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Abstract: The question of well- and ill-posedness of entropy admissible solutions to the multi-
dimensional systems of conservation laws has been studied recently in the case of isentropic Euler
equations. In this context special initial data were considered, namely the 1D Riemann problem
which is extended trivially to a second space dimension. It was shown that there exist infinitely
many bounded entropy admissible weak solutions to such a 2D Riemann problem for isentropic
Euler equations, if the initial data give rise to a 1D self-similar solution containing a shock. In
this work we study such a 2D Riemann problem for the full Euler system in two space dimensions
and prove the existence of infinitely many bounded entropy admissible weak solutions in the case
that the Riemann initial data give rise to the 1D self-similar solution consisting of two shocks and
possibly a contact discontinuity.
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1 Introduction

In this paper we consider the full compressible Euler system in the whole two-dimensional space,
i.e.

Oro + divk(ov) =0,

O(ov) + divx (v @ v) + Vxp = 0,

. ) (1.1)
00 5elvE + pele.n)) + divs | (GoVE + o) + )] =0,
where the density o = o(t, x) € RT, the pressure p = p(t,x) € R and the velocity v = v(t,x) € R?
are unknown functions of the time ¢ € [0, 00) and the position x = (x1,z2) € R?.
Furthermore we consider an ideal gas, i.e.

p
B(Q,p) =Cy —,
"o

where ¢, > 0 is a constant called the specific heat at constant volume. We recall that from a
physical point of view ¢, = %, where f is the number of degrees of freedom.
The system of equations (1.1) is complemented with the initial condition

(0,v,p)(0,x) = (¢ v°,p°)(x)  inRZ (1.2)

Further, we supplement the equations (1.1) with the entropy condition

O (Q S(Q,p)) + divy (9 S(Q,p)V) >0, (1.3)

where s(g,p) is the entropy. For the ideal gas we have

Co

s(0,p) = log (ﬁ)

By admissible weak solution - we will also use the term weak entropy solution - we mean a triple of
Le°-functions (p, v, p) that fulfill (1.1)-(1.3) in the sense of distributions, see Section 3 for precise
definitions.

In this paper we consider Riemann initial data

0.0 .0 (o—,v_,p_) ifae <0
= . 1.4
(Q y VL, P )(X) { (Q+,V+,p+) 1f1.2 >0 I ( )

where o1 € Rt, vi € R? and p1 € R are constants. We write v = (vq,v2)” for the components
of the velocity v. Throughout this paper we additionally assume v_; = v4 ; = 0, where vy ; are
the first components of the velocities vi.



Following the groundbreaking results of De Lellis and Székelyhidi [8, 9] concerning ill-posedness
of the incompressible Euler equations, the question of well- and ill-posedness of admissible weak so-
lutions to the isentropic compressible Euler equations was raised. In fact, De Lellis and Székelyhidi
themselves showed in [9] the existence of initial data (¢°, v°) € L>°(R?) for which there exist in-
finitely many admissible weak solutions (such initial data is called wild initial data). In the context
of hyperbolic conservation laws this result in particular shows that the notion of admissible weak
solution, i.e. solution satisfying the system of conservation laws and an inequality arising from
the companion law, is probably not suitable for the problem in the case of more than one space
dimension.

This result was further improved by Chiodaroli [3] and Feireisl [10] who showed that the ill-
posedness is related to the irregularity of the velocity field, proving that there exist wild initial
data (0°,vY) with ¢ € C*(R?). Finally, De Lellis, Chiodaroli and Kreml [4] showed the existence
of Lipschitz wild initial data. The method of the proof was motivated by the observation of
Székelyhidi [17] that for the incompressible Euler system, vortex sheet initial data are wild. Hence,
the authors in [4] studied the Riemann problem for the isentropic Euler system and found an
example of Riemann initial data allowing for existence of infinitely many admissible weak solutions
while being generated by a backwards rarefaction wave (i.e. a compression wave).

Since the Riemann problem is a basic building block in the theory of one-dimensional systems
of conservation laws, it was only natural to study its properties in multi-dimensional case further.
In fact, Chen and Chen [2] already proved that if the solution to the Riemann problem consists
only of rarefaction waves, such solution is unique in the class of multi-dimensional admissible weak
solutions. The same was later proved also in [12].

On the non-uniqueness side, Chiodaroli and Kreml [5] proved that whenever the Riemann
initial data give rise to the self-similar solution consisting of two shocks, there exist also infinitely
many other bounded admissible weak solutions. Moreover they also showed that the self-similar
solution may not be entropy rate admissible, meaning that some of the other solutions constructed
may produce more total entropy. The study of the Riemann problem for the isentropic Euler
system continued with results of Chiodaroli and Kreml [6] and Klingenberg and Markfelder [14]
who independently showed ill-posedness in the case of Riemann initial data giving rise to the
self-similar solution consisting of one rarefaction wave and one shock. More precisely in [6] the
authors need a certain smallness condition for the initial data, whereas the result in [14] covers all
cases of such Riemann initial data and also solves the case of Riemann initial data giving rise to
self-similar solution consisting of a single shock.

Finally, Bfezina, Chiodaroli and Kreml [1] showed that the above mentioned results of ill-
posedness of admissible weak solutions hold also in the presence of a contact discontinuity in the
self-similar solution arising from the multidimensionality of the problem. However, the question,
whether a single contact discontinuity is a unique admissible weak solution to the isentropic Euler
system or not, is still an open problem; it is worth mentioning that this is actually a direct analog
of the vortex sheet initial data considered by Székelyhidi in [17].

In view of results for the isentropic system a natural question arises, whether these results can
be transferred to the case of full Euler equations. It was shown by Chen and Chen in [2] that
uniqueness of rarefaction waves actually holds also for the full system, see also [13]. On the non-
uniqueness side, we note the result of Markfelder and Klingenberg [15], who showed that for the
isentropic system there exist infinitely many solutions conserving the energy. This however can be
viewed as a proof of existence of infinitely many solutions to the full system with a proper choice
of ¢,; all these solutions also conserve the entropy. In addition to that we want to mention the
result by Feireisl et al. [11], who proved existence of wild initial data for the full Euler equations.
Their solutions conserve the entropy and have piecewise constant density and pressure. In this
paper we prove non-uniqueness of admissible weak solutions for a larger class of Riemann initial
data, namely for initial data that give rise to self-similar solution consisting of two shocks and
possibly a contact discontinuity.

The paper is structured as follows. In Section 2 we recall some results for the one-dimensional
Riemann problem for the full Euler system and present a condition on the initial states (o1, vy, py)
such that the self-similar solution consists of two shocks and possibly a contact discontinuity. In



Section 3 we present our two main results, Theorem 3.5 and Theorem 3.6. In Section 4 we provide
the technical tools used in the proof, in particular we present a key lemma relating the existence
of infinitely many admissible weak solutions to the existence of a single so-called admissible fan
subsolution. Finally, in Sections 6 and 5 we present proofs of our two main results.

2 The 1D Riemann solution

The initial data (1.2) of the problem we study are one-dimensional, we have (0°, v®,p%)(x2) only
with no dependence on the x; variable. Therefore it is reasonable to search for solutions which
share this property, i.e. for solutions satisfying (o, v, p)(t,x) = (0, v,p)(t, z2). Moreover since we
assume v_ 1 = v4 1 = 0, we search for solutions with the property v (¢,x) = 0.

Hence we obtain the 1D Riemann problem

dro + 92(0v2) = 0,
di(ov2) + 02(0(v2)* +p) =0

’ (2.1)
1 1
0 otua)® + octe)) + 02 | (Go(ea)® + elor) +p)ua] =0,
for the unknown functions (g, ve, p)(t,22) with initial data
— (0,0 0 _J (o—v_2,p-) ifxa <0
(0120, 2) = (&) az) = { (200020} Hfe 22)

The problem (2.1)-(2.2) is a model example of a one-dimensional Riemann problem for a
system of conservation laws and has been studied extensively by several authors, e.g. by Smoller
[16, Chapter 18 §B]. It is well known that this problem admits a self-similar solution (i.e. solution
consisting of functions of a single variable *2) belonging to the class of BV functions. This
solution to (2.1)-(2.2) is unique in the class of BV self-similar functions and consists of three waves
connected by constant states, where the first wave is either an admissible shock or a rarefaction
wave, the second wave is a contact discontinuity and the third wave is again either an admissible
shock or a rarefaction wave. In the rest of this paper we will call this solution the 1D Riemann

solution. Table 1 shows all the possibilities of the structure of the 1D Riemann solution.

