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Compressible viscous fluids

Motto:

DiE ENERGIE DER WELT IST CONSTANT;
DiE ENTROPIE DER WELT STREBT EINEM MAXIMUM ZU

Rudolph Clausius, 1822-1888



Compressible viscous fluids

— Physical background

Eulerian reference system

m x € - reference spatial position
Q C R3 - a domain occupied by the fluid

mtelCR-time

m In some cases Q = Q(t) may change in time

m The time tg = 0 is typically the ‘initial time"

Q may be bounded or unbounded, with a boundary 9Q
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— Physical background

State variables

State variables are physical quantities that characterize the system
at a given instant t. Typically, they are numerical functions of the
spatial variable x and the time t

]
MASS DENSITY

0= Q(t,X)

Jy o(t, x) dx - total mass of the fluid at instant t contained in the
volume element V C Q
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— Physical background

|
SPECIFIC INTERNAL ENERGY
e = e(t,x)

Jy(0e)(t,x) dx - internal energy of the fluid at instant t contained
in the volume element V C Q
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Physical background

Entropy

BASIC PROPERTIES OF SPECIFIC ENTROPY [CALLEN, 1985]

m specific entropy s is a function of p and e, and the absolute
temperature ¥ is defined as

os 1
—==>0
de ¢
m the entropy remains constant as long as material responds
elastically

m the entropy tends to zero as the absolute temperature tends
to zero
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— Physical background

Pressure

de(o,9) _ p  Oe(o,s) Os(e, V)

do 0 + 0s do
P, 40s(0,7)
=2 + 19769
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— Physical background

Thermodynamic functions

m p = p(p, ) - pressure
m e = ¢e(p,1) - (specific) internal energy

m s = s(p,9) - (specific) entropy

]
FUNDAMENTAL RELATION - GIBBS’ EQUATION

1
¥Ds = De + pD (g)



Compressible viscous fluids

— Time evolution - balance laws

THE BULK RELATIVE MOTION OF THE FLUID CAN CAUSE ONLY
A SMALL CHANGE IN THE STATISTICAL PROPERTIES
OF THE MOLECULAR MOTION WHEN THE CHARACTERISTIC TIME
OF THE BULK MOTION IS LONG COMPARED
WITH THE CHARACTERISTIC TIME OF THE MOLECULAR MOTION

G.K. Batchelor, 1965
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— Time evolution - balance laws

Velocity field

u = u(t,x)

| [ et 0u(e.x) -n(x) as, ae

the total amount of fluid passing through a surface S during a
time interval |

STREAMLINES

d
ax(t) = u(t, X(t)), X(0) = Xo
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Time evolution - balance laws

Balance Law

m d = d(t, x) - volumetric density
m F = F(t,x) - flux vector

m s = s(t,x) - source

/Bd(tz,x) dx—/Bd(tl,x) dx

to t2
= —/ / F(t,x) - n(x) dSx dt+/ / s(t,x) dx dt
t1 oB t1 B
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— Time evolution - balance laws

INTEGRAL FORMULATION

V = (tl,tg) x B

lim / [d(t,x); F(t,x)]-Vixpe dx dt = — Iirrb/ s(t, x)pe dx dt
4 v

e—0 e—

we € Gg°(V), 0 <. <1, ¢(x) =1 for dist[x; 0V] > ¢

m s - (signed) measure on [0, T] x Q
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Time evolution - balance laws

Alternative formulation

|
BALANCE LAW IN INTEGRAL FORM

T T
/0 /Q[d(t,x); F(t,x)] - Vexp dx dt = —/0 /Qs(t,x)go dx dt
ve g°((0, T) x Q)

BALANCE LAW IN DIFFERENTIAL FORM

Ord +divyF =5
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'—Field equations

|
MASS CONSERVATION

Oro + divy(ou) =0

BALANCE OF MOMENTUM - NEWTON’S SECOND LAW
0t(ou) + divy(ou ® u) = div,T + of
STOKES’ LAW
T=S-—pl

m T - Cauchy stress
m S - viscous stress

m f - external force
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'—Field equations

