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A Mechanical clock B Mammalian circadian clock

[Gonze 2011]
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Motivation
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Various models
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Various models
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Various models
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[Barkai, Leibler, 1999]
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VKBL model ‘#) OXFORD

[Vilar, Kueh, Barkai, Leibler, 2002]
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VKBL model — parameters 1 OXFORD

@ ap =50 h—1

Sa aly =500h~1
'YCT ar =0.01h"1
8,\\ ,J 5 oy = 50h!

Ba=50h"1

/ \ Br=5h""
BR ya=1mol~1 h71
HBM" ba HSMR ygr =1mol~! h7!

vc =2mol~t h~!

oa=1 h—1
dr =0.2h71
@ 6MA =10h"1

om, =0.5h 1
04 =50 h—1
DA Dy Da DR Or = 100 h~1

[Vilar, Kueh, Barkai, Leibler, 2002]



VKBL model — law of mass action

dDa/dt = 64D — yaDAA
D’y /dt = —0aDy + vaDaA
dDg/dt = 6rDly — YRDRA
dDl/dt = — OrDl + YrDrA
dMa/dt = a4D) + aaDa — dp,Ma
dMg/dt = oy D + arDg — Su, Mg
dA/dt = BaMpa + 04D} + 0Dl
— A(vaDa +YrDg +7cR + 04)
dR/dt = BrMgr — vcAR + 04C — 0gR
dC/dt = vcAR — 6aC

Initial conditions:
DA = DR =1 mol
D/’L‘:D;?:MA:MR:A:R:C:OmOI
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VKBL model — reduction by substitution

dDA/dt =0s— (9,4 + ’YAA)DA

D//4 =1— Dy
dDg/dt = 0g — (9R + ’}/RA)DR
D;? =1-Dg

dMa/dt = o'y + (va — &/4)Da — Spp, Ma
dMg/dt = oz + (ar — ag)Dr — dm Mg
dA/dt = BaMa + 04(1 — Da) + 6r(1 — Dg)
— A(7aDa +YRDr +vcR +d4)
dR/dt = BrMg — AR + 64C — 6rR
dC/dt = vcAR — 6aC
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ODE solution “«=? OXFORD
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Quasi-steady state assumptions (QSSA)

dDa/dt =04 — (04 + 7aA)Da
dDgr/dt = 6g — (0r + 7RA) DR
dMa/dt = /s + (aa — &4)Da — Sp,Ma
dMg/dt = ag + (ar — ag)Dr — S Mg

dA/dt = BaMa + 04(1 — Da) + 0g(1 — Dg)
— A(yaDa +rRDRr +vcR +64)

dR/dt = BrMg —VcAR-i-(sAC— orR
dC/dt = ycAR — 54C

D)y=1- Dy
D =1- Dg



Quasi-steady state assumptions (QSSA)

0=0a—(0a+74A)Da = Da=Dj=7"22

dDg/dt = 60r — (6r + YRA)Dr
dMA/dt = O/A + (aA — O/A)Di — 5MAMA
dMR/dt = Ozfq + (aR — Oéfq)DR — 5MRMR

dA/dt = BaMa + 04(1 — D) + 0r(1 — DRg)
— A(vaD% +rRDR +7cR +6a)

dR/dt = BrMpr — vcAR + 64C — 0rR
dC/dt = ycAR — 4C

Dy =1- D5
Dy =1-Dg



Quasi-steady state assumptions (QSSA)

0=0a—(0a+7aA)Da = Da=Dy=,%4,

Oa+7aA

0 =0r — (0r +vrRA)DR =0

— Ps I
= Dr=Dp= Or+7rRA

dMa/dt = oy + (aa — ala) D% — dp,Ma
dMg/dt = ag + (ag — ag)Dgk — o Mg
dA/dt = BaMa + 0a(1 — D3) + 0r(1 — D)
— A(vaDa +7rDk +7cR + 64)
dR/dt = BrMg — VAR + 54C — 6gR
dC/dt = vcAR — 6aC

