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Asymptotic properties of fluid systems

DiE ENERGIE DER WELT IST CONSTANT;
DIE ENTROPIE DER WELT STREBT EINEM MAXIMUM ZU

Rudolph Clausius, 1822-1888



Asymptotic properties of fluid systems
LPhysical background

PHYSICAL SPACE

m Q C R3 - bounded regular (Lipschitz) domain
x € Q) - reference spatial position

mtel/=[0,T) T<oo-time
STATE VARIABLES

m o0 = o(t, x) - mass density

m ¥ = J(t, x) - (absolute) temperature

m u = u(t, x) - velocity field
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LPhysical background

THERMODYNAMIC FUNCTIONS

m p = p(o,?) - pressure
m e = e(p, V) - (specific) internal energy

m s = s(p, ) - (specific) entropy

FUNDAMENTAL RELATION - GIBBS’ EQUATION

De = 9¥Ds — pD <2;>
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LTime evolution - balance laws

THE BULK RELATIVE MOTION OF THE FLUID CAN CAUSE ONLY
A SMALL CHANGE IN THE STATISTICAL PROPERTIES
OF THE MOLECULAR MOTION WHEN THE CHARACTERISTIC TIME
OF THE BULK MOTION IS LONG COMPARED
WITH THE CHARACTERISTIC TIME OF THE MOLECULAR MOTION

G.K. Batchelor, 1965
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LTime evolution - balance laws

Balance Law

m d = d(t, x) - volumetric density
m F = F(t,x) - flux vector

m s = s(t, x) - source

/Bd(t2,X) dx/ d(t1, x) dx

B
tr t2
= —/ / F(t,x)-n(x) dSx dt+/ / s(t,x) dx dt
t1 oB t1 B
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LTime evolution - balance laws

INTEGRAL FORMULATION

V = (tl,tz) x B

Iim/[d(t,x);F(t,x)]-Vt,XgoE dxdt = — IimO/ s(t, x)pe dx dt
v v

e—0 e—

ve € G5°(V), 0 <. <1, ¢(x) =1 for dist[x; 90Q] > &

m s - (signed) measure on [0, T] x Q
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LTime evolution - balance laws

ALTERNATIVE FORMULATION

/OT/Q[d(t,x); F(t,x)] - Vixp dx dt = /OT/QS(t’X)‘p dx dt

ve G0, T) x Q)

BALANCE LAW IN DIFFERENTIAL FORM

8td + diVXF =S
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L Field equations

MASS CONSERVATION

Oro + divk(ou) =0

BALANCE OF MOMENTUM - NEWTON’S SECOND LAW

Ot(ou) + divy(ou ® u) = div,T + of

STOKES’ LAW
T=S-—pl

m T - Cauchy stress
m S - viscous stress
m f - external force
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L Field equations

KINETIC ENERGY BALANCE

1 1
Ot (29\u2> + divy <<2g\u2 + p> u-S- u)

= pdiveu —S: Viu+ of -u

INTERNAL ENERGY BALANCE

Ot(0e) + divy (0eu) + divyq =S : Vu — pdivyu

TOTAL ENERGY BALANCE

1 1
O¢ <2Q|u|2 + Qe> +divy (<2g|u|2 +e+ p> u+q-S- u> = of-u
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L Field equations

ENERGETICALLY INSULATED BOUNDARY CONDITIONS, I

IMPERMEABILITY

u-n‘agzo

NoO-sLIP

[u]tangent |BQ =0

THERMAL INSULATION

q-njpn =0
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L Field equations

ENERGETICALLY INSULATED BOUNDARY CONDITIONS, II

IMPERMEABILITY

u-n‘agzo

COMPLETE-SLIP

[S . n]tangent|89 =0

THERMAL INSULATION

q-njpn =0
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L Field equations

TOTAL ENERGY BALANCE
d 1 5
— ~olul® + oe(0,) | (t,-) dx = [ of -u dx

CONSERVATIVE DRIVING FORCE

f=V.F, F=F(x)

d 1 B
5 - (el + ce(o0) — oF ) (29 ax =0
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L Field equations

