € N\ N. Then (h],) € H(v,d') and we can estimate

ZA( (@ + hy) n||hn||)+c >

1 e}
A (£ + 1)+ l1Bull) + ]| D A
" n=1

3
,_.

NE

3
Il
—

o

1 o0
/ / —r —
M (£ 4 1)+ ) + e D elal| =7 e (3.8)

—

< |

Y
~ 3

my 0, X) —r —cr

(1 908 0) + = g 80 ) + > At 80|

[M]¢

3
I
—

1
—— —r—cr>1(2,0,Y) = 3r —2cr,
m

by (3.5) and (3.7). Since r € Q4 could be arbitrarily small, this proves that I(z,d, X)
> I(x,0,Y). Therefore Y € R, and so the cofinality of R, , . is verified.

To prove that R , . is o-complete, we have to further elaborate the construction above.
Let Y7, Y5, ..., be an increasing sequence of elements of Ry, .. Put Y :=Y, UY, U
We have to show that Y belongs to R, ... This means that we have to verify (3.4). So, fix
any x € Y and any 6 € ANQ“. We have to prove that I(x,0, X) > I(x,6,Y). Take any
(hn) € H(v,6). Let again N := {n € N: A, > 0}; this is a finite set. Take an arbitrary
r € Q4 so small that ||h,|| < d,, — 2r for every n € N. Find then ¢ = (§) € AN Q¥
such that 6; < 9; for every i € N and §;, = d,, —r if n € N. Take m € N so big that
dist (z,Y,) < r; pick then y,,, € Y, so that ||z — y,,|| < r. Define b, := h, + = — y, if
n € N, and h), ;= 0if n € N\ N. Then (k) € H(v,¢') and from the first half of (3.8)
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(valid also now) we have

r+cr+ ZA( flx+ hy) —||h H)—irc‘

(3.9)
> I(Ym, 0, X) = I(ym, 0, m)21<ym75/7 Y)

since Y, € Yo, Yo € Raye, and Yy, C Y.
Now, consider any (k,) € H(v,0")NY*“. Set k!, ==k, + Yy, —x if n € N, and k!, := 0
if n € N\ N. Then (k]) € H(v,6) NY* and we can estimate

S0 (F )+ bl ] 3 Aok
= ZA( flz+ &) n”an>+CHn1
> ZA( flo+ k) —n|yk;u)+c >

> ](x,é,Y)—r—cr.

Hence I(yy,,d',Y) > I(x,0,Y) — r — cr. Therefore, combining the latter inequality with
(3.9) and recalling that » € Q, was arbitrarily small, we conclude that I(x,d, X) >
I(z,6,Y). This verifies (3.4) for our Y and hence guarantees that Y € Ry, .. We proved
that Ry, is o-complete. O

Theorem 3.3. ([FZ], [F]) Let X be a non-separable Banach space and f an extended-
real-valued function on X. Then there is a rich family R in S(X) such that for every
Y €R, every x €Y, and every ¢ > 0 we have that: Op f(x) N cBx« is non-empty if (and
only if) Op (fly)(z) N cBy+ is non-empty.

Proof. Assume that Op (f|y) (x)NeBys # (0. By Proposition 3.1, there is 6 € ANQ* such
that I(z, A\, v,9,¢,Y) > f(x) whenever A € ANQ* and v € Y. Hence, by Proposition 3.2,
for all these A’s and v’s, we have I(z,\,v,d,¢,X) > f(z). And using Proposition 3.1
again, we can conclude that Orf(z) N cBx+ is nonempty. The necessity statement is
obvious. O

Corollary 3.4 (Preiss-Zajicek; see [LPT]). Let X be a Banach space and f an extended-
real-valued function on X. Then there is a rich family R of separable subspaces of X such
that for everyY € R and every x € Y we have that f is Fréchet differentiable at x, with
/(@) <c, if (and only if) f|y is Fréchet differentiable at z, with and ||(f|y) (x)]] < c.

Proof. Applying Theorem 3.3 to our f, we get a rich family R, in S(X) such that for any
Y € Ry and any € Y we can be sure that 0f(z) contains an element with norm not
greater than c if the same is true for O(f|y)(z). Likewise, applying the theorem to —f,
we find a rich family R_ for —f with similar properties. It remains to set R =R, NR_
and to apply Theorem 2.2, taking into account that, f is Fréchet differentiable at x if and
only if both d0f(z) and O(—f)(x) are nonempty. This proves that the sufficiency. The
necessity is obvious. O]
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Okay, we have separable reduction, via rich family for Fréchet (sub)differentiability
of functions. Unfortunately, this is not enough for more complicated statements with
Fréchet subdifferentials: in particular for fuzzy calculus, non-zerones of Fréchet normal
cones and extremal principle. This will be a content of the next section.

15



4 Primal representation of more complex statements
involving Op

This section is a broad enhancement of the situation considered in Section 3. We wish
here to construct rich families for separable reductions of various statements associated
with Fréchet subdifferentiability. In pursuing this goal we shall follow the traditional
approach going back to [Pr], [FZ] (see also [F], [P], [I2], and [FI1]), whose first step is
“primal” (not involving anything associated with the dual space) characterization of the
desired property.

Let k£ € N, let X, Xy,..., Xy be (rather) non-separable Banach spaces, and let A; :
X;— X, 1=1,...,k, be bounded linear operators. The statement below is an extension
of the Fact from the beginning of Section 3.

Proposition 4.1. Let ¢ >0, €1 >0, ..., >0, pp >0, ..., pr > 0 be given constants
and let ¢ : X — (—00,400] be a convex function, with p(0) < +00. Then the following
two assertions are equivalent:

(i) There ezist €}, € (0,¢;), i =1,...,k, and (wy,...wy) € Sx, X -+ X Sx, such that

p(z) = ¢(0) - CHSE - EAil’iH = 2eillall = Xopillw: — will + X opi

holds for all (z,xq,...,25) € X X Xy X -+ X X}.

(i) There exists z* € 0p(0) such that ||z*|| < c and ||Afz*| — pi| < & for every
i=1,... k.

For better understanding of this proposition, we can consider several special cases of
it. For instance: k =1 and py =0; or k =1, A; =0 and p; # 0; etc. For more examples
we refer to the end of Section 5.

Proof. (Above and below, 3~ means S |.) Assume (ii) holds. Find &} € (0,¢;) so that
|| A2*|| — pi| < €} for every i = 1,... k. For each i find a norm attaining w} € X; such
that ||w}|| = p; and ||Afz* — w}|| < €). Take finally a w; € Sy, so that ||w}|| = (w},w;).
Then for all (z,,z1,...,2,) € X x X3 X -+ x X}, we have

p(r) = 9(0) + (2", 2) = p(0) + (2", 2 — T Ai;)
+ Y (Afa* —wf,a) + Yo (wf,x — wi) + > (w], w;)
> o(0) - el — S| - Sellell - Spillai - will + Lo
Assume that (i) holds. Set
(x,z, . ) = (x) + |z — YA + el + Ypille — will — i
Then

Y(x, 21, ..., x5) > p(0) =(0,0,...,0)
for all x € X and for all (z1,...,2,) € X; X -+- X X. Thus, by Moreau-Rockafellar
theorem [Ph, page 47], there are x* € 9p(0), £ € ¢Bx~, and further, for i = 1,... k,
there are §; € ;By» and w; € X7, with (w}, w;) = [|[w]| = pi, such that

(0,0,...,0) = (2%,0,...,0) + (&, —ATE, ..., —ATE) + (0,61, ..., &) + (0,w], ..., w)).
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Hence, 0 = z* 4+ £ and Af¢ = & + w) for i = 1,..., k. Therefore, ||z*|| < ¢ and
ATEN = pif = [NA7N — [lw] |

for every 1 =1,... k. [

< ||AjE — w}

= [I6l <& <e

The proposition above gives us the key instrument for finding the necessary primal
characterization of Fréchet subdifferentiability and several associated properties.

Let us call data any triple d = (c, ¢, p) such that ¢ > 0, € = (g1,...,&x) € (0, 4+00)¥,
and p = (p1,...,pr) € [0,+00)k. To begin with, we define for any given data d and any
w = (wq,...,wg) € Sx, X --- x Sy, the function

pdﬂu(h,fl, e ,{L‘k) = CHh — ZAzsz + Zngle + sz”xz — U)ZH — Zplv

where (h, z1,...,2;) € X x X7 XX X}, are the arguments of the function and and d and
w are parameters changing within the indicated limits. For any fixed d and w this is a
convex continuous function, equal to zero at (0,0,...,0). Moreover for u = (uy,...,ux) €
Sx, X -+ x Sx, we have

pd,w(h,xl, e 7wk) - Pd,u(hwh cee 7513k;) < Zpi”wi - Uz|| (4-1)

We shall need again the notation introduced in Section 3, that is the symbols A, A, T,
and H(v,d). The next proposition offers the desired primal characterization. It translates
the non-emptiness of Fréchet subdifferential (even a subtler fact) completely into terms
of the space X. The proof of the proposition repeats word for word the proof of [FI1,
Lemma 2.2] if we replace reference to [FI1, Lemma 2.1] by the reference to Proposition
4.1. Hence we omit this proof.