KINETIC ENERGY BALANCE

1 1
Ot <2Q\u2> + divy (<2g\u2 + p) u—=s- u)

= pdiveu —S: Viu+ of -u

INTERNAL ENERGY BALANCE

0t(0e) + divy (0eu) + diveg =S : Vyu — pdivyu

TOTAL ENERGY BALANCE

1 1
O¢ <2Q|U|2 + Q6> +divy (<2Q|u\2 +e+ p) u+q-=S- u> = of-u
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'—Field equations

ENERGETICALLY INSULATED BOUNDARY CONDITIONS, I

IMPERMEABILITY

u'n\aQ:0

NoO-sLIP

[u]tangent |8Q =0

THERMAL INSULATION

q-njpa =0




Compressible viscous fluids

'—Field equations

ENERGETICALLY INSULATED BOUNDARY CONDITIONS, II

IMPERMEABILITY

u'n\aQ:0

COMPLETE-SLIP

[S : n]tangent|89 =0

THERMAL INSULATION

q-njpa =0
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'—Field equations

ENERGETICALLY INSULATED BOUNDARY CONDITIONS, III

IMPERMEABILITY

u'n\aQ:0

COMPLETE-SLIP WITH FRICTION

ﬂutangent + [S . n]tangent|8§2 =0

THERMAL INSULATION

q-n+Bulflog =0
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'—Field equations

|
TOTAL ENERGY BALANCE

ey (1g\u\2+ge<g,ﬁ)) (t) dx= [ of -

CONSERVATIVE DRIVING FORCE

f=V.F, F=F(x)

d 1,
p— — F . pr—
dt/§2<29’u| + oe(0,9) — 0 )(t, ) dx =0
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'—Field equations

INTERNAL ENERGY AND ENTROPY
Internal energy balance

0t(0e) + divy (0eu) + diveg =S : Vyu — pdivyu
Gibbs’ equation
1
9Ds = De + pD ()
0

|
ENTROPY BALANCE

Ot(0s) + divy (osu) + divy (%) =0

ENTROPY PRODUCTION RATE

o:(z)l <S;vxuq'gxﬁ) >0

)
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Navier-Stokes-Fourier system

Navier-Stokes-Fourier system - weak formulation

Oro + divk(ou) =0
Ot(ou) + divy(ou @ u) + Vyip = div,S + oV« F

Ot(0s) + divy(osu) + divy (%) =0

qVﬁ)

UZ,;(S-VXU

d
/( olul? + ge g,ﬁ)—gF) ;) dx =0
at Jo
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— Navier-Stokes-Fourier system

WEAK + REGULARITY = STRONG

1 _ q- V0
0—79<S.qu— 9 )

as soon as

|
0<o<o(t,x) <o, 0<d<I(t,x) <9I

|

lu(t,x)| < U
|

Vo € L%((0,T) x Q; R®)
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Navier-Stokes-Fourier system

Constitutive equations

]
NEWTON’S RHEOLOGICAL LAW

2
S=p (qu + Viu— 3divxu> + ndiv,ul

p>0,1n=>0

FOURIER’S LAW

q=—rVy?

k>0
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Mathematical issues

Well posedness

Jacques Hadamard, 1865 - 1963

m Existence. Given problem is solvable for any choice of
(admissible) data
m Uniqueness. Solutions are uniquely determined by the data

m Stability. Solutions depend continuously on the data
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— Mathematical issues

Jacques-Luis Lions, 1928 - 2001

m Approximations. Given problem admits an approximation
scheme that is solvable analytically and, possibly,
numerically

m Uniform bounds. Approximate solutions possesses uniform
bounds depending solely on the data

m Stability. The family of approximate solutions admits a
limit representing a (generalized) solution of the given
problem
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— Mathematical issues

m A priori bounds. Natural bounds imposed on exact
solutions by the data

m (Weak) sequential stability. Closedness of the family of
solutions bounded by a priori bounds in the framework of
weak formulation.

m Consistency. Qualitative properties of solutions coincide
with the expected ones.
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— A priori bounds, static states, thermodynamic stability

Equilibria - static states

Ustatic = 07 'ﬂstatic - E > 07 Ostatic = é(X)

