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Motivation — gene regulatory networks
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Neighbourhood of mating response genes [Rung, Schlitt, et al, 2002]



Motivation — gene regulatory networks
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Angiogenic signaling network. [Abdollahi et al, PNAS 2007]
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Stochastic models of reaction kinetics 0).4:(0)23))

Degradation
A5
Naive stochastic simulation algorithm (SSA):
Initialization: At > 0 small, for t = 0 set A(0) = no.
(al) Generate a random number r uniformly distributed in (0, 1)

(b1) If r < A(t)kAt then A(t + At) = A(t) — 1,
else A(t + At) = A(t)
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Naive SSA: degradation +’ OXFORD
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Gillespie SSA for degradation

Ak

Initialization: set A(0) = no.

(a2) Generate a random number r uniformly distributed in (0, 1)

1 1
(b2) Compute the next reaction time 7 = ADk In [r]

(c2) Update the number of molecules: A(t +7) = A(t) — 1
Set t :=t+ 7 and go to (a2)
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Chemical reactions of higher-order

order reaction propensity units of k
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System with two species
k1 ko k3 ks
2A— 0, A+B—=0, 0—A ©0—B

Gillespie SSA:
(a4) Generate two random numbers: ry, o ~ U(0, 1)

(b4) Compute propensities:
ay(t) = ki A(t)(A(t) — 1), ao(t ) 2A(t)B(t),
a3 = k3, g = kg, and 040—051 ) Ctz(t)+0(3+044
(c4) Next reaction time 7= — In [ ]
o rn
(d4) Update the numbers of molecules:
H n el I’2€/2 ‘ nekh ‘ €l
At)—2 Alt)—1 [ A(t)+1 | At)
50 -1| 8) | sie) 11
l

1 |
1 1 1
ﬂ aitas artaztas
0 hooo e atortes g

Set t := t+ 7 and go to (a4)
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System with two species

Trajectories
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===solution of ODEs
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System with two species

Stationary distribution
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General Gillespie SSA

Notation

q ... number of chemical reactions

aj(t) ... propensity function of j-th reaction, j =1,2,...,q
aj(t) dt = probability that j-th reaction occurs in [t, t + dt)

Algorithm

(a5) Generate random numbers r1, r» uniformly distributed in (0, 1)

(b5) Compute propensity «;(t) of each reaction and o = Zj’:l a;j
1 1

(c5) Next reaction time 7= —In []
ag [N

(d5) Compute which reaction occurs at time t+ 7. Find j such that

1 42 1<
rn>— ai(t) and n < — a;(t
ao; i(t) ao; i(t)

(e5) The j-th reaction takes place. Update numbers of molecules.
Set t .=t + 7 and go to (ab)



System with multiple favourable states

Schlogl system
K1,k ks, k.
34 =2oA4 A

Concentration: a(t) = A(t)/v

d
£ — Ky a + koa® — ksa + kg

Average number of molecules: A(t) = a(t)v

dE kl k2 —2
— = ——A A — ksA+ k
dt V2 + 3AT ke
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Schlogl system
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Schlogl system
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Schlogl system
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Schlogl system «=’ OXFORD
0.015 \ ‘ : :
[ ]stochastic simulation
—solution of master equation
C
Be)
S 001
Q
B
©
>
o
c
2 0.005¢
8
[}
0 100 200 300 400 500 600

X

k
= =25x107% 2 =0.18, k3 = 37.5, ke =2200 [min~!]
14 14



UNIVERSITY OF

OXFORD

Self-induced stochastic resonance
Schnakenberg system

ka,k3

2A+B8 34 024 kB

Concentration:

d.

j: = k132b+ ko — kza
db

— = —ka’b+ k

p 18 b+ kg

Average numbers of molecules:

dZ k1 2= —
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Schnakenberg system
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Schnakenberg system
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Schnakenberg system

number of B molecules

10 1
number of A molecules

1

kav = 25 sec™

number of B molecules
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Stochastic differential equations (SDE)

X(t+ dt) = X(t) + F(X(t), t)dt + g(X(t), t)dW

dW ... white noise, dW ~ v/ Atg, with £ ~ N(0,1)

Simulation algorithm
X(0) = xo, At > 0 small

(a6) & ~ N(0,1)
(b6) X(t+ At) = X(t)+ F(X(t), t)At + g(X(t), t)VALE
Set t := t + At and go to (ab)



Example 1: f(x,t) =0, g(x,t) =1 Sy s or

Trajectories:

X(t+ dt) = X(1) + AW

' \
N A by
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X(t+ dr) = X(1) + AW
Y(t+dt) = Y(1) + dWs
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Example 2: f(x,t) =1, g(x,t) =1