Proposition 4.2. Consider a proper function f : X — (—o00,+00| and fir x € X
such that f(x) < 4+o00. Then, given data d = (c,e,p), the following two assertions are
equivalent:

(i) There exist €; € (0,&;), i =1,...,k, w:= (wy,...,wg) € Sx, X ... X Sx,, and a
sequence 6 := (01,02, ...) € ANQ¥ such that for d' = (c,€', p) the inequality

S (£ B) + )} + o 30 A, ) > () (12)
n=1 n n=1

holds whenever xq,...,x; € X1 X -+ X Xi, (\y) €A, v €Y, and (h,) € H(v,0).

(ii) There exists x* € Opf(z) such that ||z*|| < ¢ and |||Ajz*|| — p;| < & for every
i=1,... .k

Our aim is to find a rich family that could be used for separable reduction of (ii).
It is the first property (i) of the proposition that equips us with a suitable instrument
for constructing such family. Let k£, X, Xy,..., X, A1, ... Ay have the same meaning as
before. By a block we understand any product Y x Y] x --- x Yy where Y Y7,... Y} are
subspaces of X, Xi, ..., X}, respectively. Any F C S(X x X; X -+ x X}) whose elements
are blocks shall be called a block-family. For every block JV :=Y x Y] x --- X Y}, every
x €Y, every A = (\,) € A, every v = (v,) € N, every § = (0,) € A, every data

17



d=(c,e,p) € [O +00) x (0, +00)* x [0, +00)* and every w € Sx, x --- x Sy, we denote
by I(x, A\, v,6,d,w,Y) the following (possibly infinite) quantity

inf{i M@+ hn)+yi\|hn||) + P i Aofim, @1, 24

n=1 n n=1 (43)
(hn) € H(,0) N Y%, (z1,...,0%) € Vi X -+ X Yk}.

Y =XandV;, = X, forall i = 1,... k, we write just I(xz,\,v,0,d,w). With this
notation, (4.2) reads as I(x, \,v,d,d,w) > f(x).

For A\ = (\,) € A, v =(v,) € N and d = (¢,¢,p) € [0,+00) X (0, +00)* x [0, +00)*
we define the block-family R, 4 as that consisting of all blocks JV :=Y x Y} x--- x Y} €
S(X x X x --- x X}) such that

A CY, ..., AV, CY (4.4)
and that forallz €Y, 6 € ANQY, and w € Sy, x --- x Sy,
Iz, \ v, 0,d,w) =I(x,\v,0,d,w,)), (4.5)

Proposition 4.3. For any A = (\,) € A, v = (v,,) € N and d = (¢,e,p) € [0,400) X
(0, +00)* x [0, +00)k, the family Ry,.q defined above is rich.

Proof. Fix any A, v and d as above and put, for simplicity, R := Ry ,q4. We redenote
I(x,\,v,0,d,w) and I(x,\,v,d,d, w,)), respectively, by I(z,d, w) and I(x,d,w,)). Now,
for every x € X, every w = (wy,...,w;) € Sx, X ... x Sx,, every § € A, and for
every m,n € N we find vectors vy (z,d,w,m) € Xq,..., vp(x,d,w,m) € Xy, and vectors
gn(z,0,w,m) € X, with ||g,(x, 0, w,m)|| <,,, such that

n

1 & 1
I(z,0,w) + —2 g (x—i—gnx6wm))+y—|]gn(x,5,w,m)||>

(4.6)
Pdw < Z Angn($7 5) w, m)7 U1($7 57 w, m)7 ceey Uk(l', 57 w, m))
n=1
if I(x,d,w) > —o0, and
—m >Z)\ < T+ gn(z,8,w,m)) —i—ngn(x 5, w m)||>
]/n ) ) )
(4.7)
+ Pdw ( Z )\ngn(xa 5a w, m)7 Ul(xa 5a w, m)7 ey Uk(l‘, 5a w, m))
n=1
if I(x,0,w) = —oo. Here, we choose the vectors v;(z,d, w,m) and g,(z,d, w, m) in such

a way that v;(z,d,w,m) = v;i(z,d,w,m) and g,(x,0,w,m) = g,(z,d,w, m) whenever
6,0' € A and 9,, = ¢y, for every j € N such that \; > 0. By this we guarantee that for
every r € X, every w E Sx, X -+ x Sx,, and every m € N the set
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{vi(z,6,w,m): i=1,....k 6 € ANQH{gn(z,d,w,m): neN, § € ANQ~}

is countable.

We first show that R is cofinal in S(X x X x- - -x X}). To begin with, fix any Z € S(X)
and any Z; € S(X;), i =1,...,k. Choose countable dense subsets Cy in Z, C} in Z1,. ..,
and C§ in Z. Assume further that for some m € N we have already constructed countable
sets CocCy C---CCpy CXandClCcCiC---CCl_,CSx,,i=1,...,k Define
then C,, as the Q-linear span of the union of C,, 1, A;(C! ), i=1,...,k, and the set

m—1
{gn(x,é,w,m): neN, zeC, 1, € ANQ¥, well x---xC,’jl_l}

Likewise, for any ¢ = 1,..., k define the set C? as the Q-linear span of the union of C?
and

{vi(z,0,w,m): i=1,....k 2 €Cpry, S€EANQY, weCl | x---xCF 1

augmented with normalized versions of its elements (that is, vectors of the form &/||£||).
Clearly, all these sets are still countable.

Set Y :=CoUC;U--+ and Y; :=CiUC{U--- for every i = 1,..., k. Clearly, these
are closed separable subspaces and YV ;=Y X Y] X -+ XY, D Z X Z; X --- X Z;. We have
to show that ) belongs to R, that is, that (4.4) and (4.5) hold. The verification of (4.4) is
casy. Asregards (4.5), fixanyz € Y, d € ANQ¥, and w = (wy,...,wg) € Sy; X -+ X Sy,.
Clearly, it is enough to prove that I(z,d,w) > I(z,d,w,)). Uniform continuity of the
assignment u — pg, (- -+ ) (see(4.1)) allows us to assume that w; belongs to CfUCTU- - - for
every i = 1,..., k. Now, consider any (h,) € H(v,0) and any (z1,...,2;) € X1 XX Xj.
Put N :={n € N: \, > 0}; this is a finite set. Take an arbitrary r € Q4 so small that
|hnl| < 6., —2r for every n € N. Find then ¢’ = (d))) € ANQ¥ such that §/, < §,, for every
n € Nand 0/, =4, —r if n € N. Find m € N so big that w; € C},_,,..., w, € C%_,,
and that dist (x, C,,,—1) < r; pick then y,, € Cy,—; such that ||z — y,| < r.

We are now ready to estimate

- ! 1 !
D~ (£ + 90 010, m)) + g (s &' 0, m) )
n=1

n

+ Pd,w ( Z Angn<ym7 5/7 w, m)a U1 (y'rrw 6/7 w, m)a s >Uk(ym7 5,7 w, m))

n=1

oo 1 4.8
> Z)\n<f($+(ym_x+gn(ym75,7w7m))) +V_”ym_z‘{'gn(ymad/awam)H) (48)
—1 n

+ Pd.w (Z/\n(ym — &+ Gn(Ym, 0, w,m)), 01 (Y, 6, w,m), - (Ym, 8, w0, m))
n=1
—r—cr>1I(x,0,w,Y)—r—ocr

the last inequality being true because v; (Y, o', w,m) € C,,, C Y and (ym—x—i—gn(ym, &, w,m)
neN) e Hy,dNY>.