V.p(5,0) = 5VF in Q

IiminfM

min 90 >Oforany19>O:>igf§>0

F— P(5.9) + const, 20@:¥) _ 19p(0,V)
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— A priori bounds, static states, thermodynamic stability

THERMODYNAMIC STABILITY HYPOTHESIS

m Positive compressibility:

op(o,1)
do

m Positive specific heat at constant volume:

>0

oe(p, V)

09 >0
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— A priori bounds, static states, thermodynamic stability

Helmholtz function-ballistic free energy

H(o,9) = ce(o,9) — Jos(o, )

&*H(o,9) _ 19p(e,9)

07 o oo 0
m 0 +— H(o,7) is strictly convex
OH(0,9) o0,, = 0e(0,9)
a0y

m ¥ — H(p, ") attains its strict local minimum at
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— A priori bounds, static states, thermodynamic stability

COERCIVITY OF HELMHOLTZ FUNCTION

Hio0) - PHED (5 s )

> c(B)(lo— a2 + 9 — )
provided p, 9 belong to a compact interval B C (0, c0)

> <(B)(1+ oe(o. 9) + els(e, 1))

otherwise

as soon as g, J belong to int[B]



Compressible viscous fluids

— A priori bounds, static states, thermodynamic stability

COROLLARY: PRINCIPLE OF MAXIMAL ENTROPY

0, 1 static state = 8"-/(&)@’19) = F + const =
o
OH(3,9 . L
/ (H(Q,ﬁ) - (gg)(g —0)— H(&, 19)) dx =
Q 0

| (et ) — oF — re(z. )+ &F) ~ Dus(o. ) + 9s(2.9)) ax

as soon as

/ng:/édx
Q Q
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— A priori bounds, static states, thermodynamic stability

Principle of maximal entropy - conclusion

m Given the total mass and energy, there is a unique static state
0,9

m The static state §, J maximizes the entropy among all
admissible states g, ¥ with the same total mass and energy
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A priori bounds, static states, thermodynamic stability

Total dissipation balance

4L up LOH@D) o s
dt/§2<29\u! + H(o,9) D0 (0—0) H(g,ﬁ)) dx
+19/de:0
Q
-

2
o> %‘qu + Vi divxu]I‘ + %|VX19|2

3
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— A priori bounds, static states, thermodynamic stability

TECHNICAL HYPOTHESES IMPOSED ON CONSTITUTIVE RELATIONS

What is needed...

m integrability of all quantities in the weak formulation -
hypotheses of coercivity imposed on thermodynamic
functions p, e, s

m bounds on the spatial gradients of u, ¥ - the transport
coefficients i, x depend on the temperature

m compactness of the temperature field on the “vacuum’
zones - introducing radiation pressure
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A priori bounds, static states, thermodynamic stability

Thermodynamic functions

|
Monoatomic gas:

p= %ge = p= 195/2P(193/2>

Third Law:
P(Z) = 253 for Z — >

Radiation pressure:

+ 294

p(0,9) = 195/2P(193/2) :
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A priori bounds, static states, thermodynamic stability

Pressure-Energy-Entropy

]
Pressure:

_ 5/2 4 94
plo.9) = ple,¥) = /2P (5375 ) + 30",

Internal energy:

3, (0932 0 4
(0, 0) = 50 (g) P (&3/2) +29

Entropy:
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A priori bounds, static states, thermodynamic stability

Transport coefficients

|
Shear viscosity:

0 < p(l+9% <pu@) <wp(l+9%), 1/2<a<1

Bulk viscosity:

0 <n(d) <n(l+9%)

Heat conductivity:

0 < ®(1+9) < r(¥) <R +93)
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A priori bounds, static states, thermodynamic stability

A priori bounds

UNIFORM-IN-TIME LP—BOUNDS:
Jou € L0, T; L3(Q; R?))

o€ L0, T; L53(Q))
¥ € L0, T; L*(Q))
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— A priori bounds, static states, thermodynamic stability

