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Turing instability

Reaction-diffusion system: Linearisation at (ug, vp):
du du
o = d1Au+ f(u,v) p = diAu+ Ajqu+ Appv
dv d

v = dgAV +A21U+ A22V

7:d2AV+g(U, V) E

dt

Homogeneous steady state: Linearisation matrix:

f(uo, vo) = 0 A:( f, f, >(uo,vo)

g(uO7 \/0) =0 gu 8v

Turing instability occurs if solution (up, vo) of linearisation is:
(a) stable with respect to spatially homogeneous disturbances

(b) unstable to spatial disturbances
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Turing conditions

(a) (uo, vo) is stable w.r.t. spatially homogeneous disturbances
if

(T1) trA< 0

(T2) detA>0

(b) (uo, vp) is unstable to spatial disturbances

>0 M= 5[t (B 4| >0 & ho<0

where

by, = (d1 + dz),uk —trA

h, = d1d2,ui — (dzfu + dlgv)/,bk + det A
Lk ... eigenvalue of Laplacian

Remark 1: (b) =
(T3) dgfu + dlgv >0
(T4) 4dydo det A < (dof, + digy)?
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Turing conditions

(a) (uo, vo) is stable w.r.t. spatially homogeneous disturbances
if

(T1) trA< 0

(T2) detA>0

(b) (uo, vp) is unstable to spatial disturbances

>0 M= 5[t (B 4| >0 & ho<0

where

by, = (dl + dz),uk —trA

he = didop — (dofy + digy )ik + det A
Lk ... eigenvalue of Laplacian

Remark 2:
wi(x, t) = eMiz (x)U, is an unstable solution of linearisation.
[A— ukD)Ux = MUy
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Schnakenberg model

ko, k
2A+B834 9= A ogMB
Notation:
U, vV ... number of molecules of A,B

Reaction-diffusion system:

= di1 AU+ k1U2V + ko — k3u,

du
dr
o
g¥:®Av—h#v+m

Stationary state:
_ ky+ ko ka

1 V — 5 A
k3 * T ku?

Us



UNIVERSITY OF

Schnakenberg model — shifting the system OXFORD

Shifted variables:
uUu=u+us, v=v-+us

Shifted system:

d
d—l::dlAu—i-au—i-Bv—i-f(u,v)
d
Fizd2Av—7u—ﬁv—f(u,v)
ek K 2ksk
_ ke ke S YR _ 2kska
« 3k4+k2 ﬁ k2(4+ 2) k4+k2

3
f(u,v) = kiu?v + 2kyusuv + kyvsu?
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Schnakenberg — Turing conditions OXFORD

ka — ko ki

. 2kz ks
kg + ko' k2

:k =
a=n ks + ko

(ks + ko),

Linearisation matrix:

Turing conditions:
(THtrA=a—-<0
(T2) det A = ky(kg + k2)?/ks > 0
do
(T)dgoz—d15>0 = F>é>1
1
(T4) 4didrdet A < (dzf + dlg\,)
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Schnakenberg — particular example

Q=(0,1)

ki =107°% k=1, k3=0.02, ky=2 [sec™}]
dp =1075 dr = 1073 [mm? sec™!]

Linearisation matrix:

Turing conditions:
(T1)trA=—-0.03<0
(T2) detA=1/1250 >0

d
(T3)d—2>4 & d>4d & 103>4x107°
1

100d;

S > ——— x4 1075
25— 8d; %_gx105  ~

(T4) d> >
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Schnakenberg — deterministic =’ OXFORD
du /! H / /
E:dlu +au+ pv+f(u,v) in(0,1), (0)=4d(1)=0
% = dov" —yu—Bv—f(u,v) in(0,1), V'(0)=V'(1)=0
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Schnakenberg — stochastic (compartments) K Ee>€xe):4n