1-wave ‘ 2-wave ‘ 3-wave ‘ ’ 1-wave ‘ 2-wave ‘ 3-wave
- - - - contact -
- - shock - contact shock
- - rarefaction - contact | rarefaction
shock - - shock contact -
shock - shock shock contact shock
shock - rarefaction shock contact | rarefaction
rarefaction - - rarefaction | contact -
rarefaction - shock rarefaction | contact shock
rarefaction - rarefaction rarefaction | contact | rarefaction

Table 1: All the 18 possibilities of the structure of the 1D Riemann solution

It is easy to observe that the 1D Riemann solution is an admissible weak solution to the original
2D problem (1.1)-(1.2).

In this paper we will focus on the cases, where the 1D Riemann solution contains two admissible
shocks and possibly a contact discontinuity. Therefore we recall the following proposition stating
conditions for the initial data under which such 1D Riemann solution emerges.



Proposition 2.1. Assume that either

® p— <pt and vy 2 —v_p < —(p+ —p-) \/m or

o pr <p_ and vy —v_2 < —(p- —py) \/40+(p++%2cé,+1)p_)'
Then the 1D Riemann solution to problem (2.1)-(2.2) consists of a 1-shock, possibly a 2-contact
discontinuity and a 3-shock. The intermediate states (opr—, Var,Dar) and (04, Var, Par) are given

by

Py 1S the unique solution of

_\/9¢ Pym — P- + Pm — P+ = s — V2
Vo—(p—+ Q2co + Dprr)  Vor(p4 + (2co + 1)par) ’ ’

—(p—+2co+1)pnm) ;

® Upro =g — /5 Co \/g PM—P—

_ p—+Q2cy+1)pas .
OM— = 0=y F (e, +1)p_>

p++Q2co+1)pu .

® oM+ = Q+;DM+(2(JU+1)I?+’

and the following properties hold.
o If opr— = opr+ then the 2-contact discontinuity does not appear.

e py > max{p_,pi}, on— > 0- and on+ > 04
o The shock speeds denoted by o_, 04 satisfy o1 (0+ — OM+) = 04U+ 2 — OMLUM2-
o The speed of the contact discontinuity is given by v a.

For the proof of Proposition 2.1 we refer to [16]. More details about self-similar solutions to
1D systems of conservation laws can be also found in [7].

3 Main results

In this section we state the definition of solutions to the problem (1.1)-(1.2) and our main results.

Definition 3.1. Let (0°,v?,p°) € L>°(R?). The triplet (p,v,p) € L=((0,00) x R%; Rt x R? x RT)
is called a weak solution of (1.1)-(1.2) if the following system of identities is satisfied

/00 / (g@tz/} +ov- wa) dxdt + / 0°(x)¥(0,x)dx = 0 (3.1)
0o Jr2 R?
for all test functions ¢ € C°([0,00) x R?),

/ / (gv ~Oip+ (v ® V) : Vxep —|—pdivxga) dx dt + / " (x)V(x) - (0,x)dx =0 (3.2)
o Jr2 R2

for all test functions @ € C2°([0,00) X R2;R2),
/ / {(;Ql |2 @e(@,p)) 0 (;Q|V2 + oe(o,p) +p) V- VXQS} dx dt
0 JR?
/ <;éo(x) | O(X)|2 QO(X)Q(QO(X)aPO(X))) d)(O,X) dx =0
R2

for all test functions ¢ € C°([0,00) x R?).



Definition 3.2. Let (o°,v?,p") € L>°(R?). A weak solution of (1.1)-(1.2) is called admissible (or
weak entropy solution), if the following inequality is satisfied for all non-negative test functions

p € C2([0,00) x R%Ry):

| [ (estenoe+ estony - ug)axar+ [ s 601 dx 0. (34
0 R2 R2

The solutions which we are going to construct will have a special structure, partially motivated
by the structure of the 1D Riemann solution. Therefore we introduce first the notion of N-fan
partition (N = 1,2) and then N-fan solutions.

Definition 3.3. Let N € {1,2} and po < p1 (o < p1 < pz2) real numbers. An N-fan partition
of (0,00) x R? is a set of N + 2 open sets Q_, Q1,04 (Q_,Q1,Q2,Q, ) of the form

Q- ={(t,x):t >0 and x2 < pot};
Q; ={(t,x):t>0and pi—1t < x2 < p; t};
Qp ={(t,x) : t >0 and x2 > py t}.

Definition 3.4. An admissible weak solution (o,v,p) of the full Euler system (1.1)-(1.2) with
Riemann initial data (1.4) is called an N-fan solution, if there exists N € {1,2} and an N-fan
partition of (0,00) x R? such that

e (0,p) are constant on each set Q_,Q;, Qi of the N-fan partition;
. \V|2 is constant on each set Q_ Q;, Q. of the N-fan partition;

. (Q7V,p) = (Q:I:vvzl:apzl:) on the sets Q:I:-

See also Fig. 1.

(0,p) = (01,p1)| | (0,p) = (02, P2)
(e.p) = (e1,11) = const. = const.
= const.
(0,v,p) (0,v,p) (0,v,p) (0,v,p)
=(o-,v_,p) = (0+,V4,P+) = (0-,v-,p-) = (0+,V4+,P+)
(a) 1-fan solution (b) 2-fan solution

Figure 1: Structure of an N-fan solution. On the leftmost and rightmost sets (i. e. on Q4), the
solution coincides with the initial states. On each set in the middle (€;, i € {1, N}), the density
o and pressure p are constant, whereas the velocity v does not need to be constant.

Now we are ready to state our main theorems.

Theorem 3.5. Let ¢, > % and let the Riemann initial data (1.4) be such that the 1D Riemann
solution consists either

e of a 1-shock and a 3-shock or
e of a 1-shock, a 2-contact discontinuity and a 3-shock.

Then there exist infinitely many admissible weak solutions to (1.1)-(1.4). These solutions are all
2-fan solutions.



Theorem 3.6. Let ¢, > 0. Let p+,p+ >0 and V € R be given.

(1) If o— < o4 or o— = o4 and p_ > py letv_o =V. Then there exists U = U(o+,p+,V) such
that for all vy o < U there exist infinitely many admissible weak solutions to (1.1)-(1.4).
These solutions are all 1-fan solutions.

(i) If o— > o4 or o— = o4+ andp_ < py let vy o =V. Then there exists U = U(o+,p+,V) such
that for all v_o > U there exist infinitely many admissible weak solutions to (1.1)-(1.4).
These solutions are all 1-fan solutions.

Remark 3.7. Theorem 3.5 is the most general result presented here, covering all the cases of
Riemann initial data giving rise to the self-similar solution containing two shocks. Solutions
constructed in the proof of this Theorem are all 2-fan solutions. It might be of interest that at
least if the difference between the velocities v_ o and vy o2 is large enough, one can construct also
another type of solutions, namely 1-fan solutions, this is stated in Theorem 3.6. We emphasize
that the set of initial data in Theorem 3.6 is a strict subset of the set of initial data in Theorem
3.5. Finally, we refer the reader to Remark 6.7 for the reason why Theorem 3.6 does not cover
the case p— = o4 and p_ =p,.

Remark 3.8. Note that the general Theorem 3.5 requires the specific heat at constant volume
coefficient ¢, to be strictly larger than %, whereas the results of Theorem 3.6 hold for all positive
Cy-

4 Existence of infinitely many admissible weak solutions

The content of this section shows the method to prove non-uniqueness of admissible weak solutions.
As in the isentropic case (see [4] and following works) the idea is to work with a so called admissible
fan subsolution - here a quintuple of piecewise constant functions satisfying certain system of
partial differential equations. Then, Theorem 4.2 tells us that the existence of such an admissible
fan subsolution implies existence of infinitely many weak entropy solutions to (1.1)-(1.4).

In what follows we denote by ngz the space of symmetric traceless 2 x 2 matrices and I denotes
the 2 x 2 identity matrix.

Definition 4.1. An admissible N-fan subsolution to the Euler system (1.1)-(1.3) with Riemann
initial data (1.4) is a quintuple (9,%,U,C,p) : (0,00) x R? = (R x R? x §3*? x RT x R*t) of
piecewise constant functions, which satisfies the following properties:

1. There exists an N-fan partition Q_,Q1,Q; (or Q_,Q1,9Q,94) of (0,00) x R? and for
i € {1, N} there exist constants g; € RT, v; € R?, U; € S3*2, C; € Rt and p; € R*, such
that

N
]Ia |Vi2api> 191 +Z(QZ y Vi, Uia Cz7pz) 1Q7;7

i=1

‘ 2

(?7V7 U; évp) = Z <Ql y Vi, Vi & v; — |V;
ie{—,+}

where 01, vy,py are the constants given by the initial condition (1.4).
2. Fori € {1,N} the following inequality holds in the sense of definiteness:

i
2

v, v, —U; < I.



