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Compressible barotropic Navier-Stokes

ρt + div(ρu) = 0.

(ρu)t+div(ρu⊗ u) = −∇p +∇ · S
(1)

ρ : density
u : velocity
p : pressure, p = aργ

S : viscous stress, S = µ∇u + λdivu, µ > 0, λ ≥ 0

Finite Volume-Finite Element by T. Karper, 2013, γ > 3

E. Feireisl, R. Hošek, D. Maltese, A. Novotný, 2017
bounded numerical solution

E. Feireisl & M. Lukáčová-Medvid’ová, 2017
dissipative measure-valued solution, γ ∈ (1, 2)

R. Hosěk & BS, 2018; H. Mizerová & BS, in preparation

Our interests: Simple FD, stability and convergence
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Notations

K
L

σ
=
K
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Dσ

σ′ = K |M

M N

Elements: M
Faces: E
Dual Faces: Ẽ

ρ, p ∈ LM

u = (u1, . . . , ud) ∈ HE = (H
(1)
E , . . . ,H

(d)
E )
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Numerical scheme
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Upwind flux

divup
M(ρu)K =

1

|K |
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Fσ,K (ρ,u), divup
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1
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ρ
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Fε,σ =
1

2

{
Fσ,K (ρ, u) nε,Dσ · nσ,K + Fσ′,K (ρ, u) nε,Dσ · nσ′,K ε//σ

Fτ,K (ρ, u) + Fτ′,L(ρ, u) ε ⊥ σ

uε ≡ ui,ε =
uσ + uσ′

2

σ′′ K L

σ
=
K
|L

Dσ

Dσ′

Dε

σ
′

ε = σ|σ′

M N

dε

dσ

5 / 10 B. She FD-MAC scheme for compressible NS



Existence of num sol

Lemma 1

Let ρn−1
h ∈ LM, un−1

h ∈ HE be given; ρn−1
K > 0 for all K ∈M. Then the

numerical scheme (2) admits a solution

ρnh ∈ LM, ρ
n
K > 0 for all K ∈M,un

h ∈ HE .

Moreover, it satisfies the discrete conservation of mass∑
K∈M

∫
K

ρnK =
∑
K∈M

∫
K

ρn−1
K .
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Stability

Theorem 2 (Energy estimate)

Let (ρh,uh) be a solution of (2). Then for any n = 1, ...,N, there exist
ρn−1,n ∈ [min(ρn−1

h , ρnh),max(ρn−1
h , ρnh)] and

ρnσ ∈ [min(ρnK , ρ
n
L),max(ρnK , ρ

n
L)] for any σ = K |L ∈ E such that

1
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n
h|
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dx −
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1

2
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h |un−1

h |2
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+ µ||∇hun
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2
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+ λ||divup
Mun

h||
2
L2(Ω)

+
1
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∫
Ω
ρn−1
h |un
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h |2dx

+

∫
Ω

1

2∆t
H′′(ρn−1,n)(ρnh − ρ

n−1
h )2dx +

1

2

∑
σ∈E(i)

|σ||un
σ,K |H

′′(ρnσ)JρhK2
σ = 0

where H(ρ) = 1
γ−1

p(ρ).
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Consistency

Lemma 3

Let ρnh,u
n
h be the solution to the numerical scheme (2) and suppose

ρnh < ρ̄. Then ∫
Ω

∂thρ
n
hφdx−

∫
Ω

ρnhun
h · ∇xφdx = O(h)

∫
Ω

∂th(ρhuh)n · vdx−
∫

Ω

ρnhun
h ⊗ un

h : ∇xvdx−
∫

Ω

p(ρnh)divxvdx

+µ

∫
Ω

(∇hun
h) : ∇xvdx = O(h)
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Dissipative measure-valued solution

Definition 4 (DMVS1)

We say that a parameterized measure {νt,x}(t,x)∈(0,T )×Ω,

ν ∈ L∞weak

(
(0,T )× Ω;P

(
[0,∞)× RN

) )
is a dissipative measure-valued solution of the Navier-Stokes system in (0,T )× Ω, if
the following holds for a.a. τ ∈ (0,T ), for any ψ ∈ C1

(
(0,T )× Ω;Rd

)
[∫

Ω
〈ντ,x ; ρ〉ψ(τ, ·)dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[〈νt,x ; ρ〉∂tψ + 〈νt,x ; ρu〉 · ∇xψ]dxdt[∫
Ω
〈ντ,x ; ρu〉ψ(τ, ·)dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[〈νt,x ; ρu〉∂tψ + 〈νt,x ; ρu⊗ u + p(ρ)I〉 : ∇xψ]dxdt

−
∫ τ

0

∫
Ω
S : ∇xψdxdt,+

∫ τ

0

∫
Ω
R : ∇xψdxdt[∫

Ω
〈ντ,x ;E〉ψ(τ, ·)dx

]t=τ

t=0

+

∫ τ

0

∫
Ω
S : ∇xψdxdt +D(τ) ≤ 0,

where ∫ τ

0
‖R‖M(Ω)dt ≤

∫ τ

0
D(τ)dt

1Feireisl et.al. Dissipative measure-valued solutions to the compressible
Navier–Stokes system. Calc. Vari. Partial Differ. Equ. 2016
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Convergence

Theorem 5

Let [ρh,uh] be a family of numerical solutions obtained by the scheme (2)
with suitable initial data and suppose ρnh < ρ̄.
Then any Young measure νt,x generated by the [ρh,uh] for h→ 0
represents a dissipative measure-valued solution of NS (1).

Remark: Applying the weak-strong uniqueness (Feireisl et.al. 2016) we

conclude the convergence to the strong solution.

Thank you for your attention!
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