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Abstract

We show the weak–strong uniqueness property for the compressible Navier–Stokes system
with general non–monotone pressure law. A weak solution coincides with the strong solution
emanating from the same initial data as long as the latter solution exists.
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sure

1 Introduction

Let Ω ⊂ RN , N = 1, 2, 3 be a bounded Lipschitz domain. The Navier–Stokes system desribing the
time evolution of the density % = %(t, x) and the velocity u = u(t, x) of a compressible barotropic
viscous fluid reads:

∂t%+ divx(%u) = 0, (1.1)

∂t(%u) + divx(%u⊗ u) +∇xp(%) = divxS(∇xu), (1.2)

∗The research of E.F. leading to these results has received funding from the Czech Sciences Foundation (GAČR),
Grant Agreement 18–05974S. The Institute of Mathematics of the Academy of Sciences of the Czech Republic is
supported by RVO:67985840.
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where the viscous stress is given by Newton’s rheological law

S(∇xu) = µ

(
∇xu +∇t

xu−
2

N
divxuI

)
+ λdivxuI, µ > 0, λ ≥ 0. (1.3)

We consider the no–slip boundary condition

u|∂Ω = 0, (1.4)

and the barotropic pressure law

p(%) = a%γ + q(%), q ∈ C∞c (0,∞), a > 0, γ > 1. (1.5)

If q ≡ 0, the relation (1.5) reduces to the standard isentropic equation of state, for which
the problem (1.1–1.5) admits global in time weak solutions for any finite energy initial data, see
Antontsev et al. [1] for N = 1, Lions [10] for N = 2, γ ≥ 3

2
, N = 3, γ ≥ 9

5
, and [5] for N = 2,

γ > 1, N = 3, γ > 3
2
.

If q 6= 0, the pressure p need not be a monotone function of the density. The weak solutions,
however, still exist globally in time, at least for γ > 3

2
and N = 3, see [4]. The result has been

extended recently to more general (not necessarily compactly supported) perturbations q and γ ≥ 2
by Bresch and Jabin [2].

If the initial data are smooth enough, the same problem admits local in time strong solutions
that are global if N = 1 or N = 2, 3 and the data are sufficiently small, see [1], Matsumura
and Nishida [11], among others. A natural question arises whether strong solutions are uniquely
determined in the class of weak solutions - a weak solution and the strong solution starting from
the same initial data coincide on the life span of the latter. The first result of this type was shown
by Germain [9] in the class of weak solutions enjoying certain additional regularity properties.
Finally, the weak–strong uniqueness property was established in [7], [8] in the class of dissipative
weak solutions, the existence of which is guaranteed by the above mentioned existence theory.

The weak–strong uniqueness property is strongly related to the convexity of the energy func-
tional

[%,m] 7→ 1

2

|m|2

%
+H(%), H(%) = %

∫ %

1

p(z)

z2
dz.

In particular, the pressure p(%) must be (strictly) increasing function of % as H ′′(%) = p′(%)/%,
which excludes the general pressure law (1.5) with q 6≡ 0. The goal of this short note is to show
that the technique of [7] can be accommodated to handle a general non–monotone pressure law
(1.5).

2 Dissipative weak solutions, main result

Suppose that γ > 1, N = 1, 2, 3. We say that

% ∈ L∞(0, T ;Lγ(Ω)), % ≥ 0, u ∈ L2(0, T ;W 1,2
0 (Ω;RN)), m ≡ %u ∈ L∞(0, T ;L

2γ
γ+1 (Ω;RN)),

is a dissipative weak solution to problem (1.1–1.5) if:
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• the integral identity [∫
Ω

%ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

[%∂tϕ+ %u · ∇xϕ] dx dt (2.1)

holds for any τ ∈ [0, T ] and any ϕ ∈ C1(Ω× [0, T ]);

• the integral identity[∫
Ω

%u ·ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

[%u · ∂tϕ + %u⊗ u : ∇xϕ + p(%)divxϕ] dx dt−
∫ τ

0

∫
Ω

S(∇xu) : ∇xϕ dx dt

(2.2)

holds for any τ ∈ [0, T ] and any ϕ ∈ C1(Ω× [0, T ];RN), ϕ|∂Ω = 0;