3. For all test functions (¢, @, ) € C([0,00) x R, R x R? x R) the following identities hold:
/ / 001 + 0V - V] dxdt+/ 2°(0,-)dx = 0,
o Jr2 R2
o0 o 1 -
/ / [Qv-atgo—l—gU:Vx(p—i— (p+2gC) divxgo] dxdt+/ ° v (0,)dx = 0,
0 R2 R2
1 _
/ / [( QC-l—CUp) 01 + (290+ (cy —l—l)p)V'ngb} dx d¢
R2

o [V 0
0 +ep ) 9(0,-)dx = 0.
42 2

4. For every non-negative test function ¢ € C([0,00) x R2,RT) the inequality

+

/ / 0s(0,p) o +08(0,P)V - ngo} dxdt+/ QOS(QO’Z)O)@(O,.)deO
RZ

1s fulfilled.

4.1 Sufficient condition for non-uniqueness

The key tool in the proof of Theorems 3.5 and 3.6 is the following theorem relating existence of
infinitely many admissible NV-fan solutions to the existence of a single admissible N-fan subsolution

Theorem 4.2. Let (o4, v+, p+) be such that there exists an admissible N -fan subsolution (9,v,U, C,D)
to the Cauchy problem (1.1)-(1.4). Then there are infinitely many admissible weak N -fan solutions
(0,v,p) to (1.1)-(1.4) with the following properties:

b (Qap) = (@ap);

e v=vy on Oy,

o [v[2=C; ae. onQ;,i=1,N.

The proof of Theorem 4.2 is based on a convex integration technique for the pressureless

incompressible Euler equations which was introduced in seminal works of De Lellis and Székelyhidi
[8, 9] and is summarized in the following Proposition.

Proposition 4.3. Let (v,U) € R? x S3*% and C > 0 such that V@V — U< € 1. Furthermore let

Q C R x R? open. Then there exist infinitely many maps (v,U) € L=(R x R?,R? x S$*?) with
the following properties.

1. v and U wvanish outside €.

2. For all test functions (¢, ) € C(R x R?, R x R?) it holds that

//g~vx¢dxdt =0,
Q

//(y~8t<p+Q:Vx<P)dxdt = 0.
Q

3 V+v)OEF+v)—(U+U) = C1 is fulfilled almost everywhere in Q.

For the proof of Proposition 4.3 we refer to [4, Lemma 3.7].
The proof of Theorem 4.2 using Proposition 4.3 is now quite straightforward.



Proof. Let (g,v,U, C,p) an admissible N-fan subsolution. Furthermore for i = 1, N let (v;,U,) €

L>®(R x R?,R? x §3*?) pairs of functions as in Proposition 4.3 with v = v;, U = U;, C = C; and
N

Q = Q;. It suffices to prove that (g,v,p) = (@,V + > yi,ﬁ) is an admissible weak solution to
i=1

(1.1)-(1.4). The fact that it is indeed a N-fan solution is clear.
Let (1, ,¢) € C2°([0,00) x R% R x R? x R) be test functions. Then we get

/Ooo /R? (00w + oV - V] dxdt—k/]R2 2° (0, ) dx
:/OOO/RQ [@atwg(wévi) -vxw} dxdt+/Rz o (0, ) dx
:é//mgivi.vxwdxdt = 0,

oo
/ / |:QV-at(p+QV®V:VXQO+pdiVx(p} dxdt+/ 0° v - p(0,-) dx
0 R2 R2

00 _ 1_—
- L)v.atcpwU:szﬁ (“290) div"""} dxdir [ - 000,
0 JR?2 "

N
+Z// [gizi~8tcp+gigi:vxgo}dxdt S
i=1" 7

L7 L1 (Gebe o) 0+ (Gelvi? + e+ 0p ) v- Vo] axar
0 R2
0|2
+/ <90|V2|+Cvp0) QS(O’)dX
]RZ
:/Oo/ [(;QC—FCU;D) 8t¢+<;QC+(Cv+1)p)V'vx¢:| dx dt
0 R2
02 N .
(e +cvp°)¢<o,->dx+;//ﬂi(gi;+<cv+1>p¢)vi-vx¢dxdt - o

For every non-negative test function ¢ € C°([0,00) x R? R) it holds

/ / [95(g,p)8ts0+98(9,p)v~sz0} dxdt+/ 0% 5(0°,p%) ¢(0,-) dx
0 R2 R2

:/ /]R {Es(ﬁyﬁ)atsD-FES(E,ﬁ)V-ngo} dxdt—i—/]R 0% s(0°,p°) (0, ) dx
0o Jr2 .

N
+Z//Q‘gis(gi,pi)gi'vxcpdxdt < 0.
i=1 i

4.2 Algebraic equations and inequalities

Since the admissible N-fan subsolution consists of a quintuple of piecewise constant functions
which satisfy a certain set of partial differential equations and inequalities, it is easy to observe
that these differential constraints are equivalent to a system of algebraic equations and inequalities
which arise from the Rankine-Hugoniot conditions on the interfaces between the sets of the N-fan
partition. More precisely we have the following.



Proposition 4.4. Let or,pr € RY, vi € R? be given. The constants g,y € R (resp.
to, p1, p2 € R) and i, p; € RY,

[ Gu 2 R e 0 2%2
VZ_(ﬁi>€R’ Ul_(éi %>€SO ,
and C; € RT (for i =1,N) define an admissible N-fan subsolution to the Cauchy problem (1.1)-
(1.4) if and only if they fulfill the following algebraic equations and inequalities:

e Order of the speeds:
po < 1 resp. po < p1 < fiz (4.1)

e Rankine Hugoniot conditions on the left interface:

po (0— —01) = 0-v_2— 01/ (4.2)
po(0—v_1—0101)=0_v_1v_2— 0101 (4.3)
C
fo (0—v—2 — 01 1) = 0" 5 — 01 <21 - 71) +p- —m (4.4)
1 9 Cy
po | go-lo-I"+eop-—o1 5 —copr ) =
1 o (4.5)
(ge-to-P+ (ot o) oa— (0G4 e+ 1)
e Rankine Hugoniot conditions on the right interface:
pN (ON — 0+) = ON BN — 04 V42 (4.6)
pn (ON N — 04 V41) = ONON — 04 V41 V4 2 (4.7)
Cy 9
pun (on By — o+ U+,2) = ON > YN | — 04 V1 o+ DN — D+ (4.8)
Cy 1 9
IN | oN == + Co PN — 50+ [vg]® —copy | =
o . (4.9)
N
(QN - t (co + 1)PN> BN — (29+ oy |? + (e0 + 1)P+> Ut2
o [f N =2 we additionally have Rankine Hugoniot conditions on the middle interface:
p1 (01— 02) = 0151 — 02 B2 (4.10)
p (01 a1 — g2 ) = 0101 — 0202 (4.11)
C C
p (01 81— 02 82) = o1 (21 - ’71) — 02 (22 - ’yz) +p1—Dp2 (4.12)
1 Cs
fu| o1 +CuP1 T2y G2 | =
o - (4.13)
(91 71 + (co + 1)171) B — (92 72 + (ev + 1)102) B2
e Subsolution conditions fori=1,N:
Ci—a?—p32>0 (4.14)
C; C;
(2 —ai + ’)’i) (2 - 87 - %‘) — (6 —a; 3)* >0 (4.15)

10



o Admissibility condition on the left interface:
1o (@1 s(01,p1) — 0— 5(9-,p—)) < o15(01,p1) b1 — 0- s(0—,p-) v—2 (4.16)
o Admissibility condition on the right interface:
1N (Q+ s(0+,p+) — on S(Qw,pw)) < 04 8(04,p+) v4.2 — on s(on, PN) Bn (4.17)
o [f N =2 we additionally have an admissibility condition on the middle interface:

1 (@2 s(02,p2) — 01 5(91,191)) < 02 5(02,p2) B2 — 01 5(01,p1) 1 (4.18)

Proof. There is really nothing to prove in this proposition, differential constraints for piecewise
constant functions translate to Rankine-Hugoniot conditions in a standard way and the subsolution
conditions (4.14)-(4.15) state that the matrix %]I —v; ® v; + U; is positive definite, which holds
if and only if its trace and its determinant are both positive. O

As we already mentioned, in order to prove our main theorems, due to Theorem 4.2 it is always
enough to find a single N-fan subsolution. Moreover, we are going to make a special ansatz for
the subsolutions. Recall that we assume throughout this paper that v_; = v4 1 = 0. We will look
for N-fan subsolutions satisfying

i =1, N. One can easily check that this choice implies that equations (4.3), (4.7) and (4.11) are
trivially satisfied. We also note that in the case NV = 1 this is in fact a consequence of the set of
Rankine-Hugoniot conditions, for more details see [5, Lemma 4.2].

