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pt + div(pu) = 0. (1a)
(pu); +div(pu@u) = -Vp+V-S (1b)
. density
: velocity
: pressure, p = ap”
: viscous stress, S = uVu,u >0

mnws €

Boundary condition for u
ulpo =0 or periodic (1)

Initial values
p(x,0) =po >0 (1d)

Motivation: stability and convergence



Finite Volume-Finite Element by T. Karper, 2013, v > 3

o E. Feireisl, R. Ho3ek, D. Maltese, A. Novotny, 2017
bounded numerical solution

o E. Feireisl, M. LukdZova-Medvid'ova, 2017
dissipative measure-valued solution, vy € (1,2)

Our interests: Finite Difference




Notations |

@ Elements: Q, = UK
@ Faces: £ ! ° ! o !
@ Exterior faces: Eop = 0N U E.
o Interior faces:Einy = &\ Eext 5 »
o Faces of element K: £(K)
@ Primary grid o :
] o 3 o %

density, pressure

@ Dual grid x : velocity

S(K) = {O'_K:t;es,KEQ;”S_]_,...’d}’

1
ost=K=+ Ees.
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Notations I

Between grids
1
{f}gzi(f—;{—kfl_), VU:K|L€£,‘nt.

~ 1 g%,l«l» + g%]_,
gk = 5 85,2+ + 85,2—
g3, +823

The s-th component of vector g is defined on the face o € £.

Functional spaces
We denote the space for PO functions with respect to the grid Qj by

X(Qp) = {f € L®(Q); flx = fx € R}.

The s-th component of g is constant in the neighbourhood of the edge,
not in the element K.

X(Eme)? = {g e X(E): g

fou =0}
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Discrete differential operators |

(Anf)k = % > (- ),

LEN(K)

d
1
Ahg 72 Z Bo—e, — 2g0 + go+e5)~
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Time
K o] 3 o] k
2 2 Space
Let 0 =
1,---,d.
K o] 3 (o] K
(O5f)e =
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Discrete differential operators |l

Upwind flux
Let f* =max{0,f}, f~ =min{0,f}. The upwind flux is given by

Up[ﬁu]g = fK(U(S)')+ + fL(chr)_’

Upwind discrete derivative and upwind divergence

agp[fy U]K = Up[f7 U]a‘$s+ ; Up[f7 U]U’Si )
d

divyplg, ulk = Zagp[f,u];(.
s=1

Let £ € X(),v = [V, ,v¥] € X(Eme)?, then 3 / divs[f. V] = 0.
KeQy K
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Numerical Scheme
Oppk + divyp[p", u"lk — h*(App")k =0, (22)

{0(pt1)"}5 + {divup[p"0", u"]} 5 + (5213( ") es

— p(Apun) fhaZ{a,, {a"}opp")}, =0, (2b)

for all K € Qp,0 € Ejpr and n={1,..., N}, with boundary conditions.

8 /22 B. She FD-MAC scheme for compressible NS Qyzcci;:z:cademy



Let (pn, up) satisfy the discrete density equation (2a). Then for any
B € C%(R) it holds

5 (o8B0R)+ (B'(okIok — BG6H) (din e + P ) =0, (@)

KeQy
where
A

t i n—1.1l,n n 1 (e} " *
Pu =SB (o "0k +5 D (Blusl+ ) B (57)|(0no)a
oc&(K)

Note that Pk > 0 provided B is convex.




Lemma 2 (Existence of num sol)

Let pj~t € X(Qp), up ™' € X(Eine)? be given; pic* > 0 for all K € Qp.
Then the numerical scheme (2a-2b) admits a solution

R e X(Qp), pk >0 for all K € Qp,ufl € X(Eine)“.

Moreover, is satisfies the discrete conservation of mass

> I > [t

’ Mass conservation ‘

Positivity : non-negativity + strictly positivity‘
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Positivity

Recall the renormalized continuity equation (3) with test function

—Z2)"  f
B(z):{( z) or z <0, 01+,

0 for z > 0.
B'(z)z — B(z) = 0. Z/ / — Px) <0.
Z/max{ pk,0} < 0. = pk > 0.