If I(ym,d’,w) = —oo for infinitely many m € N, then (4.7) and (4.8) imply together
that —m > I(x,0,w,Y) — r — cr for all such m; hence I(z,d,w,)) = —oo, and thus
I(z,0,w) > —oc0 = I(x,5,w,)).
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Assume now that I(y,,,d’,w) > —oo for all sufficiently large m € N. Fix one such m,
big enough to guarantee that m > % . Define b}, :== h, +x —y,, if n € N, and A/, := 0 if
n € N\ N. Then (h],) € H(r,d') and we can estimate

[M]¢

Mo (/@ -+ ha) + Viuhnu) —i—pd,w(i)\nhn,xl, )
n n=1

3
Il
—_

WE

M (f g+ 1) + Vi||hn||) +pd,w(§:)\nhn,x1, )
n n=1

i
I

1 o0
)\n<f(ym+h;) + V_th;lH) +pd7w<2)\nh;,x1,...,xk) —r—cr

n=1

WK

Il
—

(4.9)

Vv
~ 3
—~

Ym, 0, w) — 1 —cr

[M]#

1 /
M (F (U + 90 (s 8 0,)) + g0 (o, &', )

S
Il
—

+ Pdw < Z )\ngn(yma 5,7 w, m)a U1 (ym7 6/7 w, m)a s 7Uk‘(yma 5/a w, m))
n=1

1 —r—cr>1I(x,6,w,Y)— 3r—2cr,
m
by (4.6) and (4.8). Since r € Q4 could be arbitrarily small, this proves that I(z,d, w)
> I(z,d,w,)). Therefore, R is cofinal in S(X x X x -+ x Xj).
To prove that R is o-complete, we have to somewhat elaborate on the reasoning above.
Let YV, =Y ><Y11 X v ><Y1k, Yo=Y, ><Y21 X oo ><Y2k7 ..., be an increasing sequence
of elements of R. Put Y :=Y x Y! x --- x Y* where

Y:=Y,UY,U---, Y'=Y'uYu---, ..., Y =YFuYv}tuU-...

We have to show that ) belongs to R. This means to verify (4.4) and (4.5).

The proof of (4.4) is straightforward. As regards (4.5), fix some x € Y, 6 € ANQ¥
and w = (wy,...,wg) € Sy1 X -+ X Syr. We have to prove that I(z,0,w) > I(z,d,w,)).
Because the assignment u +— pg,(---) is uniformly continuous, we may and do assume
that w € Syr x -+ x Syx for some j € N. Now, take any (hn) € H(v,0) and any
(x1,...,x,) € X1 x -+ x Xg. Let again N := {n € N: ), > 0}; this is a finite set.
Take an arbitrary r € Q4 so small that ||h,| < 6,, — 2r for every n € N. Find then
§ = (9]) € AN Q¥ such that §/, < 6, for every n € N and ¢/, = §,, —r if n € N. Take
m € N so big that m > j and dist (z,Y,,) < r; pick then y,, € Y, so that ||z — y,|| < r.
Define h!, := h, + & —y,, if n € N, and b}, ;=0 if n € N\ N. Then (k) € H(v,d') and
from the first half of (4.9) (valid also now) we have

x 1 e
r+oer+ ZM(f(x + hn)+y—|yhn\|) +pd,w<ZAnhn,x1, - 37k)
n=1 " n=1

> I (Y, 0", w) = L(Ym, 0,0, Vi) = 1(Ym, 0", 0, )
since y,, € Y™, V,, € R, and ),, C ).

(4.10)
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Now, consider any (k,) € H(r,d') NY* and any (z),...,2}) € Y1 X --- x Y. Set
kl :=ky+ym —xifne N,and k], :=0if n € N\ N. Then (k) € H(v,0) N Y* and we

can estimate

3 n(f Y + i) —|\kn\|> +pd,w(ixnkn,xg,...,x;)
- (fx+k’ —||k H)—l—pdw<z>\ s @31 )
n=1
> ( flx+ k) —n||k,'1||>+pd,w<2)\nk;,x'1,...,x§€>—r—cr
> (x, S,w,Y)—r—cr. "

Hence I(ym,,d,w,Y) > I(x,§,w,)) — r — cr. Therefore, combining this inequality with
(4.10), and recalling that r € Q was arbitrarily small, we conclude that I(x,d,w) >
I(x,0,w,Y). This verifies (4.5) for our ) and hence guarantees that J € R. We proved
that R is o-complete. [
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5 Umbrella theorem for separable reduction of many
statements dealing with 0p

We can now state and prove one of the main results of the whole text.

Theorem 5.1. Let k € N, let X, Xy,..., X be general Banach spaces, let A; : X; —

X, i=1,...,k, be bounded linear operators, and let f be a proper extended real-valued
function on X. Let finallyc > 0, ¢4 > 0,..., ¢ >0, pp >0, ..., pr > 0 be given
constants. Then there exists a rich block-family R C S(X x Xy X -+ X Xy) such that for
every Y XYy x -+ x Yy € R we have A1 (Y1) CY, ..., Ax(Yr) CY, and for everyx € Y
the following holds:

There is an x* € Op f(x) such that ||z*| < c and ||| Ajz*||—pi| <&, i=1,...,k, whenever

there is a y* € Op(fly)(x) such that |ly*|| < c and |||(4;

vy = pi| <, i=1,... k.

Proof. Put € := (e1,...,¢%), p:= (p1,-.-,px), and d := (c,e,p). For every A € AN Q¥
and every v € T let Ry, q be the corresponding rich family from Proposition 4.3. As
there are countably many such A and v, the intersection R of all such families over A and
v is also a rich family by Proposition 2.2. This is precisely the family we need.

Indeed, take any YV ==Y x Y; x --- x Y, € R. Take any x € Y and assume that
there is y* € Op(fly)(x), with ||y*|| < ¢ and |||(AZ v,) 'yl = pi| <eii=1,....k By
Proposition 4.2, there are ¢, € (0,£,)NQ, i =1,...,k, w € Sy, x---x Sy, and 6 € ANQY
such that, when putting d' := (¢, (¢}, ...,€}), p), we have I(x,\,v,d,d,w,Y) > f(x) for
every A € A and for every v € T. But then, by the definition of our R and by (7.1),
we have that I(z,\,v,d,d',w) > f(x) for every A € ANQ¥ and v € Y. Applying
again Proposition 4.2, we conclude that there exists z* € O f(z), with ||z*|| < ¢ and
1(Asly,)*a*|| — pi| < e forevery i=1,... k. O

All the results to follow are consequences of the theorem above. It is suitable for
separable reductions of various statements on Fréchet subdifferential of one function. As
a very particular case of it we get the existence of a rich family of separable subspaces
that guarantees separable reduction of the non-emptiness of Fréchet subdifferential. But
Theorem 5.1 allows to say more.

Corollary 5.2. Given a Banach space X, a proper function f : X — (—o0,+0o0], and
constants 0 < § < ¢, then there exists a rich family R C S(X) such that 6 < ||z*|| < ¢ for
some x* € Op f(x) whenever Y € R, x € Y, and § < ||y*|| < ¢ for some y* € Or(f|y)f(z).

Proof. Let k := 1, X; := X, and let A; be the identity operator on X. For every
g1 > 0, p1 > 0 (and our given ¢) let R., ,, be the corresponding rich block-family in
S(X x X) found in Theorem 5.1. Put Ry := (V{Re,p, : €1,p1 € Q4 }; this is again a
rich block-family in S(X x X) by Proposition 2.2. Put Ry :={Y xY : Y € S(X)};
clearly this is a rich family in S(X x X). Put Ry := Ry N Ry; this is a rich family by
Proposition 2.2. Define finally R :={Y € S(X): Y x Y € R,}; it is easy to show that
this is a rich family in S(X).

It remains to verify that this R “works”. So take any Y in it, any x € Y, and
assume there is y* € Op(f|y)(z) satisfying that 6 < ||y*|| < ¢. Find €, p € Q4 such that
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d<p—e<|y*|| < p+e <c By Theorem 5.1, as Y € R.,, there is 2* € dpf(x) such
that ||2*|| < c and |||z*|| — p| < e. It then follows that d < p—e < ||lz*]| < p+e <c. O

If the f is an indicator function of a closed subset €2 of X, then we get separable
reduction (via a rich family) of non-zeroness of the Fréchet normal cone of €.

We can make a one step further and apply Theorem 5.1 to get the existence of rich fam-
ilies for separable reduction of Fréchet subdifferentiability of composite functions obtained
by means of one or another functional operation with various quantitative requirements
on elements of Fréchet subdifferentials. The following umbrella theorem is a gateway to
many results of this sort.