INTERNAL ENERGY AND ENTROPY
Internal energy balance

Ot(0e) + divy (peu) + diveq = S : Vyu — pdiv,u
Gibbs’ equation

¥Ds = De + pD (1>
0

ENTROPY BALANCE

0t(ps) + divy (osu) + divy (%) =0

ENTROPY PRODUCTION RATE

a:(>)1<S:VXu—q'ZXQ9>ZO
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L Navier-Stokes-Fourier system

NAVIER-STOKES-FOURIER SYSTEM - WEAK FORMULATION

Oro + divk(ou) =0
Ot(ou) + divy(ou @ u) + Vip = divyS + oV F

0t(0s) + divy(psu) + divy (%) =0

qg- VX79>

1
> — :Vyu —
0_79<S Vxu 3

d 1, .
J— J— F . p—
dt/Q<QQIU\ + oe(0,9) — oF | (t,-) dx =10
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L Navier-Stokes-Fourier system
WEAK + REGULARITY = STRONG

1 -V
U:(S:qu—qv >

0 I
as soon as
|
0<o<o(t,x) <o, 0<9<I(t,x) <V
|
lu(t,x)| < U
|

Vo € L*((0, T) x Q; R®)
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L Navier-Stokes-Fourier system

CONSTITUTIVE EQUATIONS

NEWTON’S RHEOLOGICAL LAW
" 2 . .
S=pl|Vxu+Viou— gdlvxu + ndiv,ul

p>0,1n=>0

FOURIER’S LAW

q=—rV,0

k>0
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L Mathematical issues

Well posedness

Jacques Hadamard, 1865 - 1963

m Existence. Given problem is solvable for any choice of
(admissible) data
m Uniqueness. Solutions are uniquely determined by the data

m Stability. Solutions depend continuously on the data
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L Mathematical issues

Jacques-Luis Lions, 1928 - 2001

m Approximations. Given problem admits an approximation
scheme that is solvable analytically and, possibly,
numerically

m Uniform bounds. Approximate solutions possesses uniform
bounds depending solely on the data

m Stability. The family of approximate solutions admits a
limit representing a (generalized) solution of the given
problem
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L Mathematical issues

m A priori bounds. Natural bounds imposed on exact
solutions by the data

m (Weak) sequential stability. Closedness of the family of
solutions bounded by a priori bounds in the framework of
weak formulation.

m Consistency. Qualitative properties of solutions coincide
with the expected ones.
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La priori bounds, static states, thermodynamic stability

EQUILIBRIA - STATIC STATES

Ustatic = 0, Ustatic = 9> 0, Ostatic = @(X)

Vxp(8,9) = §VF in Q

IiminfM>Oforanyz9>O = infg>0
0—0 8@ Q

F = P(3.9) + const, 20@:¥) _ 19p(0,V)
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La priori bounds, static states, thermodynamic stability

THERMODYNAMIC STABILITY HYPOTHESIS

m Positive compressibility:

ap(o, V)
do
m Positive specific heat at constant volume:

>0

Oe(p, V)

0
09
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La priori bounds, static states, thermodynamic stability

HELMHOLTZ FUNCTION

H(o,9) = oe(0,9) — Vos(0,9)

&H(o,9) _ 19p(e,9)

07 o oo
m o +— H(p,) is strictly convex
OH(0,9) o0,, = 0e(0,9)
a0y

m ) — H(p, 1) attains its strict local minimum at
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La priori bounds, static states, thermodynamic stability

COERCIVITY OF HELMHOLTZ FUNCTION

Ho.9)— &N (5 k(. 9)

> c(B)(lo - o> + 19 — 9
provided o, belong to a compact interval B C (0, o0)

> C(B)(l + oe(0,7) + o|s(o, 79)‘)

otherwise

as soon as g, ¥ belong to int[B]
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La priori bounds, static states, thermodynamic stability

