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Two phase flow with temperature fluctuations

Field equations

do + divx(pu)dt =0
d(ou) + divy(ou ® u)dt + V.p(g, c)dt

= div,S(Vxu)dt — div, (ch ® Vxc — %|ch\2> dt
d(oc) + divk(gcu)dt = A pdt +| po(c)dW

Constitutive relations
1 2
Etree = | of(0,¢) + =|Vxe|"dx
D 2

_ af(ga C) _ _ 26f(g7 C)
on=o—p — — Axc, p(o,c) =0 o0

2
S(Vxu) = Vshear (qut + Viu— Ndiwuﬂ) + Vbuikdivyul




Stochastic forcing

Stochastic basis

(2,5 B P)

Random driving force in the Cahn—Hilliard system

o(c)dW = Zakak )d W, where Zak < o0,
k=1 k=1

ok € WP°(R), |lok||wz.e < c uniformly in k =1,2,. ..
w y




Initial and boundary conditions

Periodic boundary conditions

TN = {[_ﬂ-?ﬂ.]'{—‘n,ﬂ']}l\l, N = 17273.

(Random) initial data
Q(07 ) = Qo, (Qu)(07 ) = (QU)O, C(Ov ) = Qo
Total mass

00>0inT", 00 dx =M >0, P-as.
TN




Weak martingale solution

Probability basis, forcing term

{Q, 5, {Sf}t207 P}? {Wk}iil

Field equations
t=T1 T
[/ op dx] = / / [00:0 + ou - V] dxdt
TN t=0 o JTN
{/ ou- @ dx} / / [ou-Orp + pu @ u : Vip + p(o, c)diviep] dxdt
/ / [ U - (vxc®vxc— f\VXc|2}I) :chp} dxdt
TN 2

t=71
{/ ocy dx}
T™ t=0
= / / [o€cOrp + ocu - Vip — Vip - Vip] dx + / (/ oo(c)e dx) dw
o JTN 0 ™



Dissipative martingale solutions

Energy inequality

[¢/ { el + of(e ) + 3 |ch‘2} der

t=0

/ / S (¢,Vxu) : Viu+ |Vx,u\2] dxdt
TN

< / dr / [ olul + of (o) + %\vxcﬂ dxdt

+/0 1/J/TN Ezaﬂvxak(c)\z dxdt

T 1 Bf(g,
+/Ow 505 Ea\ak ) dxdt

TN2




The main existence result

Hypotheses

f(o.c) = f*(e) + (o, c) + f*(c),
where £ = ap”™, a>0, v>3
f<e C(R), fS(0)=0, [§f| <1, j=2,3

9:f(c) ~ ¢ for |c| >> 1 large,
f"(0,c) =log(o)H(c), H € C*(R), |0lH| ~1, j=1,2,3

Conclusion

There exists a dissipative martingale solution in [0, T] with a given initial
law




Existing result

Cahn—Hilliard equation driven by stochastic forcing

m Basic (additive noise): Goudenege [2009]; Debussche and
Goudenege [2011]

m More recent: Gal, Medjo [2014]; Goudenege, Manca [2015]; Scarpa
[2017]

Compressible model of a two—phase flow

m Modelling: Anderson, McFadden, Wheeler [1998]; Lowengrub,
Truskinowski [1998]

m Analysis: Abels, E.F. [2008]




Approximate scheme

do + div«(e[u]r)dt = eAxpdt, 0(0,:) = 0o

dMm(eu) + diviMm(ou ® [u]r)dt + x (|[ullH, — R) ViMm [p(e, ¢) + Veo | dt
= eAxMn(ou)dt + diveM,S(Viu)dt

—x(Jully — R)diviT, (vxc & Ve — %|ch|2> at
Mm(ou)(0, ) = MNm(ouo)

dc + [u]g - Vycdt = zAxudt—f— s(c)aw, = 2flec) 1

b e @I=o
I1té — Nisio approach

¢ — glc], ulc]

Solve a stochastic ODE (Galerkin approximation) with memory terms



Stochastic compactness

Main ingredients in the existence proof

m Changing probability setting at any approximate level

m Working in weak topologies (non—Polish spaces), Jakubowski version

of Skorokhod representation theorem

m Lack of continuity in time, random distributions instead of random
processes in the spirit of Breit, E.F., Hofmanova [2018]