For simplicity of notation, we will use in the rest of the paper notation v in place of v+ o and
similarly vy, instead of vy 2.

5 Proof of Theorem 3.5

5.1 Reduction to special case

We recall that the proof of Theorem 3.5 is finished as soon as we find a single admissible 2-fan
subsolution. Since the structure of the 2-fan subsolution is similar to the 1D Riemann solution
to the problem, we will look for the 2-fan subsolution as a suitable small perturbation of the 1D
Riemann solution.

Moreover, we claim that we can make the following choice without loss of generality.

Proposition 5.1. Let the assumption of Theorem 3.5 hold and assume furthermore that vy = 0,
where vy s the second component of the wvelocity of the 1D Riemann solution (see Proposition
2.1). Then there exist infinitely many admissible weak 2-fan solutions to the Riemann problem

(1.1)-(1.4).

Proposition 5.1 implies Theorem 3.5 using the Galilean invariance of the Euler equations.
Indeed, if we consider new initial data as follows:

(QO,ncw’VO,ncw’pO,ncw) = (QO,VO _ (O,UM)T7PO)- (51)

the 1D Riemann solution to the problem (1.1)-(1.3) with (5.1) will fulfill v} = 0. We apply
Proposition 5.1 and find infinitely many admissible weak 2-fan solutions (g, v,p) to the Riemann
problem with initial data (5.1). Then, again by Galilean invariance, (9, v+ (0,var)T, p) are admis-
sible weak 2-fan solutions to the Riemann problem with original initial data (1.4), and the proof
of Theorem 3.5 is finished.

What remains now is to prove Proposition 5.1.
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5.2 Proof of Proposition 5.1

Let the assumptions of Proposition 5.1 be true. As we mentioned above, we will look for an admis-
sible 2-fan subsolution as a suitable perturbation of the 1D Riemann solution. This perturbation
will be quantified by a small parameter € > 0.
For convenience we define functions A, B, D : R — R by
A(e) == o-(om- +¢)(om+ — € — 04) — 04 (om+ — €)(om— + € —0-);
2
B(e) = 0-o04(onr— +&)(onr+ — ) (v- —v4)” — (p— — py) Ale);
D(e) :=v_o-(om- +€)(om+ — € — 04) —vio4+(om+ — €)(om— +—0-).

First of all we want to show some properties of the functions A and B. It is easy to deduce
from Proposition 2.1 and the assumption vy, = 0, that

Pm — P—

v =+2¢, NZETEEN TS e (5.2)
v = —v2e, eilind s (5.3)

Vors + 2co + Dpar)

Since pps > max{p_,p+}, we have v; < 0 < v_. Furthermore we obtain from Proposition 2.1
and (5.2), (5.3) that

2
om-—o0- __ 2epm-p) _(v)
0— oM~ o—(p—+ (2co + Vpyr)  pm —p-’
2
oM+ — 0+ _ 2cy (P — P+) _ (v+)
010M+ o+ (py + (2co + Vprr)  pvr — 0t

This leads to
(v_)2 ¥ (po 7p+)QM— —o- _ (U_)ZPM — Pt

0—0M-— Py — P’

2 _ oM+ — O+ _ 2pm — P-
(0)" = (- =p4) 0400+ (v-) Py — Dy

and finally
B(0) =

2

= 0_oyonm—om+(v— —vy)” — (p- —m)(gngf (onr4+ — 0+) — 0 om+ (00— — 97))

2 oOM— — 0— 2 OM+ — O+
=o-0+om—0om+|(v-) + (- —py)—— + (v4) — (- —p4)—— —2v_v }
con e (02 + - = p) B (00" = (- ) B .
2PMm — P 2PM — P—
:QQ+QMQM+[(U) 7++(v+) —— —2v_vy| > 0.
Pm — P— PmM — P+

Now, by continuity of the function B, there exists an emax,1 > 0 such that B(e) > 0 for all
€ € (0,emax,1]. Because gpr+ > o4, there exists emax,2 > 0 such that oy —e — o4 > 0 for all
€ € (0, Emax,2]-

Next we want to show that there is an epyax 3 > 0 such that A(e) # 0 for all € € (0, emax,3]. To
this end, let us first assume, that A(0) # 0. Then, by continuity of the function A, there exists
such an emax,3 > 0. Now consider the case where A(0) = 0. Then we obtain

Ale) = 0 (om— +e)(omy —€—o4) —oy(omy —€)(om— +e—0-)
=c%(04 — 0-) —&(20-04 + (0- — 04)(or— — on+)) + A(0)
>
= c((or —0-)e—20-0+ — (0 —o4)(om— — om+)),
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which has at most two zeros: If o = g4 then

A(e) =0 = €

|
L

and if o_ # p4 then

20_04 + (0— — 04)(om— — 0m+4)
O+ — 0—

A(e) =0 — e=0 or e=

Hence there exists epax,s > 0 such that A(e) # 0 for all € € (0, emax,3]-
We set €max = Min{emax,1; Emax,2; Emax,3} and then we have

Ale) #0, om+ —€— o4 >0,

5.4
B(E)>Oa QM7+5_97>07 ( )

for all € € (0, emax]-

5.2.1 Shock speeds

Next we define the functions po, p1, 2 : (0, €max] — R by

)= 15| DO+ 0-gulons = o= —v) = lowr +2) LEEZE e
pa(e) = Azs) -D(E) —V(om—+c—0-)(om+ —— 0+) Ble) ];
2(0) = 515 | DO+ 0-eilow- + (o= —v.) = flows - 2 L= e |

Note first that the functions pg, p1, g2 are well-defined because of (5.4). We claim that these
functions define perturbations of the shock speeds o_, vy and oy of the 1D Riemann solution.
More precisely we have

Proposition 5.2. It holds that

lim po(e) =o—, lim 11 () = v, lim po(e) = o4
e—0 e—0 e—0

Proof. We start with the Rankine-Hugoniot conditions for the 1D Riemann solution

o_(0- —om-)=0-v_ —om—Vn; (5.5)
o_ (0-v- — op— V) = 0- V2 — op— Vi + Do — P (5.6)
oy (o4 — 04) = OM+ VM — 04 V45 (5.7)
(QM+ UM — 04 V1) = OM+ Vi — 04 V5 +Dar — P+ (5.8)
and we obtain by eliminating o_, o4 and pjs that
2 2
(onry — Q+)(Q— V- — OM— ’UM) + (0- — QM—)(QM+ UM — 0+ U+)
2
= (9_ 02— opvf — (var) (om— — om+) + - — p+)(QM+ —o)(o- —om-).
In order to solve this equation for vy;, we write it as follows
A(0) (va)? = 2D(0) vas + E =0, (5.9)

where the constant

E:=(p- —p)om— — 0-)onrs — 04) + (v-) 0-0nr—(onrs — 04) — (v4) 040011 (onr— — 0-)
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only depends on the initial states. Now we have to consider two cases, namely A(0) = 0 and
A(0) # 0.
Let us start with A(0) = 0. Then we easily deduce that

D(0) = 0—om—(omy — 04) (v— —vy),
which does not vanish because vy < 0 < v_ and gpr4 > o+. Hence we get from (5.9), that

Vp — %(O) (510)

Next we want to compute lir% p1(e) and compare it with (5.10). Keeping in mind that we are
E—r

considering the case A(0) = 0, we get
D(0) = v/(on— — o-)(ear+ — 0+) B(0)

2
= (v- —vy)o—om—(om+ — 04) — \/(QM_ — 0-)(on+ — 04)0—040on—0on+ (v— — vy)

= (”— - ”+)Q—QM—(QM+ —04) — \/(QM+ - Q+)2(9+)2(9M+)2(U— - U+)2 = 0

Hence we can apply L’Hospital’s rule. We obtain

lim A'() = lim (- (enr+ — = — 0) = o-(enr— +2) = s (ears — ) + e+ (onr— +5 — o))
e—0 e—0

= —20-04 — (0- — o4 )(om— — om+)-
A short calculation shows that this is non-zero: From A(0) = 0 we can deduce that

0— — 04+ _ OM— — OM+

0—-0+ OM—-OM+

This means that o— — o4 and gy~ — oar+ have the same sign, which implies (0— — 04 )(oam— —
om+) > 0. Since p_p4 > 0, we have A’(0) < 0, in particular A’(0) # 0
Furthermore a long but straightforward computation yields

hm[D@f‘“@M+5_9)@M+_5_&)B@”/:ég%ft

e—0

Hence by L’Hospital’s rule we obtain 611_% pi(e) = %(0) and recalling (5.10), we deduce ;1_r>r(1) pi(e) =

UM -
Let us now consider the case A(0) # 0. Then we obtain from (5.9) that

1
— = [ D(0) £ /D0 = A©) E .
The correct sign in the equation above is “—” because! vy; = 0 and D(0) > 0, which easily follows

from vy < 0 < v_. Furthermore it is simple to check that

D(0)* — A(0) E = (om— — 0-)(onr+ — 0+) B(0).

