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Motivation

[Gonze 2011]



Motivation

[Gonze 2011]



Various models

Mammalian oscillator
[Tigges, Marquez-Lago, Stelling, Fussenegger, 2009]



Various models

Drosophila [Xie, Kulasiri, 2007]



Various models

Drosophila [Smoren, Byrne, 2009]



Theoretical model

[Barkai, Leibler, 1999]



VKBL model

[Vilar, Kueh, Barkai, Leibler, 2002]



VKBL model – parameters

αA = 50 h−1

α′A = 500 h−1

αR = 0.01 h−1

α′R = 50 h−1

βA = 50 h−1

βR = 5 h−1

γA = 1 mol−1 h−1

γR = 1 mol−1 h−1

γC = 2 mol−1 h−1

δA = 1 h−1

δR = 0.2 h−1

δMA
= 10 h−1

δMR
= 0.5 h−1

θA = 50 h−1

θR = 100 h−1

[Vilar, Kueh, Barkai, Leibler, 2002]



VKBL model – law of mass action

dDA/dt = θAD
′
A − γADAA

dD ′A/dt = −θAD ′A + γADAA

dDR/dt = θRD
′
R − γRDRA

dD ′R/dt = − θRD ′R + γRDRA

dMA/dt = α′AD
′
A + αADA − δMA

MA

dMR/dt = α′RD
′
R + αRDR − δMR

MR

dA/dt = βAMA + θAD
′
A + θRD

′
R

− A(γADA + γRDR + γCR + δA)

dR/dt = βRMR − γCAR + δAC − δRR

dC/dt = γCAR − δAC

Initial conditions:
DA = DR = 1 mol
D ′A = D ′R = MA = MR = A = R = C = 0 mol



VKBL model – reduction by substitution

dDA/dt = θA − (θA + γAA)DA

D ′A = 1− DA

dDR/dt = θR − (θR + γRA)DR

D ′R = 1− DR

dMA/dt = α′A + (αA − α′A)DA − δMA
MA

dMR/dt = α′R + (αR − α′R)DR − δMR
MR

dA/dt = βAMA + θA(1− DA) + θR(1− DR)

− A(γADA + γRDR + γCR + δA)

dR/dt = βRMR − γCAR + δAC − δRR

dC/dt = γCAR − δAC



ODE solution
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Quasi-steady state assumptions (QSSA)

dDA/dt = θA − (θA + γAA)DA

dDR/dt = θR − (θR + γRA)DR

dMA/dt = α′A + (αA − α′A)DA − δMA
MA

dMR/dt = α′R + (αR − α′R)DR − δMR
MR

dA/dt = βAMA + θA(1− DA) + θR(1− DR)

− A(γADA + γRDR + γCR + δA)

dR/dt = βRMR − γCAR + δAC − δRR

dC/dt = γCAR − δAC

D ′A = 1− DA

D ′R = 1− DR



Quasi-steady state assumptions (QSSA)

0 = θA − (θA + γAA)DA ⇒ DA = Ds
A = θA

θA+γAA

dDR/dt = θR − (θR + γRA)DR

dMA/dt = α′A + (αA − α′A)Ds
A − δMA

MA

dMR/dt = α′R + (αR − α′R)DR − δMR
MR

dA/dt = βAMA + θA(1− Ds
A) + θR(1− DR)

− A(γAD
s
A + γRDR + γCR + δA)

dR/dt = βRMR − γCAR + δAC − δRR

dC/dt = γCAR − δAC

D ′A = 1− Ds
A

D ′R = 1− DR



Quasi-steady state assumptions (QSSA)

0 = θA − (θA + γAA)DA ⇒ DA = Ds
A = θA

θA+γAA

0 = θR − (θR + γRA)DR ⇒ DR = Ds
R = θR

θR+γRA

dMA/dt = α′A + (αA − α′A)Ds
A − δMA

MA

dMR/dt = α′R + (αR − α′R)Ds
R − δMR

MR

dA/dt = βAMA + θA(1− Ds
A) + θR(1− Ds

R)

− A(γAD
s
A + γRD

s
R + γCR + δA)

dR/dt = βRMR − γCAR + δAC − δRR

dC/dt = γCAR − δAC

D ′A = 1− Ds
A

D ′R = 1− Ds
R



Quasi-steady state assumptions (QSSA)

0 = θA − (θA + γAA)DA ⇒ DA = Ds
A = θA

θA+γAA

0 = θR − (θR + γRA)DR ⇒ DR = Ds
R = θR

θR+γRA

0 = α′A + (αA − α′A)Ds
A − δMA

Ms
A ⇒ MA = Ms

A = . . .