Theorem 5.3. Let m € N, let Z, Zy,...,Z,, be Banach spaces, and let constants ¢ >
0, v>0, & >0, p, >0, proper functions f; : Z; — (—00,400], and linear bounded
operators N; : Z — Z;, i = 1,...,m, be given. Then there exists a rich block-family
R CS(Z X Zy x -+ X Zy,) such that for every V x Vi x --- x V,, € R we have A;(V) C
Vi,...y A(V) C Vi, and for every (z1, ..., zm) € VI X -+ XV, the following holds:

There are zi € Op f1(z1), ..., 2% € OF fm(2m) such that
Szl <o ISR AT <y [Nl = pil <6 i=1,.0,m,
whenever there are vi € Op(filv,)(21), ..., v}, € Or(fmlv,,)(2m) such that

Sl < e I Aol <oy (Il il = pil <&, i=1,..m

Proof. Set X = Z; x -+ X Z,,, and endow it with the {,-norm, so that for x =
(z1,..-,2m) € X and a* = (27,...,2) € X* we have ||z|| = max{||z]],...,|lzm]} and
lz*|| = |lzfI| + - - - + |25, |- For every subspace U of Z we denote AU := {(z,...,2): z €
U}. Set further Xy := AZ, X; := Z,..., X,, := Z, and define operators A; : X; —
X, i =0,1,...,m, as follows: Ay(z,...,2) := (Ayz,...,An2) and, for ¢ = 1,...,m,
Ai(z) == (0,...,0,A;2,0,...0) with A;z at the i-th place. An elementary calculation

reveals that for 27 € Z7,..., 2 € Z* we have
IAG(2, -zl = AT -+ Anznlls ATz ) = AL i =1, om.
More generally, if V € S(Z), V; € S(Z;), and v* € Vi*, i =1,... k, we have oY
[(Aolav) (i, - vm) | = [[(Aslv) vl + -+ (Amlv) "o, (5:2)
| (Ailvi) (o1, o) = [[(Aalv) g ||, i=1,...,m. (5.3)

Let now f: X — (—o0, +00] be defined by

fz1,ooizm) = filz1) + -+ f(zm), (21,-..,2m) € X.

Clearly, this is a proper function. Moreover, this is a “separable” function, i.e., the sum
of functions depending on mutually distinct arguments; so

(9Ff(21, RN Zm) = 8Ff1(zl) X X 8Ffm(zm) (54)

Finally, we put €9 =, po = 0.
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Let Ry C S(X x Xox X x--+xX,,) be the rich block-family found in Theorem 5.1 for
our constants, ¢, €;, p;, ¢ = 0,1,...,m, and for our operators Ag, Ay, ..., A,,. Consider
the block-family

Ri={Vix - xV, XAV XV x---xV: V1 €S(Z),...,Vm € S8(Zy), V €S(2)};

clearly, it is rich in S(X X Xog X Xy X+ X Xm). Put Ry := Ry N Ry; it is also rich by
Proposition 2.2. Finally, put

R={VxVix- xV,: Vix--XVypx AV xV x---xVeERy};

this block-family is also rich, now in S(Z X 1 X -0 X Zm).
We shall show that R has the desired properties. So, fix any V x Vi x --- x V,, € R.
Then Vi x -+« XV, x AV XV x --- x V € Ry. Now, apply Theorem 5.1 where we plug
=m+1, Y =Vix.---xV, Yy =AV, Y, =V, ... Y, =V, and get that
A(AV) C Vi x - x Vi, Ai(V) C Vi X - x Vi ooy Ap(V) C Vi x -+« x V. Thus,
using the definition of A;’s, we get that Ay(V) C Vi,..., Ap(V) C V.

Take now any = = (21,...,2y,) € Vi X --- x V,,. Then the statement: “there is an
z* € Opf(x) such that [|z*|| < ¢ and |[[|Ajz*| — p;| < & for i = 0,1,...,m” means,
by (5.1), that a* = (z,...,2%) for some 2z € Opfi(z) and [|zf]| + -+ + ||1z5| < ¢,
[AT2; 4 -+ Anzn || < g0 =1, and |[|A;2f]| — pi| <& i=1,...,m.

Likewise, the statement: “there is v* € 9p(f|vix.-xv;, ) (@) such that [[v*|] < ¢ and
H|(AZ|V)*’U*H — pi| <& fori=0,...,m” means by (5.2) and (5.3), that v* = (v{,...,v})

r m

for some v} € Ip (filv,) (z0), [of [+ -+l < e, [(Alv) v+ 4 (Awlv) s [l < g0 =7
and |[|(Ailv) ;|| = pi| <ei, i=1,...,m.

Now, by Theorem 5.1, the first statement holds at z = (z1,...,2,) € V1 X -+ X V,, if
the second statement holds at the point. This completes the proof. O]

As consequences of Theorem 5.3, we get quantitative versions of separable reductions
(via suitable rich families) for a fuzzy calculus and an extremal principle for Fréchet
subdifferentials and Fréchet normal cones, respectively. In the following corollaries we
consider (as simple examples) the operations of composition with a linear operator and
sum of functions.

Corollary 5.4. Let X and Y be Banach spaces, let f be a proper function on Y, let
A: X =Y be a bounded linear operator, and let x* € X*. Given an e > 0 and ¢ > ||z*|,
then there ezists a rich family R C S(X x Y) such that for every U x V € R we have
A(U) C V and for every y € V the following holds:

There is y* € Opf(y) such that ||y*|| + ||z*]| < ¢ and ||[A*y* — x*|| < & whenever there is
v* € Op(flv)(y) such that ||v*|| + ||z*|v|| < ¢ and ||(Alv)*v* — *|v|| < e

Proof. Applying Theorem 5.3 to m := 2, v :=¢, to any 1 > 0,69 > 0,p; > 0,p5 > 0,
and to Z = X, Z1 =Y, Zy, =X, f1 .= f, fo .= —2*, Ay := A, to Ay being the
identity operator on Z,, we get a rich block-family R. ., , € S(X xY x X). Put
then Ry := ) {7'\’,61752,p1,p2 © €1,E9,pP1,P2 € Q+}; this is a rich block-family. Further put
Ry ={UxVxU: UeS8(X), VeSY)}and then Ry := RoNRq; we again got a rich
block-family. Finally, define R := {U xV : UxV xU € Ry}; it is easy to check that this
is also a rich block-family. Now, the verification that our R has the desired properties is
routine. L
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As an immediate consequence, we get a statement on the Fréchet subdifferential of
composition with a linear operator.

Proposition 5.5. In addition to the assumptions of Corollary 5.4, suppose that'Y is an
Asplund space, [ is a lower semicontinuous proper function on'Y and x* € Op(f o A)(x).
Then for any € > 0 there are y € Y and y* € Opf(y) such that ||y — Az|| < € and
A7y —a™|| <e.

Proof. In view of the preceding corollary, we only need to verify that the result is true
if Y is separable. To this end we have to take into account that in a separable Asplund
space there is an equivalent Fréchet smooth norm (see [DGZ, pages 48, 43| or the proof
of Proposition 1.2) and then use the standard arguments based on minimization of the
function

X xY 3 (uy) — fly) +rlly = Aul® + lu — 2|* = (2", v — 2)
with sufficiently large 7. O

The second consequence of Theorem 5.3 is related to sums of functions.

Corollary 5.6. Let Z be a Banach space, consider constants ¢ > 0, € > 0, p; >

0,..., pm >0, and let proper functions f; : Z — (—oo,+0o0], i = 1,...,m, be given.
Then there ezists a rich family R € S(Z) such that for every V- € R and every zy, . .., zm €
V' the following holds: There are z; € Opfi(z1), ..., 2 € Opfm(2m) such that

Iz + -+ llzmll <o N+ 2l <eand 2| = pil <&, i=1,....m
whenever there are vi € Op(filv)(z1), ..., vi € Or(filv)(21) such that

[+ ol < e i+ ol <e, and [lf]] = pil <&, i=1..0m
Proof. Apply Theorem 5.3, with 71 :=--- = Z,, := Z, A; being identities and v := ¢ :=

o+ =g, := ¢, and get a rich block-family Ry C S(Z™*!). Using a simple gymnastics
like in the proof of Corollary 5.4, we produce a rich family R in §(Z) with the desired
property. ]

The latter corollary, in turn, provides a direct access to the fuzzy sum rule in Asplund
spaces which, in the simplest form, is stated as follows.

Proposition 5.7. Let X be an Asplund space, and let fi; and fy be two lower semicontin-
wous functions on X, with one of them being Lipschitz, or at least uniformly continuous,
near a certain x € X. If x* € Op(f + g)(x), then for any € > 0 there are x1,22 € X and
xy € Opfi(x1), o € Or fa(x2), such that ||x1—x|| < e, ||za—2z| <&, and ||xj+x5—2*|| < €.