Dy =1- D5
Dy =1- D%
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Quasi-steady state assumptions (QSSA)

0=0a—(0a+74A)Da = Da=Dj=7"22

0=0r— (R +7RA)DR = Dr=Dj= 5
0=aly+ (aa—aa)Dy —Sp,M5 = Ma=M;=...
0=ag+ (ag —ag)Dg — oMz = Mr=Ms=...

dA/dt = ﬁA/\/]i\ + QA(]. — DSA) + QR(]. — Df?)
— A(yaDj +YrDR +vcR +64)

dR/dt = frM%r — ycAR + 6aC — dgR
dC/dt = vcAR — 6aC

Dy =1- D5
Dy =1- D%
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Quasi-steady state assumptions (QSSA)

0=0a—(0a+7aA)Da = Da=D5i=72%

0=0r— (R +7RA)DR = Dr=D§= -5
0=aly+ (aa—aa)Dy —S,M5 = Ma=M;=...
0=ag+ (ag —ag)Dg — oMz = Mr=Mg=...

0= BaM +0a(1 — D) + 0r(1 — Di)
— A(yaD3 +RDR +7cR+0a) = A=A =A%(R)

dR/dt = ﬁRMS — ’ycAsR—{— 0aC — 0rR
dC/dt = vcA°R — 6aC

Dy =1- D5
Dy =1- D%



UNIVERSITY OF

Case 1: QSSA on DA, DR, MA, MR

dA/dt = BaMZ(A) 4+ 04(1 — D3(A)) + 6r(1 — Di(A))
— A(7aDA(A) + YrDR(A) 4+ vcR + 04)

dR/dt = BrMS(A) — 7cAR + 64C — 6gR

dC/dt = 7cAR — 6aC

Da(t) = D3(A(t)) = 5
_ Or
)) = GetnA®

o = Suy T 5, Ga b TaAD)
apt(ar—aRk)DE(A(t)) _ ap Or(ar—ag)
omp Omg ' Omg(OrR+YRA(L))

Ma(t) ~ MS(A(t)) _ ah+(aa—a)D5(A(t) o Oa(ca—aly)
)
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Case 2: QSSA on DA, DR, MA, MR, A
dR/dt = BrME(R) — vcAS(R)R + 64C — 6gR
dC/dt = yc A (R)R — 64C

2
p(R(t 5/%7: YeR(t) + 0’ = 32
Da(t) =~ D5(R(t)) = o T
Dr(t) = DH(R(O) = 5 ey
Ma(®) = M3(R(2)) = = i+ ol
Mg(t) = Mg(R(t)) = = aR + 6MR(ZI;T:RAi€)(t)))




Case 1 (three ODEs)

QSS assumptions on Dj, Dr, Ma, Mg
Ll e S T s B A T
. | | ! |
o5 ¢ 1t ittt |1 ]|--approx DA
el |1 | ' : } ---approx DR
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Case 1 (three ODEs) 2’ OXFORD

QSS assumptions on Dp, Dg, My, Mg
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Case 2 (two ODEs) ) OXFORD

QSS assumptions on Dy, Dr, My, Mg, A
1

=, =

=T 3

---approx DA

0.5/ | ---approx DR
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Case 2 (two ODEs) 2’ OXFORD
QSS assump Mg, A
HED IT|[—DA
: {1 ||---approx DA
0.5/ ! 1 ~om
0 ¥ ||---approx DR
100
100 —MA |
) ||---approx MA
50[1 il ‘ MR
0 [ AN L ||---approx MR
0 100
2000} ‘ ‘ ‘ —a
H . 4 3 approx A
e A R £ A ) =
TR N, AR\ IN approx R
G0 25 75 100

.50
time [hours]
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Delayed quasi-steady state assumptions