• the renormalized equation of continuity holds, meaning, the integral identity[∫
Ω

b(%)ϕ dx

]t=τ
t=0

=

∫ τ

0

∫
Ω

[
b(%)∂tϕ+ b(%)u · ∇xϕ+ (b(%)− b′(%)%)divxuϕ

]
dx dt (2.3)

holds for any τ ∈ [0, T ], ϕ ∈ C1(Ω× [0, T ]), and b ∈ C1[0,∞), b′ ∈ Cc[0,∞);

• the energy inequality[∫
Ω

(
%|u|2 + P (%)

)
dx

]t=τ
t=0

+

∫ τ

0

∫
Ω

S(∇xu) : ∇xu dx dt ≤ 0,

P (%) = H(%) +Q(%), H(%) =
a

γ − 1
%γ, Q(%) = %

∫ %

1

q(z)

z2
dz

(2.4)

holds for a.a. τ ∈ [0, T ].

As % satisfies (2.1), (2.3), we get[∫
Ω

Q(%) dx

]t=τ
t=0

= −
∫ τ

0

∫
Ω

q(%)divxu dx dt;

whence it follows from (2.4) that[∫
Ω

(
%|u|2 +H(%)

)
dx

]t=τ
t=0

+

∫ τ

0

∫
Ω

S(∇xu) : ∇xu dx dt ≤
∫ τ

0

∫
Ω

q(%)divxu dx dt. (2.5)

Relation (2.5) holds for any t ∈ [0, T ] due to the weak lower semi–continuity of the functional

[%,m = %u] 7→
∫

Ω

(
|m|2

%
+H(%)

)
dx.

Our goal is to show the following result.
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Theorem 2.1. Let Ω ⊂ RN be a bounded Lipschitz domain. Let the pressure p = p(%) be given
by (1.5). Suppose that [%,u] is a dissipative weak solution and [r,U] a classical solution of the
problem (1.1–1.5) on the time interval [0, T ] such that

%(0, ·) = r(0, ·) > 0, %u(0, ·) = r(0, ·)U(0, ·).

Then
% = r, u = U in (0, T )× Ω.

The rest of the paper is devoted to the proof of Theorem 2.1.

3 Relative energy

Following [7] (cf. the standard reference material by Dafermos [3]) we introduce the relative energy
functional :

E
(
%,u

∣∣∣ r,U) =

∫
Ω

[
1

2
%|u−U|2 +H(%)−H ′(r)(%− r)−H(r)

]
dx =

4∑
j=1

Ij,

where

I1 =

∫
Ω

(
1

2
%|u|2 +H(%)

)
dx,

I2 = −
∫

Ω

%u ·U dx, I3 =

∫
Ω

%

(
1

2
|U|2 −H ′(r)

)
dx

I4 =

∫
Ω

(H ′(r)r −H(r)) dx =

∫
Ω

arγ dx.

Note that E
(
%,u

∣∣∣ r,U) is well defined as soon as [%,u] is a dissipative weak solution and R and

U are arbitrary continuous differentiable functions satisfying the natural compatibility conditions

r ∈ C1([0, T ]× Ω), r > 0, U ∈ C1([0, T ]× Ω;RN), U|∂Ω = 0. (3.1)

Using the weak formulation (2.1–2.5) we deduce easily

[
E
(
%,u

∣∣∣ r,U)]t=τ
t=0

=
4∑
j=1

[Ij]
t=τ
t=0, (3.2)

where

[I1]t=τt=0 +

∫ τ

0

∫
Ω

S(∇xu) : ∇xu dx dt ≤
∫ τ

0

∫
Ω

q(%)divxu dx dt, (3.3)
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[I2]t=τt=0