GRADIENT BOUNDS:

ue 20, T; WH(Q; RY), g=

5—«
¥ € L2(0, T; WH3(Q))
log(¥) € L>(0, T; WH*(Q))

PRESSURE BOUNDS:

p(0,9)0° € L1((0, T) x Q) for a certain 3> 0
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Weak sequential stability

Weak sequential stability

0- — 0 weakly-(*) in L>°(0, T; L5/3(Q))

¥ — ¥ weakly-(*) in L>°(0, T; L*(Q))
and weakly in L%(0, T; W12(Q))

u. — u weakly in L2(0, T; WH9(Q; R3))
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Div-CURL LEMMA [F.Murat, L.Tartar, 1975]

Lemma

Let
v. — v weakly in LP,
w. — w weakly in L9,
with
1 1 1
S4-=<1.
p q r

Let, moreover,

div|v.], curllw.] be precompact in W~1*

Then
Ve - W: — V-w weakly in L.
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—Weak sequential stability

WEAK SEQUENTIAL STABILITY OF CONVECTIVE TERMS

v€ - [QE?QEUEL W€ — [Ué,0,0,0], I: 17273
Aubin-Lions argument (Div-Curl lemma) =
ou = gu

ouR@u=opuRu

0s(0,9)9 = o0s(0, )9
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—Weak sequential stability

POINTWISE CONVERGENCE OF TEMPERATURE, I

GOAL: Use monotonicity of s(g,?) in 9
to show

T
/ /Q (Q&S(Q&Wﬁ&) - QaS(Qa719)) (195 - 7.9) dX dt — 0
0
=
[0 = |a — 0O

STEP 1: Aubin-Lions argument (Div-Curl lemma) =

-
/ / 0:5(0s, <) (¥ — ) dx dt — 0
0 Q
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—Weak sequential stability

POINTWISE CONVERGENCE OF TEMPERATURE, II

STEP 2: Renormalized equation of continuity [DiPerna and P.-L.
Lions, 1989]

B:b(0) + divx(b(o)u) + (b’(g)g _ b(g))divxu —0

STEP 3: Aubin-Lions argument (Div-Curl lemma):
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—Weak sequential stability

FUNDAMENTAL THEOREM ON YOUNG MEASURES
[J.M Ball 1989, P.Pedregal 1997]

Theorem

Letv. : Q ¢ RN — RM bpe a sequence of vector fields bounded in
LY(Q; RM).
Then there exists a subsequence (not relabeled) and a family of
probability measures {vy},cq on RM such that:
For any Carathéodory function ® = &(y, Z), yinQ, Z € RM such
that

(-, v.) — & weakly in L}(Q)

we have

d(y) = /R’V’ d(y,Z) dvy(Z) fora.a. y € Q.
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—Weak sequential stability

POINTWISE CONVERGENCE OF TEMPERATURE, III
STEP 4: Since we already know from STEP 3 that

v]o:Ue] = vlo:] @ v[V],

Fundamental theorem yields the desired conclusion

-
/ / 0e5(0e, V) (Ve —¥) dx dt — 0
0 Q

POINTWISE CONVERGENCE OF TEMPERATURE

Ye — ¥ aa. on (0, T)xQ
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—Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY,I

STEP 1: Renormalized equation of continuity:

O¢(0log(p)) + divk(olog(o)u) + odiviu =0

Ot(olog(o)) + divk(olog(o)u) + odiveu =0

i/ﬁ (Qng(Q)— @Iog(@)> dx = —/Q (M— @diVXU) dx
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—Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY,II

STEP 2: Effective viscous pressure [P.-L.Lions, 1998]

p(o,9)b(0) — p(o, V) b(o) = [R : S]b(e) — [R : S]b(0)

where

Rij= c’)X[A‘lE)Xj

R:5=R 6 (3u(d) +n(9))diva+ (Sa(0) + n(9))divs
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—Weak sequential stability

COMMUTATOR LEMMA[in the spirit of Coifman and Meyer]

Let w € WLr(RN), V € LP(RN; RN) be given, where

1 1 1
l<r<N, 1<p<oo, —+-——<1.
r p N

The for any s satisfying
1

—|—1 1<1<1
r p N s

there exists 3 > 0 such that

IRIWV] = wRIV]llws.s(rv gry < cllw]lwrr||V]|Le-
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—Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY,III