Case 1:

dA/dt = BaMj(t) + 0a(1 — Da(t)) + Or(1 — Di(t))
— A(vaDa(t) + YrDER(t) + vc R+ 6a)

dR/dt = BrMR(t) — 7vcAR +6aC — drR

dC/dt = vcAR — 6aC

pa(t) = [0a+7aA(D)] Tt Da(t) = Da(A(t — pa(t)))
Tor(t) = [9R +9RA()] " DR(t) = DR(A(t — mpr(1)))
mA(t) = Sy Mu(t) = MA(A(t — Tma))
TmR(t) = Sk Mg(t) = MR(A(t — Tmr))
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Delayed quasi-steady state assumptions
Case 2:

dR/dt = BrMg(t) = 7cA™(t)R + 3aC — 6gR

dC/dt = vcAT(t)R — 64C
roalt) = [0+ A (R()] . DA(E) = DAAT(t ~ 7pa(1)))
ror(t) = [0 + 1R A (R(E)] . DR(t) = DA(A™(t — om(1)))
mA(t) = Opja,
mR(t) = Sk,

Ta(t) = [yaDa(t)+9RDr(1)+7c R(£)+0a] 7, AT(t) = A*(t=7a)

AS(t) = BaMy(t) 4+ 0a(1 — D3(t)) + 0r(1 — DR(t))
YaDR(t) +vrDR(t) +vcR +0a




Case 1 (three ODEs)

D-QSS assumptions on Da, Dr, Mj, Mg

1

T
: b P i ||---approx DA
0.5} ! V! i |
: P [ Pl ---approx DR
0 '-_-.':: . i‘_-.': . 1 %% . i’.-:':
0 25 50 75 100
100 ‘ ‘ ‘
50..- ---approx MA
i o i i approx MR
% 25 50 75 100
2000} * ok T I
;Y i it approx A
1000} ; } i A L\ | approx R
PSS \ AN ---approx C
% 25 75 100

50
time [hours]
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Case 1 (three ODEs)

D-QSS assumptions on Da, Dr, Mj, Mg
1

| ! i —DA
{ ! {1 ||---approx DA
0 ‘ ‘ ‘ ---approx DR
0 25 50 75 100
100 S e —MA |
||---approx MA
(1 N 1 N 1 N | N
0 ‘ 4 1 J 1\__||---approx MR
0 25 50 75 100
2000] 1A
{1 approx A
1000 ' ', e
ol ‘ ‘ A approx R
0 25 50 75 100

time [hours]
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Case 2 (two ODEs) ) OXFORD

D-QSS assumptions on Da, Dgr, Mj, Mg, A

T T
Lo P | o ||---approx DA
0'5'-: ! U i | ---approx DR
W ¥ Ui L
Ol‘gi TS v | tme
0

0 25
100 ‘

50t - L ||---approx MA
i o i n approx MR
% o5 50 75 100
2000075 & b

I al

75 100

; i approx A
1000 it it i iL o [--approx R
AT i A iy ---approx C
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Case 2 (two ODEs) 2’ OXFORD

D-QSS assumptions on Da, Dgr, Mj, Mg, A

It —DA
3 ||---approx DA
0.5.; DR
0 i ‘ ‘ ‘ ---approx DR
25 50 75 100
100 —MA |
||---approx MA
B IJl Jl Jl e
o —|---approx MR
0 00
2000 A
approx A
1000 ; Rpp
0 approx R
0 100

time [hours]



Comparison of QSS and D-QSS

Period of the original system: 25.56 h

method Rel Err Per | Rel Err L?
Case 1 QSS 16.3% 26 %
Case 2 QSS 29.8 % 93%
Case 1 D-QSS 1.3% 16 %
Case 2 D-QSS 1.7% 19%
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Gillespie SSA — full system

---stoch DA
---stoch DR

---stoch MA
---stoch MR

---stoch A
i4]---stoch R
/||---stoch C

v,
¥
‘

50 75 100
time [hours]