= −
∫ τ

0

∫
Ω

[%u · ∂tU + %u⊗ u : ∇xU + p(%)divxU] dx dt+

∫ τ

0

∫
Ω

S(∇xu) : ∇xU dx dt

= −
∫ τ

0

∫
Ω

[%u · ∂tU + %u⊗ u : ∇xU + a%γdivxU + q(%)divxU] dx dt

+

∫ τ

0

∫
Ω

S(∇xu) : ∇xU dx dt,

(3.4)

and

[I3]t=τt=0 =

∫ τ

0

∫
Ω

[%U · ∂tU + %u ·U · ∇xU] dx dt

−
∫ τ

0

∫
Ω

[%U · ∂tH ′(r) + %u · ∇xH
′(r)] dx dt,

(3.5)

cf. [7].
Summing up (3.3–3.5) we obtain the relative energy inequality[

E
(
%,u

∣∣∣ r,U)]t=τ
t=0

+

∫ τ

0

∫
Ω

S(∇xu) : (∇xu−∇xU) dx dt

≤
∫ τ

0

∫
Ω

[%(U− u) · ∂tU + %u · (U− u) · ∇xU− a%γdivxU] dx dt

+

∫ τ

0

∫
Ω

q(%) (divxu− divxU) dx dt

−
∫ τ

0

∫
Ω

[%U · ∂tH ′(r) + %u · ∇xH
′(r)] dx dt+

∫ τ

0

∫
Ω

a∂tr
γ dx dt

(3.6)

for any τ ∈ [0, T ] and any r and U satisfying (3.1).

4 Weak strong uniqueness

We show Theorem 2.1 by considering the strong solution [r,U] as test functions in the relative
energy inequality (3.6).

• Step 1
We write∫
Ω

%u · (U− u) · ∇xU dx =

∫
Ω

%(u−U) · (U− u) · ∇xU dx+

∫
Ω

% · (U− u) ·U · ∇xU dx

where ∫
Ω

%(u−U) · (U− u) · ∇xU dx ≤ c1E
(
%,u

∣∣∣ r,U) .
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As

∂tU + U · ∇xU = −1

r
∇xp(r) +

1

r
divxS(∇xU)

we deduce from (3.6)[
E
(
%,u

∣∣∣ r,U)]t=τ
t=0

+

∫ τ

0

∫
Ω

S(∇xu) : (∇xu−∇xU) dx dt

≤
∫ τ

0

∫
Ω

[%
r

(U− u)divxS(∇xU)− %

r
(U− u) · ∇xp(r)− a%γdivxU

]
dx dt

+

∫ τ

0

∫
Ω

q(%) (divxu− divxU) dx dt

−
∫ τ

0

∫
Ω

[%U · ∂tH ′(r) + %u · ∇xH
′(r)] dx dt+

∫ τ

0

∫
Ω

a∂tr
γ dx dt

+ c1

∫ τ

0

∫
Ω

E
(
%,u

∣∣∣ r,U) dx dt

(4.1)

• Step 2
Using the relation p(r) = arγ + q(r) we may regroup terms in (4.1) obtaining[

E
(
%,u

∣∣∣ r,U)]t=τ
t=0

+

∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx dt

≤
∫ τ

0

∫
Ω

[(%
r
− 1
)

(U− u)divxS(∇xU)− a%
r

(U− u) · ∇xr
γ − a%γdivxU

]
dx dt

+

∫ τ

0

∫
Ω

(%
r
− 1
)

(u−U) · ∇xq(r) dx dt

+

∫ τ

0

∫
Ω

(
q(%)− q(r)

)
(divxu− divxU) dx dt

−
∫ τ

0

∫
Ω

[%U · ∂tH ′(r) + %u · ∇xH
′(r)] dx dt+

∫ τ

0

∫
Ω

a∂tr
γ dx dt

+ c1

∫ τ

0

∫
Ω

E
(
%,u

∣∣∣ r,U) dx dt

As both u and U satisfy the no–slip boundary conditions, we have

‖∇xu−∇xU‖2
L2(Ω;RN ) ≤ c2

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx,

and, consequently,∫
Ω

(
q(%)− q(r)

)
(divxu− divxU) dx

≤ c3

∫
Ω

(
q(%)− q(r)

)2

dx+
1

2

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx.
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Thus we may infer that[
E
(
%,u

∣∣∣ r,U)]t=τ
t=0

+
1

2

∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx dt

≤
∫ τ

0

∫
Ω

(%
r
− 1
)

(U− u) ·
(

divxS(∇xU)−∇xq(r)
)

dx dt

+ c4

∫ τ

0

∫
Ω

(
q(%)− q(r)