Proof. 1t X is separable, first find an equivalent Fréchet smooth norm (see [DGZ, pages
48, 43] or the proof of Proposition 1.2) and then proceed as in [I1]. Further assume that
X is non-separable. Put Z := X, n:= 2, fi = f, fo :=9g— 2% € := ey := ¢, and
let ¢, p1,p2 € Q4 be any. For these data find the corresponding rich family R.,, ,, by
Corollary 5.6. Put R := {Rc,plm Do, p1,p2 € Q+}; this family is again rich. Find
V € R sothat V' 3 x. From the separable case find 21, xo € V and v} € 9p(f|v)(x1), v5 €
Or (glv —x*|v) (w2) such that ||z —z|| < e, |[[z2—z| < ¢, and |[vj+v3|| < e. Now, applying
Corollary 5.6, we get the result. O]
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Remark 5.8. Performing intersections of countably many suitable rich families in S(Z)
we can replace the conclusion of Corollary 5.6 by

Then there exists a rich family R € S(Z) such that for every V€ R, every e > 0, and
every 21, ..., zm € V the following holds: There are z{ € Opfi(z1), ..., 25 € Opfm(zm)
such that

lzi 4425l <e and 1—c<|zf||+ -4z <1+e
whenever there are vi € Op(filv)(z1), ..., vi € Or(filv)(21) such that
[vf + - Fvpll <e and |Jo7|+ -+ flop,| = 1.

Amazing, isn’t it? We believe that this observation will be appreciated by sympathizers
with extremal principles, see [M, Chapter 2.
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6 Rich families in Asplund spaces

Material in this and next section comes from the forthcoming paper [CF2]. First we shall
present a structural result characterizing Asplund spaces, which will prove to be useful
later and could be of broad interest.

Let P be a set and let < be a partial order on it, i.e. < is a subset of P x P which is
reflexive, symmetric and transitive, see [E, page 21]. We agree that, instead of “s,t €<”
we rather write “s < ¢”. Assume moreover that P is (up)-directed by <, i.e., for every
t1,ty € P there is t3 € P such that t; < t3 and t, < t3. A subset R C P is called
cofinal/ dominating/saturating if for every ¢t € P there is r € P such that ¢t < r. R is
called o-complete/ closed if, whenever r; < ry < --- is an increasing sequence in R, then
there is r € R such that r; < r for every ¢« € N and r < t whenever ¢t € P and r; < t for
every i € N. The set R C P is called rich/a club set if it is both cofinal and o-complete.
(Note that the whole P is rich if it is o-complete.)

Now, we are ready to provide concrete examples of the poset (P, <) that emerge in
the framework of Banach spaces. Let Z be a (rather non-separable) Banach space. By
S(Z) we denote the family of all separable closed subspaces of Z and we endow it by the
partial order “C”. Thus, we can consider rich families in the poset (S(Z), C). We then
also simply say that they are rich in Z. Now, let X be a Banach space and apply the
above to the product Z := X x X*. Then we can speak about rectangle-families lying in
So(X x X*). (The definition of the latter symbol is left to the fantasy of a reader, if there
is any.) More generally, let k € N be greater that 1, and let X7, ..., X} be Banach spaces.
By a block we understand any product Y] x - -+ X Yj. The symbol S (X7 X - -+ x X}) will
denote the (rich) family of all blocks Y; X - - - x Y} such that Y; € S(X;), ..., Y € S(Xy).
Any subset of S (X7 X -+ x Xj) will be called a block-family in S(X; x -+ x Xj) or
just in X7 X -+ x Xj.

We conclude by one warning. If R is a rich rectangle-family in S—(X x X*) | we
do not know if, the “projection” of it on, say, the second coordinate, that is, the family
{Ay: Ay x Ay € R for some A; € S(X)} is rich in S(X*). Fortunately, in one important
case, the “projection” of R to the first coordinate is again rich; see Theorems 6.2 and 7.1
below.

The power of rich families in Banach spaces is demonstrated by the fundamental
Proposition 2.2 (see also [BM] and [LPT, page 37]) saying that they are stable under
countable intersections.

Let X be a Banach space. If A C X, the symbols sp A and sppA mean the closed
linear span of A and the set consisting of all finite linear combinations of elements in A
with rational coefficients, respectively. For A C X and B C X* we put Bl := {x*] A
x* e B}; hence, if A is a subspace of X, then B|, is a subset of the dual space A*. Let
C(X) and C(X*) denote the families of all countable subsets of X and X* respectively.

A Banach space is called Asplund if every convex continuous function on it is Fréchet
differentiable at a point (equivalently, at the points of a dense set, yet equivalently, at the
points of a dense Gy set). An important, and widely used, equivalent condition for the
Asplund property of a Banach space is that every separable subspace of it has separable
dual, see [Ph, Theorem 2.34].

Now, we introduce a concept which serves as a link between X and X* (and exists
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right if and only if X is Asplund).

Definition 6.1. By an Asplund generator in a Banach space X we understand any cor-
respondence G : C(X) — C(X™*) such that

(a) (5pC)" € G(C)lspc for every C € C(X);
(b) if C’l, 02, ... is an increasing sequence in C(X), then G(C; UCy U ---) = G(Cy) U
G(Cy) U

(c) U{G(C ) : C € C(X)} is a dense subset in X*; and

(d) if C,Cy € C(X) are such that sp Cy = Sp Cy, then sp G(C) = sp G(Cy).

In the next section, we shall frequently profit from the following basic structural state-
ment.

Theorem 6.2. Let (X, ||-]|) be a (rather non-separable) Banach space. Then the following
assertions are mutually equivalent.

(i) X is an Asplund space.
(i) X admits an Asplund generator.

(1ii) There exists a rich rectangle-family A C S(X x X*) such that Yy C Ys whenever
VixYy, VoxYseAand Vi C Va, and for every V XY € A the assignment Y > z* —
x*|y € V* is a surjective isometry.

(iv) There exists a cofinal rectangle-family A C S—(X x X*) such that for every VxY € A
the assignment Y > z* — x*|y € V* is a surjection.

Proof. (1)==-(ii). In order not to get lost in the case of general Asplund space, assume
first that the norm || - || on X is Fréchet smooth, or more generally, that there exists a
smooth function f : X — R, with continuous derivative f’ such that f'(V)|y is dense in
V* for every subspace V of X; note that this easily implies that X is Asplund. Define
then G : C(X) — C(X*) by

C(X) > Cr— f'(spgC) = G(C) € C(X™).

It remains to verify the properties (a), (b), (c), and (d) in Definition 6.1. As regards
(a), fix any C' € C(X) and any non-zero v* in (SpC)*. Let any ¢ > 0 be given. The
properties of f provide a v € spgp C such that HU* — f’(v)|§cH < e. But f’(v) belongs
to G(C). And, as ¢ > 0 was arbitrary, we get that v* belongs G(C)|sc. Thus (a) is
verified. As regards (b), let C,Cs, ... be as in the premise. Because our generator G is
“monotone”, it is enough to prove the inclusion “C”. So, pick any z* in G(C;UCyU- - ).
Since C7 C Cy C - -+, there is m € N so big that z* belongs to G(C,,). We thus verified
(b). The claim (c) follows immediately from the fact that f'(X) is dense in X* and from
the definition of G. The last property (d) is guaranteed by the continuity of f’.

If we are facing a general Asplund space (and we do not have at hand a function as
above), we must work harder. Either, we use [CF1, Propositions 1 and 2], based on Ch.
Stegall’s ideas (and proved without use of Simons’ lemma), or we exploit an information
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from [FGJ; see also [CF1, Remark 2] (where Simons’ lemma is needed!). More concretely,
using symbols A and £ from [CF1], define a generator G : C(X) — C(X*) by

C(X) > C+— A(L(spgC N By)) = G(C) € C(X").

Now (a) in Definition 6.1 follows from [CF1, Proposition 1] and the proof of it. (We
actually get a stronger inclusion that (SpC)" C G(C)|sc.) (b) follows immediately
from the very definition of our GG, the definition of A, £, and from the monotonicity of the
sequence C1, Cy, ... (c) follows immediately from [CF1, Proposition 1]. (d) follows easily
from the properties of A and £ and from the definition of G. We thus proved that (ii)
holds in a general Asplund space.

(il)==(iil). Let G : C(X) — C(X™*) be a generator in X. Define 4 C S5(X x X*)
as the family consisting of all “rectangles” sp C' x sp G(C'), with C' € C(X), such that the
assignment

SpG(C) 32"+ 2¥|55c € (SPC)” (6.1)

is a surjective isometry. We shall show that A is a rich family.