STEP 3: Effective viscous pressure revisited:

0 < p(o,9)e — p(o,9)o = (gu(ﬁ) +n(?)) (Qdivxu - @divXU>

yielding

olog(o) = olog(o)
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—Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY - GENERAL CASE, 1

STEP 1: Renormalized equation of continuity:

Or(oLk(0)) + divx(oLk(0)u) + Tk(e)divxu =0

Or(oLk(0)) + divx(oLk(0)u) + Tk(e)diviu =0

Tk(0) = min{p, k}
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—Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY - GENERAL CASE, II

;t (QLk(Q) oLk (o )> dX:/Q<Tk( Ydiveu— Ty (o )dlvxu> dx
+ /Q (Wdivxu —W> dx

STEP 2: Effective viscous flux revisited:

p(o,9) Tk(0) — p(o, V) Tk(o)

= (G(9) + () (Tel0)dv . — Telo)divu)

yielding
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—Weak sequential stability

OSCILLATIONS DEFECT MEASURE

.
sup [limsup/ / Te(02) — Te(o)| dx dt| < oo
0 Q

k>1 e—0

g=5/3+1=8/3
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—Weak sequential stability

Boundedness of oscillations defect measure guarantees:

m The limit functions g, u satisfy the renormalized equation
of continuity

/ (Tk(g)divxu - Tk(g)divxu) dx — 0 for k — oo
Q
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—Weak sequential stability

CONCLUSION - POINTWISE CONVERGENCE OF DENSITY

olog(o) = Jim_ oLk(0) = Jim oL(0) = olog(o)

0e —o0aa.on(0,T)xQ
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Long-time behavior

Conservative driving forces

Long-time behavior

CONSERVATIVE DRIVING FORCES

f=V.F, F=F(x)

CONSERVED QUANTITIES

M = / o dx
Q
Total energy:

1
E = / <2g|u\2 + oe(o,¥) — QF) dx
Q

Total mass:
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— Long-time behavior

Conservative driving forces

STEP 1: Boundedness of total energy = boundedness of total
entropy:

sm:Awmm@qwg%

STEP 2: Boundedness of total entropy = finite integral of the
dissipation rate:

G ty_ 2di
/0 /Q<219’VXU+VXU 3d1VXI.I

< 0[(0,00) x Q] dt < o0

STEP 3: The velocity field u as well as the temperature gradient
vanish in the asymptotic limit t — oo = any solution tends to a
uniquely determined static state

@:@(X), @>O

2
K
+WWMﬂdmh
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— Long-time behavior

Conservative driving forces

STEP 4: Total dissipation balance:

OH(p,9)
do

+‘ﬁ/adx:0
Q

1 OH(p, v _
/ (*Q|U|2+H(Qaﬁ)*7(g’ %Q*@)*H(@,ﬁ)) dx > 0ast — oo
o \2 0o

d

1 2
— z H(o.9) —
it |- (GelP + He. )

(e—8)— H(z.9)) dx
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— Long-time behavior

Conservative driving forces

CONCLUSION:
LONG-TIME BEHAVIOR FOR CONSERVATIVE DRIVING FORCES

f=V.F, F=F(x)

o(t,”) — din L>3(Q) as t — oo
I(t,") — Jin [*(Q) as t — oo

(ou)(t,") — 0in L}(Q;R%) as t — oo
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Long-time behavior

Conservative driving forces

Attractors
1
/Q(t,-) dx > M, t>0

Q
1
/ <2@\u2 + oe(o,¥) — QF) (t,)dx < E, t >0
Q

/ 0s(o,9)(t,-) dx > Sp, t >0
Q

||Q(t7 ) - §||1_5/3(Q) < e fort> T(E)
||19(t7 ) _@||L4(Q) < e fort> T(€)

lou(t, )l 1(o:r3) < € for t > T(e)
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— Long-time behavior