Then it is easy to conclude p1(0) = vyy.
To finish the proof of Proposition 5.2 we have to show that hH(l) u1(e) = vy implies that
e—

lir% po(e) = o— and 1in(1) pa(e) = o4. It is straightforward to deduce that
e— e—

= _om-te ) —v_);
fio(g) = e (pa(e) —vo);
i) = vy + =2 ((e) — vy).

L Alternatively, this can be verified by considering the admissibility criterion.
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On the other hand we get from (5.5) and (5.7), that

[ oM+
o =v_+ ——— (v —v_); oy =04y + —— (v —v4).
QM——Q—( ) QM+—Q+( )
Hence we easily deduce lim pg(e) = o— and lim pa(e) = o4. O
e—0 e—0

Because of o_ < vys < o4 and the continuity of the functions g, p1, 2, we may assume that
to(e) < pai(e) < pa(e) for all € € (0,emax]. If this is not the case we redefine ey to be a bit
smaller that the smallest positive value of € for which pg(e) < p1(e) < p2(e) is violated.

5.2.2 Constants C; and ~;

In order to proceed further we need to introduce a second positive parameter § > 0. We define
the functions C1,Ca,v1,72 : (0, €max) X (0,par) by

2 1 )
Ced) = S T ) [— po(&) (coloar — 6 - po) — o] )
+m(E)ew + Do —6) — (5o o+ (o + Dp- o |
2 1 )
Ca(e,0) = (orrs —2) (M2(€) _ u1(€)) [— pi2(€) (CU(pM —0—py)— §Q+|U+\ )
pnE)(eo + Dons —0) = (goelon P+ (cot s Yo [
Y1(g,0) = ﬁ [(QM + 6)@ —o0v2 +py =0 —p_ —po(e)((em— +e)p(e) - @v)];
2(e0)i= ot (eare = P = 0 s =6 ale) (s - (o) - v
OM+ —€) 2

Note that these functions are well-defined because of the arguments above. More precisely, it holds
that puo(e) — p1(e) # 0 and pa(e) — pi(e) # 0 for all € € (0, emax]-

Proposition 5.3. It holds that

. 2 . ('UJ\/I)
(e,0) 0 Cue,0) = (vm)" ()0 (€:9) 2
2
. 2 . (vm)
1 = . 1 - —
(s,ggo Ca(e0) = (var)’ (6,520 (e:d) 2

Proof. To prove this, we need the Rankine Hugoniot conditions of the 1D Riemann solution in the
energy equation

1 2 1 2
o_ 59— lv_| +Cvp——§QM— loar]” — co DM

1 1 (5.11)
= (2Q lv—|* + (co + 1)17) v — (ZQM loar|® + (co + 1)pM) UM;
1 5 1 )
I+ | 5oM+ loa|* + o par — 59+ [v4]® — co s
(5.12)

1 1
= (2QM+ luar)® + (co + 1)pM> UM — <29+ lvg)? + (cp + 1)p+) V4.
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We obtain that lim Cj(g,d) = (11M)2 and lim Cy(e,d) = (UM)2 by using Proposition 5.2
(£,6)—0 (£,6)—0
and (5.11), (5.12).

The fact that lim (e, d) = —% and lim ~s(g,d) = —% can be shown analogously
(e,6)—0 (£,6)—=0
by using the Rankine Hugoniot conditions (5.6), (5.8). O

We continue the proof of the Proposition 5.1 by observing that the perturbations defined above
indeed help to define an admissible 2-fan subsolution.

Proposition 5.4. If there exists (¢,0) € (0,emax] X (0,par) such that the following inequalities
are fulfilled, then there exists an admissible 2-fan subsolution to the Cauchy problem (1.1)-(1.4).

e Order of the speeds:

10(2) < () < pae) (5.13)
e Subsolution conditions:
Ci(e,8) — pr(e)> >0 5.14)
02(6,5) — /Ll(E)Q >0 5.15)
Ci(e, 0 Ci(e,0
<1(2) + 71 (e, 6)> (1(2) —p1(e)® — (e, 6)> >0 (5.16)
Csy(e, 8 Cy(e,d
( 2(2 ) + 72(6,5)) (2(2) - M1(€)2 — 72(6,(5)) >0 (517)
o Admissibility condition on the left interface:
f1o(€) ((QM— +¢)s(om— +e,pm —9) — o 8(9-,1)—)) (5.18)
< (em- +¢)som— +e,pv — 0) pi(e) — 0- s(o—,p—) v
o Admissibility condition on the right interface:
p2(e) (Q+ s(o+,p+) — (om+ —€) s(omr+ — €,pm — 5)) (5.19)

< 04 s(04,p+) v4 — (om+ — €) s(om+ — €, par — 6) pa(e)

Proof. Let there be (g,6) € (0, emax] X (0,par) such that (5.13)-(5.19) hold. In order to show that
there exists an admissible 2-fan subsolution, we use Proposition 4.4, i.e. we define the constants
appearing in Proposition 4.4 as follows:

Ho = fio(); p = i1 (€); p2 1= pi2();

01 = 0M— T €; 02 = O0M+ — €
e (L0)) I

1 .= V2 .= Ml(e) ) P1:=Dp2 ' =Pm )

Yi(€, 9) 0 ) ( V2(€,6) 0 )

Uy = : U = ~

! < 0 —ml(s9) )’ 2 0 —m(e0) )7
Cy := C1(g,0); Cy := Csy(g,0).

It is a matter of straightforward calculation to check that with this choice (4.1)-(4.17) hold. O

16



5.2.3 Subsolution and admissibility inequalities

In order to finish the proof of Proposition 5.1, we have to find (¢, d) € (0, emax] X (0, par) such that
the conditions (5.13)-(5.19) are satisfied.

We start with noting that we already have (5.13) fulfilled for all € € (0, emax]-

Let us now investigate the subsolution conditions (5.14)-(5.17). We start with the terms in the
first parenthesis in (5.16)-(5.17). We obtain by using that ¢ € (0,par)

zﬁ?ﬁ?_@M:iﬁgéﬁm@M+a§m+%“m (520
=:Rq(¢)
et = - Gy e
Z%Z?f_@Mriﬁggﬂmkﬂ+@§m+W@m (5.20

=:Ra(¢)

where Propositions 5.2 and 5.3 together with the fact that vy; = 0 imply that

[11_13(1) Ri(e) =0; ;1_13(1) Ry(e) =0.
Therefore |R; ()| and |R2(¢)| become arbitrary small if we choose € small. Because of ¢, > 1,
there exists £1(0) € (0, emax] for each § € (0,pas), such that
Ci(g,0 Cs(e, 0
% +71(e,6) >0 & % +72(,6) >0 (5.22)

hold for all € € (0,271 (9)).
Similarly we handle terms in the second parenthesis in inequalities (5.16)-(5.17). We obtain

Cl<5,5)

5 C4(e,0)
—_ 2 — — 1 ? — 2 —
5 p1(e)” = e, 0) o 1e o p1(e)” = nl(e,0) (5.23)
:2R3(E)
Co(e, 6 é Cs(e,0
2(6:0) () — (e ) = L EED e, (521)
2 OM+ — € 2
=:R4(e)

With the same arguments as above, we obtain that for each § € (0,pys) there exists £2(4) €
(0, £max| such that

@ — p1(e)® = vi(g,8) > 0, i=1,2 (5.25)
hold for all € € (0,22(9)).

Combining (5.22) and (5.25) we obtain (5.16) and (5.17) while summing together (5.22) and
(5.25) we obtain (5.14) and (5.15).