KeQy, KeQ,
KEQh

Choose K € Qj, such that pj < pf for all L € Q4. Then we have
P — pit = —Atdivyp[p", u"|k + Ath®(App™)

d
At _
> =03 (ks = ks, + (e, — PG + (o — Pie—e U5 )
s=1
> 7Atan(dthun)K > —Atp’,’(|(divhu")K|.
1
pl > pk > Pt >0, for any L € Qp,

— 1+ Atl(dthU”)K|
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Lemma 3 (Energy stability)

Let (pn,up) be the numerical solution obtained through the scheme
(2a-2b). For any time step m=1,--- , N the following estimate holds,

> [ (" +fppK)+szz/zz|ah )il

KeQy, n=1 KeQ, r=1 s=1

+ZN<Z/ L )]

KEQh

Zﬂ

2 l /1 n,x s n
- ac /ZE<(” R (05 e cr ).
—1
—aeS 3 [ PR = sl S [ e
h

n=1 Ke n=1 KEQy,

|Uplp", u"l|1(858")o |

/\/’4—At72

n=1TEeEjm
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Lemma 4 (Uniform bounds)

Let (pn,up) be a numerical solution obtained through the scheme
(2a)—-(2b) and let the total initial energy Ey be defined by

1 1
Eo:/*P0U2+7PP0 dx.
[ oo+ 2 plo0)

Then there exists a constant c only depend on Ey (independent of h, At),
such that
lonllLoe (v (2)) S €
lIp(on)llLe=(12()) S €
IV hunll2(2(e)) < ¢
||Uh||L2(L6(Q)) Se.
llv/Pntinl| Lo (12(0)) S €

/Pl 2= () S ch®t, 6 = 6(c, ) > 0.
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Let pf, ) be piecewise constant and piecewise affine representations,
respectively, of the solution to the numerical scheme (2a-2b). Then for
any ¢ € CY(Q) it holds that

/ R pdx — / PR -V pdx = hP / Ry, - Viodx, (4)
Q

where 3> 0 and ||R|| 10, 715/2()) S 1-

Multiply (2a) with (M7¢)k.




Lemma 6 (Consistency for momentum)

Let (pfl,uf) be piecewise constant representations of the solution to
numerical scheme (2a-2b). Then for any v € C3(2) N W29(Q),q > 1 it
holds that

/ Oh(pptip)" - vdx — / ppup @ up : Vevdx — / p(pp)divivdx
Q Q Q (5)
o [[(Th) Vv = W, ) 4 (),
Q

where rl € [1(0, T; L5755 (Q)), r2 € L}(0, T; L9()), 61,6, > 0.

Multiply momentum scheme (2b) with MNPv.
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Definition 7 (Dissipative measure-valued solution)

We say that a parameterized measure {vt x}(¢,x)e(0, T)x Q"
v E LS ((O, T) X ;P ([0, 00) X RN) ); (Vexis) = p, (Ve V) =u,

weak
is a dissipative measure-valued solution of the Navier-Stokes system in (0, T) X €, if the following
holds for a.a. T € (0, T), for any ¥ € C((0, T) x Q; Rd)

[ / <u7,x;s>w(r,-)dx] ; — [ [ (esi00h + e sw) - Voslabt + [ Va0
[/Q(VT,X; sv)(T, ')C’X] :: = /OT /Q[(Vt,x; VYOt + (Ve xSV R V) 1 Vb + (v x; p(s))]dxdt

_ /OT/93(VU) : vxwdxdt7+/0T(rM;wa)dt

1o p(s) . =T T . -
[/Q(um, 2s|v| +* P 1>w( 5 )AxLO +/0 /QS(Vu) . Vxtpdxdt + D(7) < 0,
where r¢ € L ([0, T]; M(£)). ™ e L* ([0, T]; M(£)) satisfying

KrC () )] < XDl ey (Y (1) 9)] < EEDOWlle@ys for x: & € L1(0, T).