0 = α′R + (αR − α′R)Ds
R − δMR

Ms
R ⇒ MR = Ms

R = . . .

dA/dt = βAM
s
A + θA(1− Ds

A) + θR(1− Ds
R)

− A(γAD
s
A + γRD

s
R + γCR + δA)

dR/dt = βRM
s
R − γCAR + δAC − δRR

dC/dt = γCAR − δAC

D ′A = 1− Ds
A

D ′R = 1− Ds
R



Quasi-steady state assumptions (QSSA)

0 = θA − (θA + γAA)DA ⇒ DA = Ds
A = θA

θA+γAAs

0 = θR − (θR + γRA)DR ⇒ DR = Ds
R = θR

θR+γRAs

0 = α′A + (αA − α′A)Ds
A − δMA

Ms
A ⇒ MA = Ms

A = . . .

0 = α′R + (αR − α′R)Ds
R − δMR

Ms
R ⇒ MR = Ms

R = . . .

0 = βAM
s
A + θA(1− Ds

A) + θR(1− Ds
R)

− A(γAD
s
A + γRD

s
R + γCR + δA) ⇒ A = As = As(R) = . . .

dR/dt = βRM
s
R − γCAsR + δAC − δRR

dC/dt = γCA
sR − δAC

D ′A = 1− Ds
A

D ′R = 1− Ds
R



Case 1: QSSA on DA, DR , MA, MR

dA/dt = βAM
s
A(A) + θA(1− Ds

A(A)) + θR(1− Ds
R(A))

− A(γAD
s
A(A) + γRD

s
R(A) + γCR + δA)

dR/dt = βRM
s
R(A)− γCAR + δAC − δRR

dC/dt = γCAR − δAC

DA(t) ≈ Ds
A(A(t)) = θA

θA+γAA(t)

DR(t) ≈ Ds
R(A(t)) = θR

θR+γRA(t)

MA(t) ≈ Ms
A(A(t)) =

α′
A+(αA−α′

A)D
s
A(A(t))

δMA
=

α′
A

δMA
+

θA(αA−α′
A)

δMA
(θA+γAA(t))

MR(t) ≈ Ms
R(A(t)) =

α′
R+(αR−α′

R)D
s
R(A(t))

δMR
=

α′
R

δMR
+

θR(αR−α′
R)

δMR
(θR+γRA(t))



Case 2: QSSA on DA, DR , MA, MR , A

dR/dt = βRM̃
s
R(R)− γC Ãs(R)R + δAC − δRR

dC/dt = γC Ã
s(R)R − δAC

A(t) ≈ Ãs(R(t)) =
1

2
(α′Aρ(R(t))− Kd)

+
1

2

√
(α′Aρ(R(t))− Kd)2 + 4αAρ(R(t))Kd

ρ(R(t)) =
βA
δMA

1

γCR(t) + δA
, Kd =

θA
γA

DA(t) ≈ D̃s
A(R(t)) = θA

θA+γAÃs(R(t))

DR(t) ≈ D̃s
R(R(t)) = θR

θR+γR Ãs(R(t))

MA(t) ≈ M̃s
A(R(t)) = =

α′
A

δMA
+

θA(αA−α′
A)

δMA
(θA+γAÃs(R(t)))

MR(t) ≈ M̃s
R(R(t)) = =

α′
R

δMR
+

θR(αR−α′
R)

δMR
(θR+γR Ãs(R(t)))



Case 1 (three ODEs)

QSS assumptions on DA, DR , MA, MR
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Case 1 (three ODEs)

QSS assumptions on DA, DR , MA, MR
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Case 2 (two ODEs)

QSS assumptions on DA, DR , MA, MR , A
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Case 2 (two ODEs)

QSS assumptions on DA, DR , MA, MR , A
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Delayed quasi-steady state assumptions

Case 1:

dA/dt = βAM
τ
A(t) + θA(1− Dτ

A(t)) + θR(1− Dτ
R(t))

− A(γAD
τ
A(t) + γRD

τ
R(t) + γCR + δA)

dR/dt = βRM
τ
R(t)− γCAR + δAC − δRR

dC/dt = γCAR − δAC

τDA(t) = [θA + γAA(t)]−1 Dτ
A(t) = Ds

A(A(t − τDA(t)))

τDR(t) = [θR + γRA(t)]−1 Dτ
R(t) = Ds

R(A(t − τDR(t)))

τMA(t) = δ−1MA Mτ
A(t) = Ms

A(A(t − τMA))