To finish the proof we have to show that we can achieve that in addition the admissibility
conditions (5.18) and (5.19) hold. Note that in the limit (g, ) — (0, 0) the admissibility conditions
(5.18) and (5.19) turn into the admissibility conditions of the 1D Riemann solution (according to
Proposition 5.2). Since the latter are fulfilled strictly, we can choose § > 0 sufficiently small and
also € € (0, min{e1(0),€2(d)}) sufficiently small such that (5.18) and (5.19) hold. This finishes the
proof of Proposition 5.1.
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6 Proof of Theorem 3.6

Unlike in the case of 2-fan solutions as in Theorem 3.5, we cannot use here the 1D Riemann
solution and try to perturb it in a suitable way in order to find a 1-fan subsolution. On the
other hand, since we don’t have the middle interface, the number of equations and inequalities in
Proposition 4.4 is lower than in the case N = 2.

Since i could be only equal to 1 in Proposition 4.4, for simplicity of notation we write «, 3, 7,
0 and C' instead of aq, B1, v1, 61 and Cy. We also recall that we set « = 0 and § = a8 = 0, see
(4.19).

The subsolution conditions (4.14)-(4.15) then simplify to

C—p3%>0; (6.1)

(§) (5

It is not difficult to observe (see also [5, Lemma 4.3]) that the necessary condition for (6.1)-(6.2)
to be satisfied is % — 7 > B2 which motivates us to introduce instead of C' and v new unknowns

£1 1= % -y —B% (6.3)
35 ZZC—ﬁQ —£&1. (64)

The set of algebraic identities and inequalities from Proposition 4.4 then simplifies into

e Order of the speeds
Ho < pi1 (6.5)

Rankine Hugoniot conditions on the left interface:

polo— —o01) = 0—v— — 013 (6.6)
po(o—v— — 018) = 0-v2 — 01(B%> + 1) +p— — 1
fio (2cop— + 0-v% — 2c,p1 — 01(B + €1 +€2))

= ((2cv +2)p_ + Q_vz)v_ — ((QCU +2p1 +o1(BZ e + 62))6; (6.8)

Rankine-Hugoniot conditions on the right interface:

por —o+) = 018 — o4vy (6.9)
(1B — orvy) = 01(B +e1) — 0407 +p1 —ps (6.10)
p1 (2cup1 + 01(8% + €1 + €2) — 2cop4 — 0407)

= ((2cy +2)p1 + 01(B% + &1 +€2)) B — ((2¢o + 2)p+ + 0407 )v4 5 (6.11)

Subsolution conditions:

e1>0 (6.12)
g2 > 0; (613)
e Admissibility conditions
po(L— —L1) > L_v_ — L1f3 (6.14)
,ul(Ll — L+) Z Llﬁ - L+U+ . (615)
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where for simplicity of notation we introduced L; as

P ,
L;= Qis(giapi) = 0i IOg <QCU+1) ) L= 1) +.
i

We observe that we have 6 equations and 5 inequalities for 7 unknowns pq, 1, 01,p1, 5, €1, €2-
Moreover to these 5 inequalities we have to keep in mind other inequalities which have to be
satisfied, namely o1 > 0 and p; > 0.

We define the following quantities, functions of the Riemann initial data

R=o0_—o; (6.16)
A=p_v_—oivy (6.17)
H=0_v> — o0} +p_ —pst (6.18)
u=v_—vy (6.19)
B=A?—-RH = 0_04u” — (04 — 0-)(p+ — p-)- (6.20)

Since we have six equations for seven unknowns it is reasonable to choose one unknown as a
parameter and express other unknowns as functions of Riemann initial data and this parameter.
We choose the density in the middle region p; as a parameter. Note that we may assume B > 0,
this can be achieved by taking u large enough as in the assumptions of Theorem 3.6.

6.1 The case R <0

6.1.1 Solution to algebraic equations

Recalling that R < 0 means g < p4 we express po and pp from equations (6.6), (6.7), (6.9),
(6.10) as

A 1 01— 04
=—_-_./B 6.21
Ho R R 01— o0 ( )

A 1 [0 —o-
- _ - /p¥_¢= 6.22
MTR™R 01— 0+ (6.22)

and we observe that g < p1 if 91 > 04+ > 0—. In what follows we therefore always assume that
the set of possible values of g1 is 01 € (p4+,00). There exists also another solution g, p1, which
we do not use, see Remark 6.6 at the end of section 6.1.3.

Next we express [ in two ways which will be useful later. Using (6.9) and (6.6) respectively
we obtain

4

B= "y +MOH; (6.23)
01 01
B=2y, 4 G (6.24)
01 01
It is technically more difficult to express p1,e; and eo. We start with rewriting (6.10) as
p1 =y + 0407 — 01(B% + 1) + pii (01 — 04). (6.25)

Then, a lengthy yet straightforward computation yields the following equations as a consequence
of (6.8), (6.11)

(B+v_)oier(o- —01) —0-01(B —v_)(e1 +&2)
=(B—v-) (o~ —o1)(p1 +p-) +2c,0-p1 — 2c,01p-]; (6.26)

—(vy + B)orer(o1 — 04 ) + oy 01(vy — B)(e1 + €2)
= (vy — B) [(01 — 04)(P1 + P+) + 2¢,0104 — 2¢y04p1] - (6.27)
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At this point we assume that v4 — 8 and v_ — 8 are nonzero and refer to Lemma 6.1 for proof.
We continue by expressing €1 + €5 from (6.27) and plugging this to (6.26). We have

vy +B8 o1—o0
[(01 — 0+)(P1 + p1) + 2c001p4 — 2c,04p1) + —— &1 - (6.28)
10+ Uy — o+

€1 t+¢&2 =

and consequently (6.26) becomes

B+wv_ vy + 8
(B_v_mm(g—m)— -

=04 [(0— — 01)(p1 + p=) 4+ 2¢o(0-p1 — 01p-)] + 0 [(01 — 04)(P1 + P+) + 20 (014 — Q+P(1)] : |
6.29

010—(01 — Q+)> €1

Expressing the right hand side of (6.29) we end up with

(g i Z: o101(0- — 1) — Zi 1_59197(91 - Q+)> €1

=01p1 R+ 0r0-(p— —py) + (2co + 1) o1(0-py — 04p-). (6.30)

Once again it is useful to introduce further notation to simplify resulting expressions. We define

X =o0r0-(p- —pt) + 2co + Dor(o-pr — 04p-) (6.31)
B+u- v+
Y=—— _ - - — — 6.32
e 0+(0- — 01) oy — 5% (01— 04) (6.32)
Z =py + o405 —018% + pi(or — 04). (6.33)
This way, assuming Y # 0 which will be justified in Lemma 6.2, we rewrite (6.30) as
opiR+X
£l = ————— 6.34
! oY (6:34)

and plugging this into (6.25) and assuming Y + g1 R # 0 which will be justified in Lemma 6.2,
too, we get

YZ-X
= —, 6.35
b1 Y+ o0R ( )
this in turn yields
01RZ+ X
] = ———< 6.36
L k) (6.36)
and finally €5 is expressed using (6.28)
1 vp+Bo1—o
£y = [(01 — 04)(p1 + p+) + 2¢o (014 — 04p1)] + ( T LS 1) e (6.37)
010+ vy =B oy

6.1.2 Positivity of p;, €1 and eo

Before we continue further, we remind the following useful expressions which can be derived from
(6.6) and (6.9)

B~ o == (v_ — o) (6.38)
01
v —p=8"0 (v— — o) (6.39)
01
=B =2y —vy) (6.40)
01
B—vy =20 (). (6.41)
01

In particular we observe that the signs of v_ — 8 and 5 — v are the same as v_ — pp and g — vy
respectively.
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Lemma 6.1. For u =v_ — v4 sufficiently large it holds
v_ — g >0 & 1 — vy > 0. (6.42)

Proof. We have

oru 1 01— 0
Vo — po = f% + R\/(9—9+u2 — (04 —0-)(py —p-)) —F

01— o-
ou 1 01— 0
= I%I T (0—0+u? — (04 — 0-)(p4+ — p—))ﬁ' (6.43)

Now we distinguish two cases. First, if p; > p_, then we easily observe (recall o4 > p_) that

1
V_ — o > ﬁ(mu — \/Q7Q+U) > 0. (644)
However if p; < p_ we get
1 2
v- = po > resu - Vo_ou?+ (o —o-)(p- —py)) (6.45)

and the expression on the right hand side can be made positive assuming u is large enough.
Similarly we proceed with quantity g4 — v4. O

We recall that Lemma 6.1 justifies the assumptions vy — 8 and v— — 8 nonzero we made in
the process of deriving (6.35) and (6.36).