Conservative driving forces

UNIFORM DECAY OF DENSITY OSCILLATIONS

d(t) = | (2oele) - olog(o)) z.") dx

Ord(t) +W(d(t)) <0
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— Long-time behavior

Non-conservative driving forces

GENERAL TIME-DEPENDENT DRIVING FORCES
F=f(t.x), [f(t.x)| < F

|
EITHER

)= [ (§Q|u|2 ¥ ge(g,ﬁ)) (t,2) dx — o0 as t — o

OR

|E(t)] < E fora.a. t>0
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— Long-time behavior

Non-conservative driving forces

In the case E(t) < E, each sequence of times 7, — oo contains
a subsequence such that

f(7n + -, ) — V< F weakly-(*) in L*°((0,1) x Q),

where F = F(x) may depend on {7,}
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— Long-time behavior

Non-conservative driving forces

STEP 1: Assume that E(7,) < E for certain 7, — oo = total
entropy remains bounded =- integral of entropy production
bounded

STEP 2: For 7, — oo we have V,p(p,9) =~ of, ¥ =~ 1J, meaning,
f~V,F

STEP 3: The energy cannot “oscillate” since bounded entropy
static solutions have bounded total energy



Compressible viscous fluids

— Long-time behavior

Non-conservative driving forces

COROLLARIES:
|
f=f(x)# ViF
=
E(t) - o0
m

f = f(t, x) (almost) periodic in time, f # V. F, F = F(x)

=
E(t) — o0
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— Long-time behavior

Non-conservative driving forces

RAPIDLY OSCILLATING DRIVING FORCES

f = w(t?)w(x),w € W(Q; R3), 5> 2
/T w(t) dt
0

(ou)(t,-) — 0in L*(Q;R3) as t — oo
o(t,”) — 2in L3(Q) as t — oo
I(t,") —Jin [*(Q) as t — oo

w € L*(R), sup
7>0

< 00
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—Singular limits

Motto:

HOWEVER BEAUTIFUL THE STRATEGY,
YOU SHOULD OCCASIONALLY LOOK AT THE RESULTS

Sir Winston Churchill, 1874-1965
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EScaling and scaled equations

Singular limits

X
X =~
Xchar
Mach number Ma = |u|¢
v/ Pehar/ Ochar
|ul

char

\/‘X‘char/‘VXF‘Char

Froude number Fr =

Incompressibility: Ma ~ ¢ — 0

Stratification: Fr ~ ¢*/2 — 0
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EScaling and scaled equations

Scaled Navier-Stokes-Fourier system:

Sr 0:0 + divk(ou) =0

1 1 1
SI' at(gu) + diVX(QU & l.l) + @vxp = gdlvxg + ﬁQVXF
Sr 0:(0s) + divy(esu) + d1vX ( )
Sl (Ma? o i - Vo
=9\ Re T VM TP W

d Ma? Ma?
— — ——oF) =0
3 | (Mol + 0o = 3o )

u-nlpo =q-nlpo =0, [Snjn =0
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_

caling and scaled equations

CHARACTERISTIC NUMBERS:

B SYMBOL B DEFINITION B NAME
Sr length,.¢/(time,crvelocity,qr) Strouhal number
Ma velocity,qs/ v/pressure, ¢ /density o Mach number
Re density velocity olength, ¢ /viscosity,.; Reynolds number
Fr velocity e/ \/ length ¢force et Froude number
Pe pressure,length cvelocity,.;

/(temperature,sheat conductivity,.) Péclet number
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EScaling and scaled equations

Low MACH NUMBER LIMIT - WEAK STRATIFICATION

Ma =¢, Fr = /e

STRATEGY:
Existence theory for the primitive Navier-Stokes-Fourier
system
Uniform bounds independent of the singular parameter
Passage to the limit - analysis of acoustic waves

Identification of the limit system
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EScaling and scaled equations

SCALED NAVIER-STOKES-FOURIER SYSTEM

Ot + dive(ou) =01in (0, T) x Q

u-n\aQ:0

1 1
8t(gu)+divx(gu®u)+E—zvxp(g,19) = divXS—kggVXF in (0, T)xQ

[Sn] X njpqg =0

Ot(0s(0,9)) + divk(os(o, ?)u) + divy (%) =oin(0,T)xQ

i
de
o>

q-njpo =0

Q|U|2 + oe(o, ) — ng) dx =0

(28 V,u q-vx19>20

SRR ST

v
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EScaling and scaled equations