)2

dx dt

−
∫ τ

0

∫
Ω

[
a
%

r
(U− u) · ∇xr

γ + a%γdivxU
]

dx dt

−
∫ τ

0

∫
Ω

[%U · ∂tH ′(r) + %u · ∇xH
′(r)] dx dt+

∫ τ

0

∫
Ω

a∂tr
γ dx dt

+ c4

∫ τ

0

∫
Ω

E
(
%,u

∣∣∣ r,U) dx dt

(4.2)

• Step 3
Seeing that

H ′′(r) = a(γ − 1)rγ−2

we obtain, after a simple manipulation for which we refer to [7],

−
∫ τ

0

∫
Ω

[
a
%

r
(U− u) · ∇xr

γ + a%γdivxU
]

dx dt

−
∫ τ

0

∫
Ω

[%U · ∂tH ′(r) + %u · ∇xH
′(r)] dx dt+

∫ τ

0

∫
Ω

a∂tr
γ dx dt

= −
∫ τ

0

∫
Ω

divxU (h(%)− h′(r)(%− r)− h(r)) dx dt

where we have denoted h(%) = a%γ.
Consequently, (4.2) reduces to[

E
(
%,u

∣∣∣ r,U)]t=τ
t=0

+
1

2

∫ τ

0

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx dt

≤
∫ τ

0

∫
Ω

(%
r
− 1
)

(U− u) ·
(

divxS(∇xU)−∇xq(r)
)

dx dt

+ c4

∫ τ

0

∫
Ω

(
q(%)− q(r)

)2

dx dt+ c5

∫ τ

0

∫
Ω

E
(
%,u

∣∣∣ r,U) dx dt.

(4.3)

• Step 4
Finally, we introduce a cut–off function Ψ ∈ C∞c (0,∞),

0 ≤ Ψ ≤ 1, Ψ ≡ 1 in [δ,
1

δ
],
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where δ is chosen so small that

r(t, x) ∈ [2δ,
1

2δ
] for all (t, x), supp[q] ⊂ [2δ,

1

2δ
].

Moreover, for h ∈ L1((0, T )× Ω), we set

h = hess + hres, hess = Ψ(%)h, hres = (1−Ψ(%))h.

It is easy to check that

E
(
%,u

∣∣∣ r,U) ≥ c6

∫
Ω

(
[u−U]2ess + [%− r]2ess + 1res + %γres

)
dx.

Consequently, we get∫
Ω

(
q(%)− q(r)

)2

dx ≤
∫

Ω

[
q(%)− q(r)

]2

ess
dx+

∫
Ω

[
q(%)− q(r)

]2

ess
dx

≤ c7

[∫
Ω

[
%− r

]2

ess
dx+

∫
Ω

q(r)2
res dx

]
≤ c9E

(
%,u

∣∣∣ r,U)
Similarly,∫

Ω

(%
r
− 1
)

(U− u) ·
(

divxS(∇xU)−∇xq(r)
)

dx

≤ c10

∫
Ω

|%− r| |U− u| dx ≤ c10

[∫
Ω

|[%− r]ess| |U− u| dx+

∫
Ω

|[%− r]res| |U− u| dx

]
c11(δ)

[
E
(
%,u

∣∣∣ r,U)+

∫
Ω

%|u−U|2 dx+

∫
Ω

[1 + %]res dx+ δ‖u−U‖2
L2(Ω;RN )

]
for any δ > 0, where, by means of the Poincarè inequality,

‖u−U‖2
L2(Ω;RN ) ≤ c12

∫
Ω

(S(∇xu)− S(∇xU)) : (∇xu−∇xU) dx.

Thus, going back to (4.3), we conclude[
E
(
%,u

∣∣∣ r,U)]t=τ
t=0
≤ c13

∫ τ

0

∫
Ω

E
(
%,u

∣∣∣ r,U) dx dt.

Aplying Gronwall lemma we complete the proof of Theorem 2.1.

5 Concluding remarks

The hypotheses concerning the pressure law can be relaxed, in particular, we may handle the
pressure satisfying the hypotheses of [4]. The result can be extended to the class of measure–
valued solutions in the spirit of [6]. The method, however, cannot be extended to the Euler
(inviscid) system as the presence of the viscous damping plays a crucial role in the proof.
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