We continue by analyzing whether one can find p; such that p1, €1 and &5 are all positive. This
part starts with rewriting the expression (6.32) for Y. We have

v_+p B+
Y =o4(e1 —0-)7 —5 o-(01 — Q”ﬂfvi

v_+ 3 +v

=010+—— + ng_u
v_ — po 1 — vy
v_ + +v

= 01040 g TR (6.46)
V- — Ho M1 — Uy

where the last equality holds although obviously 5 ¢ {uo, 11} In what follows our strategy is to
express certain quantities as functions of g; and u while treating o+, p+ and v_ as data. This way
we obtain

2 1 1
Y=0R|1+ +2v- -
\/mfl \/@_u \/@_u
2 w2 01—o1 o2 (o1—0-) 0% (o1—0+)

Lemma 6.2. For u=v_ — vy large enough it holds Y <0 and Y 4+ p1 R < 0 for all o1 > o4.

(6.47)

Proof. To prove Lemma 6.2 we examine the limit of Y as u — co. First we observe

B —o0_ —0_
b o1 —o- 04(01 —0-) - (6.48)
O_Uu” 01 — 0+ Q—(Q1 - Q+)

and therefore the second term in the square brackets of (6.47) is positive. We continue by proving
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that the last term converges to zero. We write

1 1
B(oi—o4) _ B(oi—0-)
oo Y\ Z(eer)

v
o Blei—o+) _ 4 B(ei—o-)
u2?0? (01—0-) 0% u?(o1—0+)
B(ei—o-) B(oi—o1)
2u_ 02 u(o1—04) u?9% (e1—0-)

w \ (Vo - ) (JE e ) (6.49)
u?0% (01—-0-) 0% u?(o1—0+)

and observe that both terms in the numerator of the fraction converge to distinct quantities and

the denominator has finite limit as u — oo. Therefore the whole fraction has a finite nonzero limit
and the whole term therefore can be made arbitrarily small by choosing u sufficiently large.

Altogether we have proved that the expression in the square brackets in (6.47) is positive at

least for u sufficiently large and since R < 0 we conclude that Y < 0 for large u. Also we observe

that Y has a finite limit as u — oo. The same two properties obviously hold also for Y + g1 R. O

Remark 6.3. At this point we emphasize the need to take v_ as fixed and by taking u large enough
recover v4. This procedure would not work the other way round, i.e. taking vy fixed. If we would
consider vy fized, the expression (6.47) would become

2 1 1
Y=0R|1 2 — 6.50
o - [_B_oizo+ e [Bloi—es) [Blei—e-) ( )
o} u? o1—o- 0% (e1—e-) 0% (e1—o+)
It is not difficult to figure out that
. 2
lim [ 1+ <0, (6.51)

uU—00 B o1—o+ -1
02 u? o1—0—
which yields Y positive and this would cause troubles later when studying the sign of €1.

Now let us turn our attention to expressions X and Z. We recall here the definition (6.31) of
X
X =o0r0-(p- —p4) + (2¢0 + Do1(0-p+ — 0+p-). (6.52)
We see that X does not depend on u and may be positive or negative depending on values of
0+, p+ and 0.

Concerning Z we have from (6.33)
Z=py+o4v — 018>+ pi(or — o+)

(Ql - Q+)Q+
S
01

- —n)? (6.53)

and we see that Z is always positive. Moreover we plug in the expression (6.22) to obtain

(01 — o4)o+
—(vs
01

2
01— 04)0 [ 01— 0
:p++( 91R2)+( BQi—Q _gu>
+

(01 — 04)o4u? ( R(p+ —p—)) 01— o
—p, 4 ELTEH)EHT o+ —o_ | . 6.54
D+ Qle 0—-0+ 7.L2 01 — o0 o ( )

Z =ps+ — m)*




Observing that the quantity in parenthesis on the last line of (6.54) has finite nonzero limit as
u — 0o we conclude that Z grows as u?.

We are now ready to study the signs of p; and ¢;.
Lemma 6.4. Foru=v_ — vy large enough it holds py > 0 and g1 > 0 for all o1 > o4 .

Proof. Since we have from (6.35)
YZ-X

=, 6.55
Y+ o0R ( )

p1
we easily see that for large u the leading term is % which grows like u2, whereas %QIR has
a finite limit as w — co. Since both Y and Y + ¢ R are negative at least for large v and Z > 0,
we conclude that p; > 0 for u large enough.
Similarly we have from (6.36)
01 RZ + X

g1= —
"7 0 (Y + o1R)

and using similar arguments as above for p; we see that the term % grows like u

(6.56)

2 and is

positive whereas 3 has finite limit as v — oo and therefore €; > 0 for u large enough. O

X
01(Y+o1R

Next we study the sign of 5. We have

Lemma 6.5. For

_Qetle +or \/ai + (4¢5 — Doyeo-

. 5 (6.57)

and u =v_ — vy large enough it holds 5 > 0.
Proof. We start from (6.37)

1 vy t+Bo—e

€2 = [(e1 — 0+)(P1 + pP+) + 2¢u(01p+ — 04P1)] + €1 <+1+ -1
010+ v =B oy
_ p(@et+Der —e4) | prler = (2ev +1)os)
010+ 010+
201 R 201 Rv_
S Y 4l o1y (6.58)

_Q * / B( ) * /pei—e
Q1—0— 1—0—
ooy (g, - u2(9179+)) O+ ( BQl*Q+ - Q*U)

2

Keeping in mind that both p; and e; grow as u* we identify the leading terms of €5 as u — oco.

We have
YZ —(2¢, +1 RZ 201 R
e Y2 o=l o o
Y+onR 010+ Y+aR| o+, (Q_ _ 32((91—&)))
u(o1—o0+
_ 4 Y (01 — (2¢, +1)04) 201R
SrRET . +R| -0 + —— + Lot
or (-~ roen

% Eilot, 6.59

0+(Y + 01R) (6.59)

where [.o0.t. stands for lower order terms with respect to u?. We know that m is negative
so we continue by studying the remaining part E of the leading term of €5 and to make €5 > 0 we

want to show that £ < 0.
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Recall that from (6.47)-(6.49) we already know that

2
Im Y =pR|[1+—u©= (6.60)

U— 00 \/m -1
o—(e1—o+)

and therefore a straightforward calculation yields

2 1
lim E=R |—(2c, +1)os + ( 00l _ 9(2¢, + 1)g+> _— (6.61)
uU—>00 o Q+E£)1—Q—; -1

o0—(01—0+

Since we have R < 0, we want the term in square parenthesis of (6.61) to be positive. It is not
difficult to show that this can be done by choosing g; large enough with respect to g, more
specifically if

(2¢, +1)o— + o4 \/Q%r + (4¢f — 1oso-
2 + 2

o1 > (6.62)

then lim,_,,, ¥ < 0.
O

6.1.3 Admissibility inequalities

Finally we have to check whether the admissibility inequalities (6.14)—(6.15) are satisfied. We
start by plugging the expression (6.23) into (6.14) and we obtain

(v— —po)(e-L1 —e1L-) > 0. (6.63)

We already know that v_ — g > 0 at least for u large enough, see Lemma 6.1. Therefore we need
to ensure that
o-Li> oL (6.64)

Using the definition of L; the inequality (6.64) is equivalent to

Py’ P

h> (6.65)
91U+1 Q_W-H
We proceed similarly with (6.15) where we plug in the expression (6.24) for 5 to get
(11 —vy)(o4 L1 — 01 Ly) = 0. (6.66)
Again by Lemma 6.1 we know that p; — vy > 0 at least for u large enough and thus we need
o04+L1 > o1Ly, (6.67)
which is equivalent to
Py Py
. > . (6.68)
o = Tl
Combining (6.65) and (6.68) we end up with
s e A
Py’ = Q1“+1 max{ coFl’ c:r+1 } (6.69)
0_ oL

However we already know that p; grows as u?, so regardless of the choice of g; we can always

ensure that (6.69) is satisfied by choosing u large enough.