As regards the cofinality of A, fix any V x Y € S(X x X*). Since G is a generator,
the condition (c) guarantees that there is Cy € C(X) so big that Cy D V and G(Cy) D Y.
Assume that for some m € N we already found countable sets Cy C Cy C --- C C,,_1 C X.
Realizing that spgy G(Cp,—1) is countable, we find C,, € S(X) such that C,,, D Cy,,_; and
that ||z*|| = sup (z*, Cy, N Bx) for every 2* € spy G(C,-1). Do so for every m € N and
put finally C' :=CoUCyU---. Clearly C' € C(X) and also spC xSpG(C) DV x Y. It
remains to show that the assignment (6.1), with our just constructed C, is a surjective
isometry.

Take any 2* € spy G(C). Realizing that z* is a linear combination of finitely many
elements from G(C) and that Cy C Cy C ---, the property (b) of G provides an m € N
so big that x* belongs to spp G(C,—1). But then, from the construction above,

|2*|| = sup (z*, C\, N Bx) < sup(a*,5pC N By) = |

|sell < a7l

And, as SpG(C) = spy G(C), we get that | x*|@cH = ||z*|| for every z* € spG(C). We
proved that the assignment (6.1) with our C' is isometrical.

Now, fix any v* € (5pC)*. By (a) from Definition 6.1, there is a sequence (z%) in G(C)
so that ||v* — 2| || — 0 as n — oo. By the isometric property of (6.1) just proved, we
have that |z} — 2} = ||x:‘|@c - a:;‘|@CH — 0 as 7,7 — oo. Put z* := lim; . «; then
z* € G(C) C 5pG(C) and v* = 2*|g¢. This shows the surjectivity of the assignment
(6.1) with our C. This way, we proved that 5p C' x sp G(C) belongs to A, and hence, the
family A is cofinal.

For checking the o-completeness of A, consider any increasing sequence V; x Y7, V5 X
Y5, ... of elements in A. Then, clearly, Vi x Y1 UV, x Yo U - -+ is of form V' x Y and this is
an element of S—(X x X*). Also, clearly, V=1V, UV,U---and Y =Y, UY,U---. From
the definition of A, for every i € N find C; € C(X) such that V; =35p C; and Y; = sp G(C}).
Put C:=CyUCyU---; then C € C(X). Since V; C Vo C -+ and Y; C Yy C -+, some
rather boring reasoning, profiting from the properties (b) and (d) of G in Definition 6.1,
guarantees that V =spC and Y =5pG(C). (Hint: Replace the sequence C1,Cy,. .. by
the increasing one Cy, C7 U Cy, C1 UCyUCs, ...) Hence, by (a), V* C Y|y.
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[t remains to verify that the assignment Y 3 z* — 2*|;, € V* is a surjective isometry.
As regards the isometric property, we recall that for every ¢ € N the rectangle V; x Y;
belongs to A, and so for every z* € Y; we have

(| = |

<|

|y, v < 2.

It then follows, using the density of Y; UY, U+ in Y, that [z*|| = |

z* € Y. Now, once having the information just proved, we have that Y|, = Y|, (C V*),
and hence V* = Y'|,. Therefore, summarizing all the above, we are sure that our A is a
rich family.

Finally, consider any V; x Yy, V5 x Y5 in A such that V; C V5. From the very definition
of A we find C,Cy € C(X) such that spC; = V4 and spCy = V5. Then

z*|y|| for every

CoCCiUC, CspCiUspCy =11 UV, =Vy =5pCy,

and so spCy C 5p(Cy U Cy) C 5pCs. Now (d) in Definition 6.1 gives that sp G(Cy) =
SpG(Cy U Cy), and so

Yy =85 G(Ch U Cy) 28p (G(C1) UG(CL U Cy)) DSpG(Cy) = Vi

We completely proved (iii).

(ili)==(iv) is trivial.

(iv)==(i). Assume (iv) holds. Let Z € S(X) be arbitrary. From the cofinality of A,
find V xY € Asuch that V xY D Z x {0}. Then V*, being the image of Y (€ S(X™)),
is itself separable. It then follows that Z*, the quotient of V*, must be also separable.

Now it remains to use the aforementioned characterization of the Asplund property, and
thus (i) follows. O

Remark 6.3. Assume that the norm || - || on X is Fréchet smooth and define f := || - ||.
Then for every subspace V' C X we get that V* C f/(V)|y but not V* C f/(V)]|y.
Indeed, this stronger inclusion seems to be a privilege of only some V’s; we can find them
by playing a suitable “volleyball” with countably many steps, see the proof of (ii)=-(iii)
above. (Fortunately, these “selected/better” V’s form a rich family in S(X).) From this,
and from the proof of implication (i)=-(ii) above, it follows that the Stegall’s approach is

somehow stronger, see [CF1, Proposition 1]. Likewise, the Stegall’s approach is stronger
than that from [FG], see [CF1, Remark 2.

It can be useful to extend Theorem 6.2 to the following statement.

Theorem 6.4. Let (Z,|-||) be a Banach space, (X, ||-||) an Asplund space, andT : Z — X
a bounded linear operator. Then there exists a rich block-family Ar in Z x X x X* such
that Y1 C Ys whenever Uy x Vi x Yy, Usx Vo xYs € Ap and Uy x Vi C Uy X Va, and that for
every UXV XY in Ar we have T(U) C V, the restriction assignmentY 3> z* — x*|,, € V*
is a surjective isometry, and |[T*z*|| = ||(T|v)*(z*|v)|| for every a* € Y.

Proof. Tt is easy (and left to a reader) to check that the rectangle-family Ry consisting
ofall U x V € S5(Z x X) such that T'(U) C V is rich in Z x X. Denote

R = {UxVxY: UxV eRy and YES(X*)},
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Ry :={UxVxY: UeS&8(Z) and V xY € A}

where A is from Theorem 6.2. Clearly, both these families are rich, and therefore R :=
R1N Ry is a rich block-family in S (Z x X x X*). Clearly, every triple UxV xY in R
possesses the first two properties from the conclusion of our theorem. Now, define the
family

Ap = {UxVxY e R: ||T*z*|| = ||(T|v)*(z*|v)|| for every z* €Y}

This family has all the three required properties. Thus, it remains to check that Ap is
rich.

As regards the cofinality of Ar, consider any M € S(Z x X x X*). From the cofinality
of R, find Uyx Vyx Yy in R such that Uyx VyxYy D M. We shall construct an increasing
sequence U, xV,, xY,,, m € N, in R as follows. Let m € N and assume that we have
already found U, 1 x V,,,_1 X Y,,_1. Using the separability of Y,,_; find C,,_; C C(Z)
such that C,,_1 D U, and ||[T*2*|| = sup (T*z*,C,,_1 N By) for every z* € Y, ;.
Find U,, x V,, xY,, in R so big that it contains (U,,—1 U Cp,_1) X V;_1 X Y,,—1. Doing
so for every m € N, put finally U := JUpn, V := UV, and Y := [JY,,. Clearly,
UxVxY =U,xV,,xY,, D M. The o-completeness of R guarantees that U xV xY
lies in R. Now fix any m € N and any z* € Y,,,_;. We can estimate

|T*z*|| = sup(T"*z*,Cyno1 N Bz) < sup(T*z*, By) = sup (z*, T(By))
= sup ((z*|v), (T|u)(Bv)) = [[(T]o)"(=*|v)|| < IT*27|].

Thus || T*z*|| = ||(T|v)*(z*|v)]| for every 2* from |JY;,, and finally, for every z* from Y.
We verified Ar is cofinal.

As regards the o-completeness of Ar, consider any increasing sequence U; x Vi X
Vi, UyxVoxYs,...in Ap. Put U = JU;, V := JV;, and Y := |JY;. Clearly,
UxVxY =JU;xV;xY;. As R was rich, our UxV xY belongs to it. Take any i € N
and any z* € Y;. We can estimate

172" = [[(Tle)" (@ v) || = sup (T
< sup (z*|v, T(By)) = sup (z*

v.)"(«*|v;), Bu,) = sup («*|v;, T(By,))
v, (T|o)(Bu)) = ||(T]o)* (@*|v)|| < 1T

Thus ||T*z*|| = ||[(T|v)*(*|v)|| holds for every z* from [JY;, and finally for every * from
Y. We proved that Az is o-complete.

The other properties of Ar follow from similar properties of A proclaimed in Theo-
rem 6.2. O

Remark 6.5. Of course, Theorem 6.4 can be easily extended to several spaces 21, ..., Z
and to operators T; : Z; — X, 1 =1,...,k.
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7 Separable reduction of Fréchet subdifferentiability
in Asplund spaces

This section brings a new approach. The novelty is that, under the (small) price of restrict-
ing to the framework of Asplund spaces, for separable reductions of statements involving
Fréchet subdifferentials we do not need to translate these statements into terms
of the primal space X. Thisis a drastic simplification when comparing with the so
far existing proofs; see [FI2]. In addition we get “isometric” statements, which again
substantially improve those from [FI2].

