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Compressible barotropic Navier-Stokes

pt + div(pu) = 0.
(pu)i+div(pu@u) = -Vp+V-S
. density
. velocity
: pressure, p = ap”
: viscous stress, S = uVu + Adivu, p >0, A >0

mws €

Finite Volume-Finite Element by T. Karper, 2013, v > 3

o E. Feireisl, R. Ho3ek, D. Maltese, A. Novotny, 2017
bounded numerical solution

o E. Feireisl & M. Lukaova-Medvid'ova, 2017
dissipative measure-valued solution, v € (1,2)
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Our interests: Simple FD, stability and convergence
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Notations
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o Dual Faces: £
P, PELnm
u=(u,...,ug) € He = (HY, ..., H)
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Numerical scheme
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Upwind flux
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Let pz_l € La, uz_l € Hg be given; p’,’(l > 0 for all K € M. Then the

numerical scheme (2) admits a solution

Ph € Ly, pk >0 for all K € M,up, € He.

Moreover, it satisfies the discrete conservation of mass

Z/Kp’kZ Z/KP';'(I-

KeM KeM



Let (pn, up) be a solution of (2). Then for any n=1,..., N, there exist

g7 € [min(o] ", pf), max(pj ", pp)] and
pa € [min(pk, p), max(pk, p7)] for any o = K|L € & such that

Alt/ (H(ph)+ ph|uh|2) dx——/ (H(p )+1pz—1|uz—1|z> dx

+ 1l [V hufl 22 q) + Alldivie uh||L2(Q)+2At/ 1=1un — w1t Rdx

+ [ Sa o=y P+ 5 S ol ) ol = 0
oegli)

where F4(p) = 515 p(0).



Let pp,u} be the solution to the numerical scheme (2) and suppose
pp < p. Then

| disiodc— [ ot xoax=O(h)
Q Q

/8}:,(phuh)"-vdx— / ppup @ uyp vadx—/p(pZ)divxvdx
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+u/(thZ) : Vxvdx = O(h)
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Dissipative measure-valued solution

Definition 4 (DMVS?)
We say that a parameterized measure {vt x}(t x)e(0, T)xQ

veL? ((o, T) x ;P ([0, 00) x RN))

weak
is a dissipative measure-valued solution of the Navier-Stokes system in (0, T) x €, if

the following holds for a.a. 7 € (0, T), for any ¢ € C1((0, T) x Q; RY)

t=1

[/Q(Vf,x:mzb(ﬂ-)dx} Y :/OT/Q[@t,X;p)athr<ut,x;pu> - Vxtp]dxdt

} :/OT /Q[<ut,x;pU>6tw + (vt,xi pu @ u + p(p)l) : Vxp]dxdt

7/ / S : Vxipdxdt, +/ / R : Vxdxdt
0 Q 0 Q

[/Q@T,X;EW(T,-)dx] s +/0 /QS:wadxdt+D(7-) <o,

/O IRl eyt < /o D(r)dt

t=0

[ [t purtr, o]

where

IFeireis| et.al. Dissipative measure-valued solutions to the compressible
Navier—Stokes system. Calc. Vari. Partial Differ. Equ. 2016

9 /10 B. She FD-MAC scheme for compressible NS




Convergence

Theorem 5

Let [pp, up] be a family of numerical solutions obtained by the scheme (2)
with suitable initial data and suppose p} < p.

Then any Young measure v; , generated by the [pp,up] for h — 0
represents a dissipative measure-valued solution of NS (1).

Remark: Applying the weak-strong uniqueness (Feireis| et.al. 2016) we
conclude the convergence to the strong solution.

Thank you for your attention!
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