Gillespie SSA — full system
' I AN BN X
: i EE E ---stoch DA
-5 | AW —DR
N_B i 2L (® ---stoch DR
0 50 100
| —MA
---stoch MA
|—MR
0 i |---stoch MR
0 50 0
2000}, { ) A
[y A i A A|---stoch A
10007 /14 R J—R
I/ SN ~A|--stoch R
GO 100

50
time [hours]
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Gillespie SSA — full system

s —stochastic
$ 2000 —deterministic|| &
3 35
8 8
'S 1500 RS
3 E —stochastic
3 = —deterministic
S 1000 15 |
‘T) [0
Q
£ 500 | E
g e
% 500 1000 1500 10 10° 10’ 2 10°
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Gillespie SSA — QSSA, Case 2

||---stoch DA
---stoch DR

||---stoch MA
---stoch MR

1|---stoch A
||---stoch R
. ||---stoch C

50
time [hours]



Gillespie SSA — QSSA, Case 2

1 T T y q
{ ‘]‘ }I 1 i _DA
05 | : L i i ||---stoch DA
: —DR
0 ‘ Y ‘ ---stoch DR
0 25 50 75 100
100 \ ‘ ‘ —MA
! ||---stoch MA
50 i i I i I B —MR
o= ol Dbt B ---stoch MR
0 25 50 75 100
II—A
---stoch A
! R
0 AN I A A3 |---stoch R
0 25 75 100

50
time [hours]
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Gillespie SSA — QSSA, Case 2

Robustness with respect to noise

2000¢

number of C—molecules

1500}
1000f B

5007

—stochastic
—deterministic
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—C-nulicline ||

0 200 400 600 800 1000
number of R—-molecules
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Gillespie SSA — full system, 6g = 0.05

—stochastic
—deterministic||

N
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1500

—stochastic
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1000
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500

number of C—-molecules
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Gillespie SSA — QSSA, Case 2, g = 0.05

Robustness with respect to noise

2000¢

number of C—molecules

1500¢

1000y

5007

—stochastic
—deterministic
—R-nulicline
—C-nulicline ||

0 200 400 600 800 1000 1200
number of R—-molecules

UNIVERSITY OF

—stochastic
—deterministic
—R-nulicline
—C-nulicline ||

number of C—molecules

10' 10° 10°
number of R—-molecules



@\ UNIVERSITY OF

Period of stochastic oscillations (Case 2)

Stationary chemical Fokker-Planck equation:
ps(r,c) ... probability that R(t) = r and C(t) = ¢ for t — oo

2 2 2

0 0 0 0
or 2(-’4RRP5) Irdc (ARCPS)+ (ACCPS) - (frps)— Jc +-(fcps) =0

or

Boundary conditions: no flux

T-equation:
7(r,c) ... average time to leave domain S provided R(0) = r, R(0) = ¢
9% ot 0% or or

fi f
82+2ARC88 +ACC82+R3 +C8

Boundary conditions: no flux, if r =0 or ¢ = 0 and 7 = 0 elsewhere

ARrr =-1, inS

Notation: Agg = (a1(r) + ao(r) + az(r) + aa(c))/2,
Acc = (o2(r) + @a(c))/2, Arc = —Acc
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Period of stochastic oscillations (Case 2) OXFORD

Stationary chemical Fokker-Planck equation:
ps(r,c) ... probability that R(t) = r and C(t) = ¢ for t — oo

2 82 82
a 2(ARRPS) a 8 (ARCPS)+ (ACCPS)

Boundary conditions: no flux

o 8

T-equation:
7(r,c) ... average time to leave domain S provided R(0) = r, R(0) = ¢

0% 9%r 0% or or
82+2ARC88 +ACC8 2+fR8 +fC8

Boundary conditions: no flux, if r =0 or ¢ = 0 and 7 = 0 elsewhere
J,7(r.c)ps(r, c)drdc

[, ps(r,c)drdc
7 ... a suitable subdomain of S (e.g. a line)

ARrr =-1, inS

Approximation of the period: T(y) =
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Theoretical model of circadian rhythms (VKLB)

Model reduction
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