COROLLARY: PRINCIPLE OF MAXIMAL ENTROPY

0, U static state = 8!—/{(999,19) = F + const =
OH(5,0 . L=
/ (H(Q,ﬂ) - ég)(g —0) — H(®, 19)) dx =
Q 0

| ((cete. ) — oF — 5e(2.)+ 2F) ~ Dos(o. 9) + 55(2.7)) dx

as soon as

/dez/édx
Q Q
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La priori bounds, static states, thermodynamic stability

PRINCIPLE OF MAXIMAL ENTROPY - CONCLUSION

m Given the total mass and energy, there is a unique static

state g, ¥

m The static state §, J maximizes the entropy among all
admissible states p, ¥ with the same total mass and energy
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La priori bounds, static states, thermodynamic stability

TOTAL DISSIPATION BALANCE

d 15 OH(5,9), . o
dt/ﬂ(2glu| + H(o,v) — Do (g—g)-/—/@ﬁ)) dx
+19/UdX:O

Q

2 t 2 . 2 K 2
o> E‘VXU + Viu— gdlvxu]l‘ + @‘inﬂ
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La priori bounds, static states, thermodynamic stability

TECHNICAL HYPOTHESES IMPOSED ON CONSTITUTIVE RELATIONS

What is needed...

m integrability of all quantities in the weak formulation -
hypotheses of coercivity imposed on thermodynamic
functions p, e, s

m bounds on the spatial gradients of u, 9 - the transport
coefficients 1, x depend on the temperature

m compactness of the temperature field on the “vacuum”
zones - introducing radiation pressure
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La priori bounds, static states, thermodynamic stability

THERMODYNAMIC FUNCTIONS
Monoatomic gas:

p= %Qe = p= 195/2P<193/2>

Third Law:
P(Z)~ Z%3 for Z —

Radiation pressure:

+ 29

p(0,9) = 195/2P(Q93/2) :
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La priori bounds, static states, thermodynamic stability

PRESSURE-ENERGY-ENTROPY

Pressure:

_ 5/2 a 94

Internal energy:

3 (032 o 4

Entropy:
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La priori bounds, static states, thermodynamic stability

TRANSPORT COEFFICIENTS

Shear viscosity:

0 < p(l+9%) <pu@) <p(l+9%), 1/2<a<1

Bulk viscosity:

0 <n(¥) <n(1+9%)

Heat conductivity:

0 < ®(1+ %) < w(¥) <R+ %)
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LA priori bounds, static states, thermodynamic stability

A priori bounds

UNIFORM-IN-TIME LP—BOUNDS:
Vou € L=(0, T; L*(Q; R?))
0€ L0, T; L53(Q))

9 € L0, T; LY(Q))
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La priori bounds, static states, thermodynamic stability

GRADIENT BOUNDS:

uc 20, T; Wh9(Q; R%)), q =

-«
9 € 120, T; W2(Q))
log(9) € L2(0, T; W12(Q))

PRESSURE BOUNDS:

p(0,9)0° € L1((0, T) x Q) for a certain 3> 0
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LWealx sequential stability

Weak sequential stability

0- — 0 weakly-(*) in L0, T; L%/3(Q))

¥ — ¥ weakly-(*) in L>°(0, T; L*(Q))
and weakly in L%(0, T; WH2(Q))

u. — u weakly in L2(0, T; WH9(Q; R%))
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L Weak sequential stability

D1v-CURL LEMMA [F.Murat, L.Tartar, 1975]

Let
V. — v weakly in LP,
w. — W weakly in L9,
with
1 1 1
S4t=C<1.
p q r

Let, moreover,

div(v.], curllw.] be precompact in W~1*

Then
Ve - We — V- w weakly in L.
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L Weak sequential stability