Theorem 7.1. Let (X, || -||) be a (rather non-separable) Asplund space and let f : X —
(—00, +00| be any proper function. Then there exists a rich rectangle-family R C S—(X X
X*) such that Yy C Yy whenever Vi x Yy, Vox Yy € R and Vi C Vi, with further properties
that for every V- xY € R the assignment Y 3 z* —— x*|y € V* is an isometry from
Y|y onto V* and for every v € V- we have that

(Orf)NY)|v = (0rf()|v = 0r(flv)(v).

Proof. We obviously have that

(Orf(0) NY )|y C (Orf(v))lv C Or(flv)(v).

It remains to prove that dp(f|v)(v) C (9pf(v) NY)|y holds for every v € V. For
reX, e X*, reR, 0<d; <dy,and V C X we define

1
Iy (z,x*, 7, 01,09) := inf{w(f(x+h) —r—{(z*,h)): heV and & < |h] < 52};

if V= X, we omit the index V. Further for each such cortege =, z* r,d;,d> and each
v >0, if I(x,x* 1 d1,02) > —00, we find a vector h(z,z*,1,d1,d2,7) € X such that

1
||h(x,x*,7’, 5176277>H
< I(x,x*,r 01,02) + .

(f(l' + h(:C, :L'*, T, 517 5277)) - r— <$*7 h(l‘,m*,'l“, 517 6277») (7 1)

Let A C S(X x X*) be the rich family found in Theorem 6.2. We define a family R
as that consisting of all V' x Y € A satisfying

I(x,x*,r 01,09) = Iy(x,x*,7,01,02) whenever x €V, 2* €Y, r € R, and 0 < d; < ds.

(7.2)
We shall prove that R is cofinal in S(X x X*). Let Q denote the set of all rational
numbers and put Q; = QN (0, +00). Fix any Z € S(X x X*). Since A is rich, there is
Vo x Yy € A such that Vo x Yy D Z. Find countable sets Cy, Dy contained and dense in Vj
and Yj, respectively. We shall construct increasing sequences Yy x Vg, Vi x Y, VoxYs, ...
in A, and Cy x Dy, C; x D1, Cy X Dy, ...in Co(X x X*) such that C; = V;, D; =] for
every 7 € N, and having some extra properties described below. Let m € N be arbitrary
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and assume that we have already found V,,,_1, Y,.—1, Cpn_1, Dpn—1. From the cofinality of
A we find V,,, x Y,, € A such that V},, contains the (countable) set

5 = Cm,1U{h('T,ZC*,q, 5176277) S Cmflv x* € Dmflv A @7 5176277 S Q+7 and 61 < 52}

and Y,, D Y,,_:. Find then a countable set C C C,, C V., such that C,, = V,, and
a countable set D,,_y C D,, C Y,, so that D,, = Y,,. Do so subsequently for every
meN. Put V:=VulViuWu:--- andY :=YyUY,UY,U---. The o-completeness of
A guarantees that V' x Y belongs to R.

We shall show that V' x Y € R. This means that we have to verify (7.2). So, fix
any cortege x,x*,r, 51,52 as there. Consider any h € X such that 6; < ||| < 0o We
have to show that HhH (fx+h) —r — (z* h)) > Iy(x,x* r d01,02). This inequality is
trivially satisfied if Iy (x, z*, 7, d1,d2) = —oo Further assume that this is not so. Pick some
31,05 € Q such that 0; < 07 < |||l < 85 < da. It is easy to check that V = CyUCy U
andY = DyUD;U---. Find zy € Cy, 1 € C4, ... and x§ € Dy, x7 € Dy, ... such that
|x; — z|| — 0 and ||z} — z*|| — 0 as ¢ — oo. Consider any fixed v € Q. Pick ¢ € Q
such that |[¢ — r| < y||h[|. Denote Ny := {i € N: [|z; — x| < min{d] — 6,85 — 65} }; this
is a co-finite set in N. Now, take any k € V, with ] < ||k]| < 5. For ¢ € N; we have
01 < ||z; — x + k|| < 02 and then we can estimate

1
(zi + k) —q— (a7, k)
T )
b+ 2 — 1 .
_ ke a:|| (fx+ (x;—z+ k) —r— (%2, —x+k))
TR .
1 r—q '
+ — (2", x —x+ k) — (2], k) + ——
Ok )T
|z — = 1 02
> (1+si———— |1 1,6 s — Sllz* — z*|) = =
2 (1 st vt 81,82) = - (s =l + 8ol = 71) =
where s; = 1 if Iy (z,2*,r,01,02) < 0 and s; = —1 otherwise. It then follows that
IV(wi7I;<7Q75£a5/) <1+ ZM>]V(:E7$*7T7 61752)
o (7.4)

1 )
!

— = (le*[[llws = ]| + d2]|l2™ = @}|]) =7 > —o0,
51 5

and, in particular Iy (x;, x, q, 07, 05) > —oo, holds for every i € Nj.
Now, put

No:={i€ Ny: 0)<|h+z— ;|| <0y and (x},x — a;) + (x] — ", h) > —||h||7};
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this is still a co-finite set in N. Using (7.1), for every ¢ € Ny we can estimate,

-k _HJ;ZHJF o |z — :i, + i (f(zi+ (x =2+ h)) —q— (2}, 0 —x: + h))
+Wﬁ«ﬁw—x»+@?ﬂfﬂ»+%ﬁ% -
WI(%@,Q,%@ -7 |
> e () g = (b)) =] =

__UEL:ﬁ%ﬁj;ﬁﬂ[Iv(x“af,QNﬁ,5§) —1] - 2;

here --- meant the cortege x;, 7, q, 1, 5,7. Now, plugging here (7.4), and then letting
N5 3 i — 00, we get that

9o

L(f($—{—h)—7“—<:B"‘,h)) > Iy (z, 2%, r 01,00) — 3y — 75/ :

7]

Finally, realizing that v € Q. could be arbitrarily small, we get that Tl hH ( flx+h)—r—

(x* ,h)) > Iy (x,x*,r, 01,02). This, of course, implies that I(z, x*,r, d1,02) > Iy (x,z* 7,61, d2).
The proof of o-completeness of R is very similar to (but a bit different from) the proof

of cofinality. Let Vi, xY7, Vo x Y5, ... be an increasing sequence of elements in our R. We

have to verify that V; x Y1 UV, x Yo U -+ also belongs to R. Clearly, this set is of form

V xY. As A is g-complete, V x Y € A. It remains to verify (7.2). So, fix any cortege

x,z* 7“ 1, and 0z as there. Consider any h € X such that §; < ||h|| < d2. We have to show

that HhH (f(x +h) —r —(x* h)) > Iy(x,z*, 1 d,d5). This inequality is trivially satisfied

if Iy (xz,a* r 01,02) = —oo. Further assume that this is not so. Pick some 67,0, € Q
such that §; < 8 < [|h]] < d, < 5. It is easy to check that V = VUV, U--- and
Y =YuYoU---. Find 1 € Vi, 29 € Vo, ... and 27 € Y3, 25 € Y, ... such that

|z; — x| — 0 and ||z} — z*|| — 0 as i — oo. Consider any fixed v € Q.. Pick ¢ € Q
such that |¢ — 7| < 7||h||. Denote Ny := {i € N: ||z; — z|| < min{d] — 61,05 — &5} }; this
is a co-finite set in N. Now, take any k € V, with ] < ||k|| < 5. For ¢ € N; we have
01 < ||x; — x + k|| < d2 and then we can estimate (This chain is exactly as (7.3).)

1 *
1k + z; — 1
= . fle+(xi—x+k)—r— ("2, —c+k)
7] Hk+%—xM )
1 r—q
+— (2", 2 —x + k) — (2], k)) +
¢ )+ T
> (1+s mﬁ——b[(mﬂrﬂ 52) = (e s — ll + balla” — 1)) — 2
- & (L3l VAT TR ' 2 ' 61
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where s; = 1 if Iy (2, 2%, 7,01, 05) < 0 and s; = —1 otherwise. It then follows that (This is
exactly as (7.4).)
Iy (s, 27, 4,01, 02) > (1 + ZH:EZ(S—xHﬁv(%x*,T, o1, 02)
1
— =l s = 2l + Salle” = w1l) = 457
1 1

(7.7)
> —00,

and, in particular Iy (x;, z}, q,07,05) > —oo, holds for every i € Nj.
Now, put (This N, is defined exactly as in (7.5).)
Npy={ieNy: 0) <|h+z—az <8 and (z},x—z) + (xf — 2", h)>—||h||7};

this is still a co-finite set in N. Using (7.7), for every i € N, we can estimate (The
following chain is a bit different from (7.6).)