In addition, for a.a. 7 € (0, T) it holds

/ /(UT,X; lv — u?)dxdt < cpD(7).
0 1
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Theorem 8

Let [pk, uk]N™, be a family of numerical solutions obtained by scheme (2)
withl <y < 2,6t~ h, 1 <a < 2y—1 and suppose that the initial
data satisfy  po € L°(R?), po > p >0 a.a. in R?, ug € L2(RY).

Then any Young measure {ant’xe(o’T)XQ} generated by pﬁ, uﬁ
represents a dissipative measure-valued solution of the Navier-Stokes
system (1) in the sense of Definition 7.

Applying the weak-strong uniqueness ! we conclude

Theorem 9 (Convergence)

In addition the hypotheses of Theorem 8, suppose that the Navier-Stokes
system (2) endowed with the initial data [po,ug] and periodic boundary

condition admits a regular solution [p, u] belonging to the class
P, Vxp,u, Viu € C([0, T x Q, dfu e L2(0, T; C(Q); RY)), p>0, ulpg =0. Then

pnh — p (strongly) in L7 ((0, T) x K),
up, — u (strongly) in L ((O, T)x K; Rd>
for any compact K C €.

IFeireis| et.al. Dissipative measure-valued solutions to the compressible
Navier—Stokes system. Calc. Vari. Partial Differ. Equ. 2016
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Numerical test

Q=1[0,1%pr=0.01, a=1.0,7=1.4,a=0.83.
At = CFL_—

|U|max

Cavity flow, upper boundary u = (16x3(1 — x)2,0) 7.

Table : Convergence results of cavity flow

h [Vulli22) | EOC | flull2i2) | EOC | [lpllir(ery | EOC | [lpllioo(wyy | EOC
1/16 | 6.17e01 — [ 465e-02 | - | 7.74e03 | - 4.94e-02 -
1/32 | 3.08e-01 | 1.00 | 2.32e-02 | 1.00 | 4.23e-03 | 0.87 | 3.19e-02 | 0.63
1/64 | 1.51e-01 | 1.03 | 1.12e-02 | 1.05 | 2.15e-03 | 0.97 | 1.96e-02 | 0.70
1/128 | 6.60e-02 | 1.19 | 4.75e-03 | 1.23 | 8.45e-04 | 1.35 | 9.97e-03 | 0.97

18 / 22 B. She FD-MAC scheme for compressible NS IR



| . =
o O
I '

(a) density p (b) velocity U (c) velocity V

|

19 / 22 B. She FD-MAC scheme for compressible NS IR



(a) density p
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(b) velocity U

FD-MAC scheme for compressible NS

(c) velocity V

l
i
Iv
|
|

|
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U(vaa)/) = Ur(r) * (y - 05)//’,
V(0,x,y) = u(r) (0.5 —x)/r.

where r = \/(x — 0.5)2 + (y — 0.5)2 and

2r/R if0<r<R/2,
u(r)=7{ 20-r/R) R/2<r<R,
0 if r > R,

Table : Convergence results of Gresho vortex test

h [Vulli22) | BOC | flulli2i2) | EOC | [lplliaery | EOC | [lpllioe(uy) | EOC
1/16 | 2.23e 01 — [ 78403 | - | 3.19e06 | - 6.66e-03 -
1/32 | 1.19e-01 | 091 | 4.09e-03 | 0.94 | 1.63e-06 | 0.97 | 4.27e-03 | 0.64
1/64 | 6.04e-02 | 0.97 | 2.01e-03 | 1.03 | 5.92e-07 | 1.46 | 2.27e-03 | 0.91
1/128 | 2.66e-02 | 1.18 | 8.98e-03 | 1.16 | 2.24e-07 | 1.40 | 1.17e-03 | 0.96
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Future work — A penalty method

. 1
(pu): + div(pu @ u) + glﬂsu =-Vp+V-S

1g, =

1 xe.
0 xeQf

Thank you for your attention!