WEAK SEQUENTIAL STABILITY OF CONVECTIVE TERMS
— — 1, -
Ve = [0c, 0cue], we = [u,0,0,0], i=1,2,3
Aubin-Lions argument (Div-Curl lemma) =
ou = ou

ouRu=oguR@u

0s(o,9)0 = os(o, V)V
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L Weak sequential stability

POINTWISE CONVERGENCE OF TEMPERATURE, I

GOAL: Use monotonicity of s(p,?) in ¢
to show

)
| (oot = oes(oe ) 02 = 0) dx e =0
0
=
[0 = s — 0

STEP 1: Aubin-Lions argument (Div-Curl lemma) =

/ / 0:5(0e, Ve —9)dxdt —0
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L Weak sequential stability

POINTWISE CONVERGENCE OF TEMPERATURE, II

STEP 2: Renormalized equation of continuity [DiPerna and P.-L.
Lions, 1989]

0cb(0) + diva(b(o)u) + (b(e)e — b(o) )divsu =0

STEP 3: Aubin-Lions argument (Div-Curl lemma):

b(e)g(¥) = b(e) (V)
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L Weak sequential stability

FUNDAMENTAL THEOREM ON YOUNG MEASURES
[J.M Ball 1989, P.Pedregal 1997]

Theorem

Letv.: Q c RN — RM pe a sequence of vector fields bounded in
11(Q; RM).
Then there exists a subsequence (not relabeled) and a family of
probability measures {v,},cq on RM such that:
For any Carathéodory function ® = ®(y, Z), yin@Q, Z € RM such
that

®(-,v.) — D weakly in L}(Q)

we have

80) = [ 00.2) (2) foraa. y < @.
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L Weak sequential stability

POINTWISE CONVERGENCE OF TEMPERATURE, III
STEP 4: Since we already know from STEP 3 that

V[Qeﬂs] = V[Qa] & V[ﬁs]a

Fundamental theorem yields the desired conclusion

-
/ / Qas(stﬁ)(ﬁs - 19) dx dt — 0
0 Q

POINTWISE CONVERGENCE OF TEMPERATURE

Ye =Y aa. on(0,T)xQ
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L Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY,I

STEP 1: Renormalized equation of continuity:

Ot(0log(p)) + divy(olog(e)u) + ediviu =0

Ot(0log(o)) + divk(olog(o)u) + odiviu =0

(i‘/ﬂ (ngg(g)— QIog(g)) dx = —/Q (m— Qdivxu> dx
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L Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY,II

STEP 2: Effective viscous pressure [P.-L.Lions, 1998]

p(o,9)b(e) — p(o, V) b(o) = [R : S]b(e) — [R : S]b(0)

where

Rij = 0 A0

4

R:S=R:S- (gu(v") +77(?9))divxu+ (3

(9) + () ) divsu
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L Weak sequential stability

COMMUTATOR LEMMA[in the spirit of Coifman and Meyer]

Let w € WHT(RN), V € LP(RN; RN) be given, where

1 1
1<r< N, 1<p< oo, ;+f—

1
— < 1.
p N

The for any s satisfying

there exists 3 > 0 such that

I[RIwWV] = wRV]lws.srr,gry < clwlwrrIV][er-
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L Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY,III

STEP 3: Effective viscous pressure revisited:

0 < p(o, D)o — p(o,¥)o = (%u(ﬁ) +n(9)) (Qdivxu - @diVXU>

yielding

olog(e) = eolog(o)
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L Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY - GENERAL CASE, I
STEP 1: Renormalized equation of continuity:

Ot(oLk(0)) + divk(oLk(0)u) + Ti(0)divyu =0

Ot(oLk(0)) + divk(oLk(0)u) + Tx(0)divyu =0

Tk(0) = min{o, k}
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L Weak sequential stability

POINTWISE CONVERGENCE OF DENSITY - GENERAL CASE, 11

(;it (QLk( ) — QLk(Q)) dXZ/Q( k(0)divyu— Ty(o )dlvxu) dx

+ /Q (Ti@diva — Te(@)diveu) dx

STEP 2: Effective viscous flux revisited:

p(0, V) Tk(e) — p(o,9) Tk(o)