WllH( (x4 h) —r— (z", b))
_ e _||:le+ Al - ; Tt (@ = ) =g (o =t )
+ﬁ(<x:,x e ﬁ
5 ez zith] _HQZHJF M (it 0,80, 8) — v —
_ B2 —HLIZH+ h||[%(xi7$;,q’51’5;) —2v (as (z,z7) € V; x Y; € R and (7.2) holds)
> WTarh”fv(%x?qy 0y, 05) — 2

Now, plugging here (7.7), and then letting Ny 5 i — oo, we get that

1 )
||h||( (x+h)—r— (x*,h)) > Iy(a, 2%, 7,01, 65) — 27—V5—?,

Finally, realizing that v € Q. could be arbitrarily small, we get that Tl hH (fx+h)—r—
(x* ,h)) > Iy (x,x*,r, 01,02). This, of course, implies that I(z, x*,r, d1,02) > Iy (x,z* 7,61, d2).
We proved that R is o-complete, and therefore R is a rich rectangle family in X x X*.

That Y7 C Y5 whenever V; x Yy, Vo x Y, € R and Vj C V4, follows immediately from
the same property shared by A.

It remains to prove that our R “works”. So, pick any V x Y € R. We know from
Theorem 6.2 that Y 5 2* — z*|y € V* is (an isometry) onto. Assume there is (v,v*) €
V x V* such that v* € 0p(f|v)(v). Find (a unique) x* € Y such that z*|,; = v*. We shall
show that z* € Or f(v). So, fix any € > 0. Find ¢ > 0 such that f(v+k)— f(v)—(v* k) >
—¢||k|| whenever k € V and 0 < ||k|| < §; then Iy (v,v*, f(v),d1,d) > —e. Now, let h € X
be any vector such that 0 < |||l < 6. Pick é; € (0, ||h]]). Then we have

ﬁ(f(v +h) = f(v) = (2, h)) > I(v,2%, f(v),61,0) = Iy (v, 0", f(v),61,0) > —¢
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by (7.2). We proved that z* belongs to df(v), and so v* belongs to (Opf(v)NY)|y. The
reverse inclusion is obvious. ]

Corollary 7.2. Let (X, ||-||) be a (rather non-separable) Asplund space and let f: X —
(—o00, +00| be any proper function. Then there exists a rich family @ C S(X) such that
for every Ve Q and for every v € V we have:

(i) O f () # 0 if (and only if) Oe(flv)(v) # 0.
(i1) Or F(v) \ {0} # 0 if (and only if) De(flv)(v) \ {0} # 0.

(111) f is Fréchet differentiable at v if (and only if) f|v is Fréchet differentiable at v; and
in this case || f'(v)|| = ||(f|v)’(v)H

Proof. Let R and R’ be rich rectangle-families found in Theorem 7.1 for the functions f
and —f, respectively. Let Q be the “projection” of R N R’ on the first coordinate, that
is, put

Q:={VeSX): VxYeRNR forsomeY € S(X*)}.

It is easy check that Q is rich. It works. Indeed, take any V € Q and any v € V.
Find Y € §(X*) so that V x Y is in RN R'. Then (i) and (ii) immediately follow
from Theorem 7.1. Further, assume that f|y is Fréchet differentiable at v and put v* :=
(flv)'(v). This implies that v* € Op(f|y)(v) and —v* € Op((—f)|v)(v). Find (the unique)
x* € Y such that z*|,, = v* and ||z*|| = ||v*||; then (—2*)|, = —v*. Now, by Theorem 7.1,
z* € Opf(v) and —z* € Op(—f)(v). It then easily follows that f is Fréchet differentiable
at v, with f'(0) = 2* and |f'(0)] = l2*] = "] = [1(/lv) (0)]] .

Corollary 7.3. (see, e.g. [FM]) Let (X, - ||) be an Asplund space, let f : X —
(—00, +00] be a lower semicontinuous function, and g : X — (—o00,+00| be a function
uniformly continuous in a vicinity of a certain T € X. Then:

(i) The set {x € X : Opf(x) # 0} is dense in the domain of f.

(i1) If x* € Op(f + g)(T), then for every e > 0 there are x1,x5 € X, x} € Opf(x1), and
xy € Opg(xa) such that ||z, —Z|| < e, ||xe —T|| < e, and ||z} + 25 — 2*|| < e.

Proof. Assume first that X is separable. Find an equivalent Fréchet smooth norm |- |, see
e.g. [DGZ, pages 48, 43] arbitrarily close to || - ||. Then proceed as in [I1] and [M, Section
2.2], using Borwein-Preiss or Deville-Godefroy-Zizler smooth variational principles [Ph,
Section 4].

Second, assume that X is non-separable. As regards (i), combine the just proved
separable statement with Corollary 7.2 (i). To prove (ii), assume that z* € dp(f + ¢)(T)
and let € > 0 be given. By Theorem 7.1, find rich families Ry, Ry corresponding to f,g,
respectively, and put R := R; NRy. Find V x Y € R so big that it contains (T, z*).
Using the validity of the separable statement, find z1,2o € V, vf € 9r(f|y)(x1), and
vy € Op(g|v)(z2) such that ||z1 —Z|| < e, |2 —Z|| < e, and ||v] + v5 — 2*|v| < e. Now,
the conclusion of Theorem 7.1 provides unique z} € dpf(x1) NY and z3 € Jrg(z2) NY
such that z}|y = v, i = 1,2. Hence, using the isometric property of the restriction
mapping Y 3 £ — |y, we conclude that |25 + x5 — z*|| = ||vf + v — z*|v|| < e. O
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Let (X, | - ||) be a Banach space, let Q@ C X, and let T € . The Fréchet normal cone
Np(z,Q) of Q at T is defined as the Fréchet subdifferential of the indicator function vq at
T; note that Np(7, () always contains 0. By an extremal system in X we understand any
triple (€21, 9, T) such that 4, Qy are subsets of X, the point T lies in 7 N2y, and there
are ¢ > 0 and sequences (al), (a?) in X satisfying that (a!+Q;)N(a2+Q)N(T+eBx) =0
for every n € N.

Corollary 7.4. (see, e.g., [FM]) Let (X, || - ||) be an Asplund space and let (21,9, T) be
an extremal system of closed sets in X. Then:

(i) The set {x € X : Np(T,Q) # {0}} is dense in the boundary of €.

(ii) The Fréchet extremal principle for the triple (41,89, T) holds, that is, for everye > 0
there are x1,x9 € X such that ||z1 — 7| < ¢, ||xa —T|| < € and there are xj € Np(z;, ;) +
eBx«, i = 1,2, such that ||| + ||z3]| = 1, and a7 + x5 = 0.

The proof is very similar to that of Corollary 7.3, once we have at hand the “separable”
statements.

Now, we present a strengthening of the main result of the paper [FI2] provided that the
space in question is Asplund; see Theorem 5.1. It should be noted that the requirement of
Asplund property is not a big restriction, once we realize that Fréchet (sub)differentiability
is not always guaranteed in non-Asplund spaces, see [M, page 197].

Theorem 7.5. Let k € N, let X be a non-separable Asplund space, let Zy,...,Z; be
Banach spaces, let T; : Z; — X, i« = 1,...,k, be bounded linear operators, and let f
be a proper extended real-valued function on X. Then there exists a rich block-family
R C S (21 x -+ x Zy, x X) such that, for every Uy x --- X U, x V. € R we have
Ty (Uy) CV, ..., Te(Up) CV and there is Y € S(X*) such that:

(i) The assignment Y > x* —— x*|yy € V* is an isometry onto V*;
(it) Op (flv)(v) = (Orf(v) NY)|v = (Orf(v)) v for every v € V; and

(iii) || Ty z*|| = ||(T; Uz>*(x*|V>H for every z* €Y and i =0,1,...,k (where Zy := X and
Ty is the identity operator on X ).

Proof. Putting together Theorem 6.4 and Remark 6.5, we find a rich block-family Ap, 7,
in Zy X -+ X Z;, x X x X* with the properties similar as the family A7 in Theorem 6.4
has. Let R’ be the rich family in X x X* found in Theorem 7.1. Define

77777

Clearly, R is cofinal. And from the “monotonicity” property of Ap, 1, we easily get that
R is o-complete. The properties (i), (ii), (iii) are clearly satisfied. O
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