τMR(t) = δ−1MR Mτ
R(t) = Ms

R(A(t − τMR))



Delayed quasi-steady state assumptions
Case 2:

dR/dt = βRM
τ
R(t)− γCAτ (t)R + δAC − δRR

dC/dt = γCA
τ (t)R − δAC

τDA(t) =
[
θA + γAÃ

s(R(t))
]−1

, Dτ
A(t) = Ds

A(Aτ (t − τDA(t)))

τDR(t) =
[
θR + γR Ã

s(R(t))
]−1

, Dτ
R(t) = Ds

R(Aτ (t − τDR(t)))

τMA(t) = δ−1MA, Mτ
A(t) = Ms

A(Aτ (t − τMA))

τMR(t) = δ−1MR , Mτ
R(t) = Ms

R(Aτ (t − τMR))

τA(t) = [γADA(t)+γRDR(t)+γCR(t)+δA]−1, Aτ (t) = As(t−τA)

As(t) =
βAM

τ
A(t) + θA(1− Dτ

A(t)) + θR(1− Dτ
R(t))

γAD
τ
A(t) + γRD

τ
R(t) + γCR + δA



Case 1 (three ODEs)

D-QSS assumptions on DA, DR , MA, MR
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Case 1 (three ODEs)

D-QSS assumptions on DA, DR , MA, MR
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Case 2 (two ODEs)

D-QSS assumptions on DA, DR , MA, MR , A
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Case 2 (two ODEs)

D-QSS assumptions on DA, DR , MA, MR , A
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Comparison of QSS and D-QSS

Period of the original system: 25.56 h

method Rel Err Per Rel Err L2

Case 1 QSS 16.3 % 26 %
Case 2 QSS 29.8 % 93 %

Case 1 D-QSS 1.3 % 16 %
Case 2 D-QSS 1.7 % 19 %



Gillespie SSA – full system
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Gillespie SSA – full system
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Gillespie SSA – full system
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Gillespie SSA – QSSA, Case 2
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Gillespie SSA – QSSA, Case 2
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Gillespie SSA – QSSA, Case 2

Robustness with respect to noise
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Gillespie SSA – full system, δR = 0.05
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Gillespie SSA – QSSA, Case 2, δR = 0.05

Robustness with respect to noise
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Period of stochastic oscillations (Case 2)
Stationary chemical Fokker-Planck equation:
ps(r , c) ... probability that R(t) = r and C (t) = c for t →∞

∂2

∂r2
(ARRps)+2

∂2

∂r∂c
(ARCps)+

∂2

∂c2
(ACCps)− ∂

∂r
(fRps)− ∂

∂c
(fCps) = 0

Boundary conditions: no flux

τ -equation:
τ(r , c) ... average time to leave domain S provided R(0) = r , R(0) = c

ARR
∂2τ

∂r2
+ 2ARC

∂2τ

∂r∂c
+ACC

∂2τ

∂c2
+ fR

∂τ

∂r
+ fC

∂τ

∂c
= −1, in S

Boundary conditions: no flux, if r = 0 or c = 0 and τ = 0 elsewhere

Notation: ARR = (α1(r) + α2(r) + α3(r) + α4(c))/2,
ACC = (α2(r) + α4(c))/2, ARC = −ACC



Period of stochastic oscillations (Case 2)
Stationary chemical Fokker-Planck equation:
ps(r , c) ... probability that R(t) = r and C (t) = c for t →∞

∂2

∂r2
(ARRps)+2

∂2

∂r∂c
(ARCps)+

∂2

∂c2
(ACCps)− ∂

∂r
(fRps)− ∂

∂c
(fCps) = 0

Boundary conditions: no flux

τ -equation:
τ(r , c) ... average time to leave domain S provided R(0) = r , R(0) = c

ARR
∂2τ

∂r2
+ 2ARC

∂2τ

∂r∂c
+ACC

∂2τ

∂c2
+ fR

∂τ

∂r
+ fC

∂τ

∂c
= −1, in S

Boundary conditions: no flux, if r = 0 or c = 0 and τ = 0 elsewhere

Approximation of the period: T (γ) =

∫
γ τ(r , c)ps(r , c)drdc∫

γ ps(r , c)drdc

γ . . . a suitable subdomain of S (e.g. a line)



Summary

I Theoretical model of circadian rhythms (VKLB)

I Model reduction

I Quasi steady state assumptions

I Delayed quasi steady state assumptions

I Robustness of oscillations with respect to noise

I Period of stochastic oscillations
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