- (gu(ﬁ) + () (Tk(g)divxu _ Tk(g)divxu)

yielding
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L Weak sequential stability

OSCILLATIONS DEFECT MEASURE

-
sup [Iim sup/ / | Tk(0:) — Tk(0)|? dx dt| < o0
k>11 =0 Jo Ja

g=5/3+1=8/3
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L Weak sequential stability

Boundedness of oscillations defect measure guarantees:

m The limit functions o, u satisfy the renormalized equation
of continuity

/ (Tk(g)divxu - Tk(g)divxu) dx — 0 for k — oo
Q
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L Weak sequential stability

CONCLUSION - POINTWISE CONVERGENCE OF DENSITY

olog(o) = Jim oLi(0) = Jim_ oL (o) = olog(o)

0e —o0aa. on(0,T)xQ
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L Long-time behavior

L Conservative driving forces

Long-time behavior

CONSERVATIVE DRIVING FORCES

f=V.F, F=F(x)

CONSERVED QUANTITIES

M = / o dx
Q
Total energy:

1
E=/ (QIUI2+QG(Q,19)—9F> dx
o\ 2

Total mass:
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LLong-time behavior

LConservative driving forces

STEP 1: Boundedness of total energy = boundedness of total
entropy:

5(t) = /QQS(Q,ﬁ)(t, ) dx < S«

STEP 2: Boundedness of total entropy = finite integral of the
dissipation rate:

00 2
/0 /Q (2*; ‘qu + Viu - Zdivau

< 0[(0,00) x Q] dt < o

2
K
- W\vmﬁ) dx dt

STEP 3: The velocity field u as well as the temperature gradient
vanish in the asymptotic limit t — oo = any solution tends to a
uniquely determined static state

@:Q(X), 5>0
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LLong-time behavior

LConservative driving forces

STEP 4: Total dissipation balance:

i/g (%Q\UF T Ho,0) — 2P gy H(5,7)) dx
-1-19/90 dx =0
/Q (;Q‘u‘z"i_H(Qvﬁ)_aHéM(Q_é)_H(é,ﬁ)> dx — 0ast — o0
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LLong-time behavior

LConservative driving forces

CONCLUSION:
LONG-TIME BEHAVIOR FOR CONSERVATIVE DRIVING FORCES

f=V.F, F=F(x)

o(t,”) — din L3(Q) as t — oo
I(t,") = Jin [*(Q) as t — oo

(ou)(t,-) — 0in LY(Q;R3) as t — o0
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LLong-time behavior

LConservative driving forces

Attractors

]
/g(t,-) dx > M, t >0
Q
1
/ <2Q\U\2 + oe(p, V) — QF> (t,)dx < E, t >0
Q

/ 0s(0,9)(t,-) dx > So, £ > 0
Q

||Q(t7 ) - §||L5/3(Q) <egfort> T(e’;‘)
[9(t, ) — Dl a(q) < € for t > T(e)

lou(t, )l (a;rey < & for t > T(e)
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LLong-time behavior

LConservative driving forces

UNIFORM DECAY OF DENSITY OSCILLATIONS

d(t) = /Q (Qlog(g)—-glog(9)>(t70 dx

drd(t) + W (d(t)) <0
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LLong-time behavior

LNcm—conservative driving forces

GENERAL TIME-DEPENDENT DRIVING FORCES
F=f(t,x), [f(t.0)] <F

|
EITHER

E(t) = / <;g|u\2 + ge(g,ﬂ)) (t,-) dx — o0 as t — oo
Q
OR

|E(t)] < E fora.a. t >0
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LLong-time behavior

LNcm—conservative driving forces

In the case E(t) < E, each sequence of times 7, — oo contains
a subsequence such that

f(mn+-,-) — VxF weakly-(*) in L*°((0,1) x ),

where F = F(x) may depend on {7,}
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LLong-time behavior