Trajectories:
X(t+ dt) = X(t) + dt + dW
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Example 3: two favourable states OXFORD

Trajectories:

f(x,t) = —kix® + kox® — kax + kg, g(x,t) = ks
ki =1073, kp = 0.75, k3 = 165, ks = 10*, ks = 200,
X(t+ dt) = X(t) + f(X(t), t)dt + g(X(¢t), t)dW
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Example 1: f =0, g = 1 (revisited)

Stationary probability distribution:
X(t+ dt) = X(t) + dW

[IssA
0.4r ’1\ = Fokker-Planck
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0.05¢
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Example 3: two favourable states (revisited) OXFORD

Stationary probability distribution:

f(x,t) = —kix® + kox® — kax + ke, g(x,t) = ks

ki =1073, kp = 0.75, k3 = 165, ks = 10*, ks = 200,
X(t+ dt) = X(t) + F(X(t), t)dt + g(X(t), t)dW

0.01 "
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0.006
2
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Example 3: two favourable states (revisited) KZEeXeIOINY

Mean exit time:

Teim = 04.7
Txs, = 59.45
70
252
250 60
248 501
246 40
< £
244 30}
242+ 20!
240
10/{Istochastic simulation
238 —integral formula
0 1 2 3 4 5 0 50 100 150 200 250
t -3 y
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Stochastic equations for chemical kinetics

N N

k; .
ZV};X;—J)ZVEX;, j=12...,q
i=1 i=1

Notation:
» Well mixed reactor: N chemical species, g reactions (Ry, ..., Ry)
» X = [Xq,...,Xn], Xi(t) = number of molecules, i =1,..., N
» «aj(x) is propensity function of reaction R;, j=1,...,q

(aj(x) dt = probability that one reaction R; occurs in
[t,t + dt), given X(t) = x)

.= P T . ; ; .
> Vi =V — Vg, change of X; during reaction R;,
> V= [l/jl, ey Vj/\/]

» p(x,t) = probability that X(t) = x
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Stochastic equations for chemical kinetics

Chemical master equation (CME) — exact

q
—p(x,t) = > [aj(x — vj)p(x — vj,t) — aj(x)p(x, t)]
Chemical Langevin equation (CLE) — approximate

dX; = fi(X dt—i—Zdj, t)) dW,

where £(X )—Zvﬂaj ) di(X() = iy Jas(X(1))

Chemical Fokker Planck equatlon (CFP) & CLE

a X, ZZ % 3Xk [(Z djf(X)djk(X)) p(x, f)}
i=1 k= j=1
B Z 8x, ]

i=1
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Schlogl system (revisited) OXFORD
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Diffusion — position jump process
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X(t+ dt) = X(t) + V2D dW;
Y(t+ dt) = Y(t) + V2D dW,
Z(t+ dt) = Z(t) + V2D dW,
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Reflecting boundary condition

Simulation algorithm
X(0) = xo, At > 0 small
(a7) £~ N(0,1)

(b7) X(t+ At) = X(t) + V2DAtE
) If X(t+ At) <0 then X(t + At) = —X(t) — V2DAtE

(c7
If X(t+ At) > L then X(t + At) =2L — X(t) — V2DAt
Set t ;= t + At and go to (a7)
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Reflecting boundary condition
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Compartment based model
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Compartment based reaction-diffusion
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Compartment based reaction-diffusion
2A 50, A+B0 ino,L],

02 Ain[0,9L/10], 0 2% Bin [2L/5, K],

35
no_ I:Istochastlc smulatlon{ [ Istochastic simulation A1
30r M ==solution of PDEs 2501 —solution of PDEs /
w L - /|
@ - @ A
525 g = 200 f
3 M ™N 3 /
S A g
€20 \ °
< i - = 150
515 5
2 8 100}
E 10 €
2 2
5 H 50r
, il ; sl
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x [mm] X [mm]
t =30 min compRD nonlin.m

K =40, h=1/K,d = D/h* =0.16 sec™}
ki =1073, ko =1072, k3 = 1.2, ks = 1 sec™! per one compartment
A(0) =B(0) =0, a(0)=b(0)=0



Pattern formation — French flag

A% 00 [0, L], 0% Ain [0, L/5], +diffusion
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Pattern formation — Turing instability %’ OXFORD

Schnakenberg system

ko, k:
2A+BM3a 9 A pkp

+ diffusion Dy = 1075, Dg = 103 [mm?sec™!]

T 120
time=30 min time=30 min

number of A molecules
number of B molecules

x [mm]
L=1mm, K=140 h:%:25,u,m
A,(O) = ds = 200, B,(O) == bs =75
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