TOTAL DISSIPATION BALANCE

i <;gur2 + 5 (H(0,9) — 0,H(3:, D)o~ 5:) - H(M))) () dx

E T
+2//dedt:
& Jo Ja

/Q (;QO\UO\Z + Eiz (H(00,90) — 0pH(8z,9)(00 — =) — H(éﬁ’ﬁ») dx

V,p(6.,7) = 6.V F, /Q 5. dx = /Q 00 dx, 5.~ D



Compressible viscous fluids

EScaling and scaled equations

ILL-PREPARED INITIAL DATA

00 ~ 0+ 0§, {052}es0 bounded in L} N L¥(Q), / () dx =0

9o ~ 0 + 0, {0{)}.=0 bounded in L1 M L(Q), / 98 dx =0
b b Q b

Up ~ Ug ., {ugc}eso bounded in L2(Q; R3)



Compressible viscous fluids

T —

Uniform bounds

UNIFORM BOUNDS

{Q‘E; Q} bounded in L>(0, T; L?> @ L9(RQ)), q < 2
e>0

9. — 0
{ 58 } bounded in L°(0, T; 2@ LI(Q)), g <2
e>0

{gg\u5|2}8>0 bounded in L>(0, T; L1(Q))

Ie in Mt Q
{52 }DO bounded in M™([0, T] x Q)

{Vu.}.., bounded in L2((0, T) x Q; R**3)

{V“?E} bounded in L?((0, T) x Q; R®)
€ e>0



Compressible viscous fluids

T —

Uniform bounds

CONVERGENCE

|
0 = 0in L0, T; * & L9(Q))
e — 0 in L0, T; L2 @ LI(Q))
u. — U weakly in L2(0, T; WH3(Q; R?))

Je — 0
£

— © weakly in L2(0, T; WH2(Q))



Compressible viscous fluids

T —

Target system

Oberbeck-Boussinesq system

div,U=0

@(atu +dive(U® U)) VN = divyeS + rVxF in (0, T) x ©

U-n|so =0, [Sn] X njgpg =0

¢ (8t@+divx(@U)> —divy(GU) —dive(kVx®) = 0in (0, T) x

G:ﬁF, VX@'H‘QQZO

r+a0© =0, a>0



Compressible viscous fluids

T —

Target system

AVAILABLE RESULTS
e Barotropic Navier-Stokes system - weak solutions, large
time interval
P.-L.Lions, N. Masmoudi, J. Math. Pures Appl., 1998
B. Desjardins, E. Grenier, P.-L. Lions, N. Masmoudi, J. Math.
Pures Appl., 1999
B. Desjardins, E. Grenier, Royal Soc. London, 1999

¢ Navier-Stokes-Fourier system, strong solutions, short time
interval

T. Alazard, Arch. Rational Mech. Anal., SIAM J. Math. Anal.,
2006



Compressible viscous fluids

T —

Acoustic waves

LIGHTHILL'S ACOUSTIC EQUATION (F = 0)

£0;Z. + div, V. = ediv,F}
A
OV, + WV, Z = & (diveF? + VP2 + - V,5. )
EW

V. -nlp =0

—7 A 9.) —s(3,0
7= Q+Q€(5(Qa <) —s(e,9)
S w g

A
> +—2., V.= pcu,
Ew

<X >=<0g o] >

Ie](t,x) = /0 ©(z,x) dz for any ¢ € L}(0, T; C(Q))



Compressible viscous fluids

T —

Acoustic waves

HELMHOLTZ DECOMPOSITION:

V. =w + V&, dive(w:) =0, w.-njpo =0

WAVE EQUATION:
|

€0 Z. + D ®. =Gl in (0, T) x Q
€0:®. + wZ. =eF?in (0, T) x Q

Vi®: -njspa =0



Compressible viscous fluids

T —

Acoustic waves

Abstract wave equation:

edir. — A[®.] = eh!
€0:®: +r: = ehg

Alv] = —wAyv, Viv-n|pg =0

A is a non-negative self-adjoint operator on the Hilbert space L?(Q)

h, h? € L%(0, T; D(G(A)))

gr’e



Compressible viscous fluids

Duhamel’s formula

Duhamel’s formula:




Compressible viscous fluids

— Local decay of acoustic energy

Local (weak) decay of acoustic energy:

{t — / o (t, ) dx} —0in 20, T)ase —0
Q

(/OT ‘<exp (lﬂg) [Vl ('0>‘2 dt> " < w(e, ‘P)HWHB(Q)

for any W € [%(Q),

w(e, ) — 0 as e — 0 for any fixed ¢,



Compressible viscous fluids

— Local decay of acoustic energy

UNIFORM DECAY:

<exp (—mt - ) [Ga(S)]730>

3

(e (VA=) 16610

€

2
ds dt

A
s

§w2(g,g0)/OTHexp (i\/ﬁg) i6.s)|°

L2(Q)

2
dt ds

ds

T
= wz(s,cp)/o HGE(S)||%2(Q) ds.



Compressible viscous fluids

— Local decay of acoustic energy

Reformulation via spectral measures:

|
<exp (1\/Z£> V], (p> = /OOO exp (1\5\2) U(A) dus(N)

where 1, is the spectral measure associated to the function ¢

Ve 12(Q;dpy), H\TJHwa(Q) < V| 2(0)-



Decay via RAGE theorem:

/ ‘ exp [\Il] <p dt

///exP (Vx - \f W(x) U(y) dpp(x) dup(y) dt

<e/ / (/ exp (—(t/T)? exp(l(\/;(—\fy)g) dt)x

<B(F) dpis(x) dao(y)
<ervi [ [0 T e (-5 aa) dnst)



Compressible viscous fluids

— Local decay of acoustic energy

Cauchy-Swartz inequality:

/ exw (VAL 1.6)| e < w2e 0 W1y

e =2 [ [T oo (-TIIE) due) aut)



Compressible viscous fluids

Local decay of acoustic energy

Decay via Kato's theorem

[Kato, 1965]

Theorem

Let C be a closed densely defined linear operator and H a
self-adjoint densely defined linear operator in a Hilbert space X.
For A ¢ R, let Ry[\] = (H — M\Id)~! denote the resolvent of H.
Suppose that

M= sup IIC o Ry[A] o C*[v]||x < oo.
AER, veD(C*), ||lv|lx=1

Then

o
sup 7T/ || C exp(—itH)[w]||% dt < 2.
weX, wllx=1 2 J-oc



Compressible viscous fluids

— Local decay of acoustic energy

Reformulation of the problem:

([ (e (vAL) 1. ctal)| dt)1/2 < (e, 6,9) ¥l

v e CR(Q), Ge g0,00), 0<G<1



Compressible viscous fluids

— Local decay of acoustic energy

/oT ‘<eXp (i\/%) [V, G(A)[90]>‘2 dt

<oy [T1veor ([T oo (<P i) »

9

x G2(x) dpp(x)



Compressible viscous fluids

— Local decay of acoustic energy

/OOO exp (—WT) dpp(y)

€
2 2
= / exp (_|f 2\f| 4) dpe(y)
n—0 Y en<|y/y—v/x|<e(n+1) €

1dpy(y Zexp < 2)

o0

< sup/
n=>0 Jen<|\/y—v/x|<e(n+1)



Compressible viscous fluids

— Local decay of acoustic energy

Stone’s formula:

fip(a, b)

b—§ 1 1
= lim | . dA
5L%“+nir8+/a+5 <<A)\in AA+177)90’90>




Compressible viscous fluids

Local decay of acoustic energy

Limiting absorption principle:
e
( Operators
Vo(A-A+in)toV: [3(Q) — L3(Q),

VIV = (1+ x[2)~5/2, s > 1

are bounded uniformly for A € [a, b], 0 < a < b, n > 0,

poll] < c(6)|1] for any compact interval | C (4,1/6), 6 >0