LNcm—conservative driving forces

STEP 1: Assume that E(7,) < E for certain 7, — co = total

entropy remains bounded =- integral of entropy production
bounded

STEP 2: For 7, — oo we have V,p(p,9) ~ of, ¥ ~ 1, meaning,
f~V,F

STEP 3: The energy cannot “oscillate” since bounded entropy
static solutions have bounded total energy
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LLong-time behavior

LNcm—conservative driving forces

COROLLARIES:
|
f=f(x)# ViF
=
E(t) — o0
|

f = f(t, x) (almost) periodic in time, f # V. F, F = F(x)

=

E(t) — o0
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LLong-time behavior

LNcm—conservative driving forces

RAPIDLY OSCILLATING DRIVING FORCES

|
f=w(t?)w(x),w € WH2(Q; R%), 8> 2

/OTw(t) dt‘ < oo

w € L*(R), sup
7>0

(ou)(t,-) — 0in L}(Q;R3) as t — oo
o(t,”) = 2in L3(Q) as t — oo
I(t,") — Jin L[*(Q) as t — oo
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LSingular limits

HOWEVER BEAUTIFUL THE STRATEGY,
YOU SHOULD OCCASIONALLY LOOK AT THE RESULTS

Sir Winston Churchill, 1874-1965



Asymptotic properties of fluid systems
LSingular limits

LScaling and scaled equations

Singular limits

X
X =~
Xchar
u
Mach number Ma = H&
v/ Pehar/ Ochar
|u|char

Froude number Fr =

\/‘X|char/|vxF|char

Incompressibility: Ma ~ ¢ — 0

Stratification: Fr ~ £%/2 — 0
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LSingular limits

LScaling and scaled equations

Scaled Navier-Stokes-Fourier system:

Sr drp + divy(ou) =0

St 0¢(ou) + divy(ou @ u) +

1 1
Vxp = —div,S + —5 0V F
P Re VS + Frzg

1
Ma?

St 9¢(ps) + divy(osu) + lex ( )
1 (Ma? 1q-V0
> (s . Vou- —
7= 9 ( Re S:Vxu— Pe 9 )

d Ma? Ma?
— Q<2g|u|2+ge— e QF) 0

dt

u-njpo =q-njpo =0, [Snjtan =0
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LSingular limits

LScaling and scaled equations

CHARACTERISTIC NUMBERS:

B SymBOL B DEFINITION B NAME
Sr length,.¢/(timecrvelocity,qr) Strouhal number
Ma velocity,¢/\/pressure, ¢ /density,q; Mach number
Re density svelocity,.length, ¢ /viscosity,.s Reynolds number
Fr velocity,e¢//length,cforceyes Froude number
Pe pressure,¢length cvelocity .,

/(temperature, sheat conductivity,.;) Péclet number
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LSingular limits

LScaling and scaled equations

Low MACH NUMBER LIMIT - WEAK STRATIFICATION

Ma =¢, Fr = /¢

STRATEGY:
Existence theory for the primitive Navier-Stokes-Fourier
system
Uniform bounds independent of the singular parameter
Passage to the limit - analysis of acoustic waves

Identification of the limit system
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LSingular limits

LScaling and scaled equations

SCALED NAVIER-STOKES-FOURIER SYSTEM

Ot + dive(pu) =01in (0, T) x Q

u'n|3Q:0

1 1
8t(gu)—|—divx(gu®u)+?VXp(g,79) = divXS—l—gQVXF in (0, T)xQ

[Sn] X njgpg =0

Ot(0s(0,)) + divy(os(o, ?)u) + divy (%) =oin(0,T)xQ
q-njpo =0

d
— E—g\u\z—i-ge (0,9) —eoF ) dx=0
dt 2
1
o>

19<2S qu—q'vxﬁ>20

v
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LSingular limits

LScaling and scaled equations

TOTAL DISSIPATION BALANCE

[ (Geti + 5 (M)~ 002 Dl -~ 8 - W@ ) ) (7. ax

@ T
+2//odxdt:
e Jo Ja

/Q <;90|uo|2 - 5% (H(00,90) — 8,H(8=,9)(00 — 8c) — H(ésaﬁl») dx

V,p(6..9) = £5.V<F, /Q 5. dx = /Q 00 dx, B ~
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LSingular limits