Ko,k
JA+BM3a 9 A pkp
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Schnakenberg — stochastic vs. deterministic @? OXFORD
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Schnakenberg — dependence on initial cond. 2) OXFORD
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Schnakenberg — dependence on initial cond.
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Schnakenberg — sharper conditions OXFORD
(b) (uo, vo) is unstable to spatial disturbances if 3k > 0:

A = % [—bk + \/bz — 4hk} > 0 ... dispersion relation

=4
hy, = dldg,ui — (dafy + digy )k +det A< 0 ... hyperbolas

Solutions of linearization: (5) (x,t) = wi(x, t) = eMtz(x)Uq,

where

iy Sk A SR Byt L
Zk(O) — Zk(]-) — O /J’k = k27T2

[A— DUy = AUy, D= d 0
0 d

oo
General solution of linearization: w(x, t) = Z kWi (x, t)
k=0



Schnakenberg
Hyperbolas
5x10’3
-1 _1d | o o
10 K=9 k=4 ket .
OF ~g-----—————=———---" A ,kf,g ,,,,,,,,,,,,,
— .
T, 1072
[ ~ .
£ <
£
o 107k -10
©
_15)
107
10° 10° 107 107 102 20 500 1000
d1 [mm?®sec™] My

@\ UNIVERSITY OF

di = 1075 dr = 1073 [mm? sec™1]
Point (d1, d2) lies inside hyperbolas for k = 4,5,...,09.
A6 > A5 > A7 > g > Ag > Ao

1500
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Schnakenberg — Laplace eigenmodes
cos(knx) for k=6, (?»6=3.44e—03) cos(knx) for k=4, (7»4=2.43e—03)
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cos(knx) for k=5, (,=3.40e-03) cos(knx) for k=8, (A,=1.90e-03)

o 02 04 06 08 10 02 04 06 08 1
X X

cos(knx) for k=7, (k7=2.88e—03) cos(kmx) for k=9, (x9=5.77e—04)
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Schnakenberg — dependence on initial cond.
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Schnakenberg — dependence on initial cond.
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Schnakenberg — dependence on initial cond.
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Schnakenberg 2D — sharper conditions OXFORD
(b) (uo, vo) is unstable to spatial disturbances if 3k, ¢ > 0:

ko = % [—bu + 4 /bi,e —4h | >0 ... dispersion relation

-

hi e = dldg,ui! — (dofy + d18v) ke +det A <0 ... hyperbolas

Solutions of linearization: (5) (x, t) = Wy o(x, t) = ez o(x)Ugp,
where Q = (0,1)?, k,£=0,1,2,...
—Azp = pkezie in Q o 2,0 = cos(kmx) cos({mx)
62k7g/6n =0 ondf2 Pke = (k2 + 52)71’2
d 0
[A— ieDUke = MUip, D={
0 do

oo
General solution of linearization: w(x, t) = Z Ch oW o(X, t)
k=0
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Schnakenberg 2D +’ OXFORD

Laplace eigenmode:
cos(knx) for k=4, h =3.61e-05)
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Schnakenberg 2D

d2 [mm2 sec'1]
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Hyperbolas Dispersion relation
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Schnakenberg 2D

Hyperbolas Dispersion relation
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Schnakenberg 2D — stationary state

Number of A molecules Number of B molecules
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Summary

» General conditions for Turing instability

» Schnakenberg system in 1D — stochastically and
deterministically

» Schnakenberg system in 2D



UNIVERSITY OF

Acknowledgement

| am thankful to Radek Erban and Philip K. Maini for their support
and fruitful discussions about the topics presented during this
summer school.

Marie Curie Fellowship, StochDetBioModel

The research leading to these results has
received funding from the People Pro-
gramme (Marie Curie Actions) of the Eu-
ropean Union's Seventh Framework Pro-
EUROPEAN gramme (FP7/2007-2013) under REA grant

COMMISSION 2greement no. 328008.




Thank you for your attention

Tomas Vejchodsky

Centre for Mathematical Biology
Mathematical Institute

UNIVERSITY OF

OXFORD

Summer school, Prague, 6-8 August, 2013