We have showed that for any g7 satisfying (6.57) there exists some %(p1) such that if u > u(g1)
then we can construct a 1-fan subsolution. Then the point (i) of Theorem 3.6 in the case R < 0
is proved by defining

U=U(o+,p+,v—) :=v_ —infu(p1), (6.70)

P1
where the inf is taken among p; such that (6.57) holds.
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Remark 6.6. There exists also another solution to equations (6.6), (6.7), (6.9), (6.10), namely

A 1 01 — 0+
=—+4 —,/B 6.71
o =5 + R o — o (6.71)
A 1 —0_
p=2+ =, /BT (6.72)

and here it holds po < p1 for 01 < o— < p4. However this solution is not convenient to work with,
since it violates Lemma 6.1. More precisely, one of the inequalities (6.42) holds with the opposite
sign. This causes troubles in the analysis of the admissibility inequalities (6.14)—(6.15), because
these then yield one upper bound and one lower bound for py instead of two lower bounds. Then
naturally the argument with taking u sufficiently large fails.

6.2 The case R >0

The proof in the case R > 0 follows the same steps. The expressions (6.21)—(6.22) for ug, p1 stay
the same and again we see that g < p1 if 01 > 0— > p4. Since we treat v as fixed in this case,
instead of (6.47) we get

2 1 1
B o01—o0+ _ B(oi—o4) _ B(oi—o-)
\ 0% u? o1—o- 1 VeZle—oy) % VeZlei—er) Y

Similarly as in the case R < 0 we show that the term in the square brackets is positive at least
for u sufficiently large, so in this case we conclude that ¥ > 0 and obviously also Y + g1 R > 0.
Since nothing changes in terms X and Z, this yields that p; and ; are both positive at least for
u sufficiently large.

The analysis of €5 changes again with respect to the fact that vy is now fixed instead of v_.
Instead of (6.58) we obtain

+ 2’U+

(6.73)

2¢c, +1)o1 — —(2¢, +1 201 R
62:p+((0 +ha Q+)+P1(91 (2¢0 + )Q+)+€1 o, 01420+
010+ 010+ o+ oy ( /3% — g_u)
1=0+
(6.74)
and hence
Z Y(o1 — (2¢y +1)o+) ) Z >
€9 = —o01R)+lot. = ——F +l.o.t. 6.75
o+ (Y + o1R) ( 01 o+ (Y + o1R) (6.75)
Since the limit of Y as u — oo changes to
2
limY=pR|1+ — |, (6.76)
u—00 o—(e1—o+) 1
o+(01—e-)
a direct calculation yields
- 201 — 2(2¢, + 1
lim B = R |~ (20 + )0, + 21 =220+ os (6.77)
Jm N ==
o+(01—0-)
It is not difficult to obtain that lim,_,. E>0if
2 2
4 (2¢, +1 0 + (4c§ —1)oto-
o> =t Cother | \/ (6.78)

2 2

and thus choosing such g; we always find u large enough such that €5 > 0. Since nothing changes
regarding the admissibility inequalities, we conclude the proof of point (i¢) of Theorem 3.6 in the
case R > 0 by the same arguments as in the case of point (i) in the case R < 0.
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6.3 The case R=0
6.3.1 Solution to algebraic equations

This case has to be treated separately since even the expression for the speeds of interfaces g, t1
(6.21)-(6.22) are considerably different. We have

1 0+U P— — P+ )

o=—=1|— + +v_+wv 6.79
2 ( 01 — 0+ o+ U " ( )
1 U _ -

ulz( hul A p++v+v+> (6.80)
2 \o1— o+ o+u

and we immediately see that since we examine the case where u > 0 we are forced to assume
01 > 04+ = o— in order to ensure pg < fi1.

The relations (6.23)-(6.29) stay the same in the case R = 0, however the expressions for
quantities X and Y simplify a little bit to

X = 04 (p- —ps) + (2c + 1010+ (p+ — p-) = 04 (p+ —p-) ((2c0 + o1 — 0+) (6.81)
v—+p5  Bt+ug
Y = — 6.82
0+(01 Q+)(v—6+ﬂ—v+) (6.82)
and consequently we have
X

and X

pl — Z - ?7 (6.84)

with Z defined as in (6.33). Finally, €5 is given by (6.37).

6.3.2 Positivity of p;,e; and &5

We claim that Lemma 6.1 holds also in the case R = 0. Indeed, it is even easier here to see that

]_ =
v — g = = < 01U o p p+> (685)
2\o01—o+ o+u
L[/ o p- p+>
—vy = = + 6.86
SR <91 — o+ 04 u (6.86)

and both expressions on the right hand sides are positive at least for u large enough.
Next, we observe that the sign of X depends on the sign of p; — p_, namely

sign X = sign (p4 — p—) (6.87)

and in particular this shows that this presented construction simply does not work in the case
0— = 0+ and p_ = p4, because in this case we end up with ¢; = 0. Also, knowing the sign of X
and having in mind the expression (6.83) for €; we see that in order to ensure £; > 0 we need to
have

signY = sign X = sign (py — p—). (6.88)

Therefore we study now the sign of Y in a similar manner as in the proof of Lemma 6.2. We
start this part by claiming that the expression (6.46) still holds and can be written as

(6.89)

v_ + +v
Y=Q1Q+< M0+M1 +)_

e R
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Using (6.79), (6.80), keeping v_ fixed and expressing vy = v_ — u we end up after a simple
calculation with

2u_ 1

oiv__ (01—04)(p——p4)? o 4 PPy
01—0+ 0105 ud o1—o+ o+u?

(6.90)

Y =4do104

We observe that in the limit ©« — co we get Y — —4p, (01 — 04) < 0. Therefore we conclude that
€1 > 0 for u large enough if we keep v_ fixed and if p_ > py.
Similarly if we keep vy fixed, express v_ = vy + u we end up instead of (6.90) with

2’U+ 1
Y =doi04 oiv _ (e1—e4)(p——p4)? + 01 _ p——b+ (6.91)
01— 0+ 0105 ud 01—0+ o+ u?

and in the limit u — oo we get Y — 404 (01 — 04) > 0. Therefore we conclude that £; > 0 for u
large enough if we keep vy fixed and if p_ < py.
Concerning the sign of p; we have similarly as in (6.54)

2 . . 2
7= v’ potpr (e o) —py)” (6.92)

4(01 — 04) 2 40104 u?

thus we see that Z > 0 and Z ~ u? as u — oo. Therefore using (6.84) we conclude p; > 0.

Remark 6.7. From the considerations above it is also clear why we do not state anything about
the case o— = o4 and p— = py in Theorem 3.6. In this case X = 0 and the only way how one
could choose €1 > 0 and satisfy (6.30) would be to have also Y = 0. However, even if p_ = p; we
observe that Y has nonzero finite limit as u — oo and hence this construction fails in this case.

We finish this section with the study of the sign of 5.

Lemma 6.8. For
p1 > (2¢, +1)oy (6.93)

and u = v_ — vy large enough it holds 5 > 0.
Proof. Recalling (6.37) we have

1 vy +801—0
€2 = [(Ql - Q+)(p1 +p+) + 201}(Q1p+ - Q+p1)] +eé1 <++ -1
010+ vy — B o4
— (14 2¢ 2¢, +1 - vy + -
_p e (F2)es  QetDoa—or ( +tBo—or 1) . (6.94)
010+ 010+ vy =B oy

We already know, that p; grows as u? as u — oo. The second term on the right hand side of

(6.94) does not depend on wu at all. Concerning the third term, we know that £; has a finite
limit as u — oo and now we are going to show that the same property holds also for the term

(MM - 1). Indeed, by a simple calculation using (6.24) we have

ve—B o4
v++ﬂ9179+71:gv++m (6.95)
v =B oy 04 Uy —
Plugging in (6.80) we obtain
oavetm o Bvptu-
0+ v+ —H1 0+ \ B4 B
dvy +u
- (—w - 1) (6.96)
+ 01— 0+ + o+u
dv_ -3
- (‘M - 1) (6.:97)
+ 01— 0+ + o+u
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If we assume v_ is fixed we see from (6.97) that the expression on the left hand side has a finite

nonzero limit as u — 0o, whereas if we assume v is fixed, we conclude the same using (6.96).

01— (1+2cv)o4
010+ :

In particular if we assume 91 > (2¢, + 1)o4, then e2 > 0 provided u is taken large enough. O

Altogether we have that the leading term in the expression (6.94) as u — oo is p;

6.3.3 Admissibility inequalities

Nothing changes in the analysis of the admissibility inequalities (6.14)—(6.15) with respect to the
case R # 0 and we can follow word by word section 6.1.3, in particular also here when we assume
R = 0 we have

pe Py
Cy 2y +1 -
o_ [

and we know that p; grows as u2, so we can choose u large enough in order to (6.98) to be satisfied.
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