LScaling and scaled equations

ILL-PREPARED INITIAL DATA
|

00~ 0+ z—:g(()}a), {982}5>0 bounded in L' N L®(Q), / g&) dx =0
Q

9o ~ 0+ e, {9{)}20 bounded in L1 N L(Q), / 9 dx =0
) K Q K

Up ~ Ug ., {ugc}eso bounded in L2(Q; R3)
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LSingular limits

L Uniform bounds

UNIFORM BOUNDS

{Qe — Q} bounded in L°°(0, T; L% @ L9(Q)), g < 2
€ e>0

{795 — 19} bounded in L>(0, T; L2 @& LI(Q)), g <2
€ e>0

{ge\u€|2}€>o bounded in L>(0, T; L}(Q))

Ie in Mt Q
{82 }€>0 bounded in M™([0, T] x Q)

{Vu.}.., bounded in L2((0, T) x Q; R**3)

{vmf} bounded in L2((0, T) x Q; R3)
€ e>0
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LSingular limits

L Uniform bounds

CONVERGENCE
|

- — o in L(0, T; L* @ L9(Q))
V. — 9 in L0, T; L? @ LY(Q))
u. — U weakly in L2(0, T; W2(Q; R3))

be=% g weakly in L2(0, T; W2(Q))

€
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LSingular limits

L Target system

Oberbeck-Boussinesq system

div,U=0

@(atu Fdive(U® u)) VN = divsS + rVF in (0, T) x Q

U- n|39 =0, [Sn] X n|aQ =0

¢ (6t6+divx(®U)> — divy(GU) —dive(kVx©) = 0in (0, T)x

G=p0F, VO -nlpa =0

r+a@ =0, a>0
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LSingular limits

L Target system

AVAILABLE RESULTS
e Barotropic Navier-Stokes system - weak solutions, large
time interval
P.-L.Lions, N. Masmoudi, J. Math. Pures Appl., 1998
B. Desjardins, E. Grenier, P.-L. Lions, N. Masmoudi, J. Math.
Pures Appl., 1999
B. Desjardins, E. Grenier, Royal Soc. London, 1999

¢ Navier-Stokes-Fourier system, strong solutions, short time
interval

T. Alazard, Arch. Rational Mech. Anal., SIAM J. Math. Anal.,
2006
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LSingular limits

LAcoustic waves

LIGHTHILL'S ACOUSTIC EQUATION (F =0)

€0+ Z. + div, V. = ediv,F}
A
DN + WV Z. = g(divXF§ LV F3 4 Ez—va;)

V. nlpo =0

_0e— 0 n A <5(Qsa79€) — s(o, E)
© e

A
) + 72@ VE = QOclU¢
(09

<X p>=<oglp] >

Iel(t, x) = /Ot ©(z,x) dz for any ¢ € [}(0, T; C(Q))
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LSingular limits

LAcoustic waves

HELMHOLTZ DECOMPOSITION

V. =w, + V&, divy(w:) =0, w.-nlpo =0

WAVE EQUATION

€0 Z. + D ®. =Gl in (0, T) x Q
€0;P: + wZ, = 5F€2 in (0,7T) xQ

Vx®: -njpa =0



Asymptotic properties of fluid systems

LSingular limits

LAcoustic waves

LARGE DOMAINS

Q=~ Q.
00, =ToUTE, Ty regular and compact

e dist[[S.; To] = c0ase — 0

WAVE EQUATION REVISITED
|

€0 Z. + AP, =Gl in (0, T) x Q
€0, +wZ. =eF%in (0, T) x Q

Vx®: -njspa =0

Q exterior domain 92 = Iy



Asymptotic properties of fluid systems

LSingular limits

LAcoustic waves

ABSTRACT WAVE EQUATION

€dir. — A[®.] = eh!
€0;®. +r. = shg

Alv] = —wAxv, Vv -n|pg =0

A is a non-negative self-adjoint operator on the Hilbert space L?(Q)

hz, hZ € L%(0, T; D(G(A)))



Asymptotic properties of fluid systems
L Duhamel’s formula

DUHAMEL’S FORMULA
O (t,:)=e ('t\fA) 1<l> +7i [r0.¢]
) =exp(1- -
AN P e 2 0. 2\/,2 O

+exp (_igﬂ) B‘Do,s - 23//2[’0,6]}

+[[ow (1£2VA) [0+ o] as

+ [Cow (EVA) [0 - Sotm] as




Asymptotic properties of fluid systems
LSpace-time estimates

Theorem [Kato, 1965]

Theorem

Let C be a closed densely defined linear operator and H a
self-adjoint densely defined linear operator in a Hilbert space X.
For A ¢ R, let Ry[\] = (H — M\Id)~! denote the resolvent of H.
Suppose that

M= sup ||C o Ry[A] o C*[v]||lx < o0.
MR, veD(C*), ||lv|x=1

Then

sup 7T/ |C exp(—itH)[w]|% dt < T2
weX, [[w(x=1 2/



Asymptotic properties of fluid systems
LSpace—time estimates
Apply Kato's theorem to

X =1%(Q)
H=VA, C=ypox(A), x € C(0,00), ¢ € G§°(Q)

< x(A)v; w >= / X(A\) d < Pyv;w >
0

sDX(A)\/Z‘l_AX(A)sO = ox(A) \f\_&? X(A)p

LIMITING ABSORPTION PRINCIPLE

1

< c<
e 00

[L%L7]

sup
peC, 0<a<Re[p]<p<1, 0<|Im[u]|<1
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LSpace—time estimates

UNIFORM DECAY

/OT/OT ©x(A)exp (it ; S\/Z) [X-(s)] ;(Q) dt ds
< E/T/oo H%?X(A) exp (it\/Z) [exp <1_S\/Z) [Xg(s)]] i dt ds
o Jo - )

< scHXstz(o,T;LZ(Q))
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LSpace—time estimates

RAGE theorem

Theorem

Let X be a Hilbert space, H : D(H) C X — X a self-adjoint
operator, C : X — X a compact operator, and P. the orthogonal
projection onto H., where

X=Ho® clx{span{w € X | w an eigenvector of H}}

Then

— 0 for 7 — o0.

1 T
/ exp(—itH)CP. exp(itH) dt
0

T

L(X)



Asymptotic properties of fluid systems
LSpace—time estimates

Apply RAGE theorem to

X = 12(Q), H= VA, C=¢?x(A), with p € C§°(Q), ¢ >0,
x € (§°(0,00), 0 < x < 1

/OT <exp (—%ﬂ) ©*x(A) exp (1£\/Z) X: y> dt

= g/OTﬂE <exp (—itﬂ) ©*x(A) exp (itﬂ) X; Y> dt

< w(@IXlz@l Y@

where w(e) - 0ase — 0



Asymptotic properties of fluid systems
LSpace—time estimates

For Y = G(A)[X] we deduce that:

/T ngx(A) exp (%ﬂ) X

w(e )HXH for any X € Lz(Q)

w(e) - 0fore —0

Kato's theorem gives the same result with w(e) = e



	Physical background
	Time evolution - balance laws
	Field equations
	Navier-Stokes-Fourier system
	Mathematical issues
	A priori bounds, static states, thermodynamic stability
	Weak sequential stability
	Long-time behavior
	Conservative driving forces
	Non-conservative driving forces

	Singular limits
	Scaling and scaled equations
	Uniform bounds
	Target system
	Acoustic waves

	Duhamel's formula
	Space-time estimates

