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AREAS OF PLANAR REGIONS

Let f : [a,b] — R be continuous and nonnegative,
g : [a,b] — R be continuous and nondecreasing.

Consider the content P of the region  {(x,y) € RZ:x =g(t), 0 <y <f(t), te€ [a,b]}.
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AREAS OF PLANAR REGIONS

Let f : [a,b] — R be continuous and nonnegative,
g : [a,b] — R be continuous and nondecreasing.

Consider the area P of the region  {(x,y) € R :x =g(t), 0 <y < f(t), t€[a,b]}.
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@ Moments (static, moment of inertia, etc).
@ Lineintegrals of the 1st and 2nd kinds.
@  Functional analysis:

® is a continuous linear functional on C([a, b]) if and only if:

there is a function p of bounded variation on [a, b] such that

d(x) = /abx dp forany x € C([a,b]).




@ —x<a<b< o,
@ function f:[a,b] — R is on [a,b], if
f(s+):= Iins1+f(r) € Rfors e [a,b), f(t—):= ""Lf(T) eRfort e (a,b].

® ATf(s)=f(s+)—f(s), A~F(t)=f(t) — f(t—), Af(t)=Ff(t+) —f(t—).

@ G([a,b]) (or G) is the space of regulated functions on [a, b].
(G is Banach space with respect to the norm [[f{|cc = SUP;¢fa p; [IT()I])-

@ BV =BV([a,b])= {f: [a,b] = R : varPf < oo} is the space of functions
with .

@ function f:[a,b] = R is , if there is a division
a=qp<ar<ay<...<am=Db of [a b]suchthat f is constanton
every (oj_1, q),

S([a,b]) (or S) is the set of finite step functions on [a, b].

@ Regulated functions are uniform limits of finite step functions,
they have at most countably many points of discontinuity.
Every function f of bounded variation is a difference f =g —h
of nondecreasing functions g and h.

@ S([a,b]) & BV([a, b]) & G([a, b]).



Riemann-Stieltjes integral

@ tagged partition of [a,b]: P = (e, &),
a={a=q<a; <--<oam=b}, £={&,&,...,¢ém}, o1 <& < o
@ integral sum : for f,g: [a,b] — R and atagged partition P = (o, &) we put

S(P) => _1(§)[9(eg)—9(ej-1)]-

=1

@ (P) =v(a)(=m) is usually the number of the subintervals determined by P (or &)

and |oaf = maxj(a; —aj_1).

Definition (Riemann-Stieltjes (RS) integral)

for every € >0 thereisa § > 0 such that
b
I:(RS)/ fdg < EGEIEE
a

for every P = (o, €) such that |a| < 4.

© a b
/fdg:O, /fdg:—/fdg.
c b a




Riemann-Stieltjes integral
e If g€ BV([a,b]) and {fn} C C[a,b] issuchthat f, =f on [a,b], then
b b
lim / fndg:/ fdg eR.
n—oo a a

e If f €CJla,b] and {gn} C BV([a,b]) is such that gn — g in BV([a, b]), then

b b
Iim/fdgn:/ fdgeR.
n—oo a a

b
. (RS)/ fdg € R foreach g € BV([a,b]) ifand only if f € C[a,b].
a

b
. (RS)/ fdg eR foreach f € Cla,b] ifandonlyif g € BV([a,b]).
a



Jaroslav Kurzweil
(*1926)

N



KS integral

@ gauge: 4:[a,b] — (0,00);
@ tagged partition of interval : P = (e, &),

a={a=ay<a; < - <ayup)=b}, £={8,8,.. ., &me)h o1 < § < g
@ integral sum : for f:[a,b] = R, g:[a,b] = R and P = (&, £) we set

v(P)

S(P) = > (&) [9(c) — g(aj-1)]-

j=1
@ Js-fine partition : P = (e, &) is d-fineif [oj_1, 4] C (& — (), & +d(§)) forall j.

Definition

for every €>0 thereisa 6 : [a,b] — (0,00) such that
b
|:/ fdg <« ‘S(P)—I‘<a
a

for every § — fine tagged partition P.

c a b
/fdg:O, /fdg:—/fdg.
® b a




RS integral

@ gauge: ¢ € (0,00);
@ tagged partition of interval : P = (o, &),
a={a=ay<a; < - <ayup)=b}, £={,%,.. .,y -1 S § < g
@ integral sum : for f:[a,b] = R, g:[a,b] = Rand P = (, £) we set
v(P)

S(P) = > f(§)[9(ey) —9(ey-1)]-

j=1
@ Js-fine partition : P = (e, &) is d-fineif |a] <24 forall j.

Definition

for every € >0 thereisa § € (0,00) such that
b
I:(RS)/fdg — |s(P)—1] <<
a

for every § — fine tagged partition P.

(RS)/CCf dg =0, (RS)/baf dg:—(RS)/:f dg.




KS integral

@ gauge: 4:[a,b] — (0,00);
@ tagged partition of interval : P = (e, &),

a={a=ay <o < - <a,p)=b}, €={&,8%,....&p) ) o1 < < o
@ integral sum : for f:[a,b] = R, g:[a,b] = R and P = (&, £) we set

v(P)

S(P) = >_ (&) [9(y) — 9(ey-1)]-

j=1
@ Js-fine partition : P = (o, &) is d-fineif [oy_1, 4] C (§ — 0(§), & + (&) forall j.

Definition

for every > 0thereisa ¢ : [a,b] — (0, o) such that
b
|:/ fdg <« ‘S(P)—I‘<a
a

for every § — fine tagged partition P.

c a b
/fdg:O, /fdg:—/fdg.
® b a




KS integral

AssumMmEe: f,g:[a,b] = R and f,:[a,b] — R, n € N, are such that
b
@ theintegrals / fn dg existforalln € N,
a
@ atleast one of the following conditions is satisfied:
e g € BV([a,b]) and fn =T,
e g is bounded and I|m Ifn — fllgy = 0.

THEN: the integral f dg exists as WeII and

a b
lim / fn dg:/ f dg.
n—oo a a

AssuME: f,g:[a,b] =R and gn:[a,b] = R,n €N, are such that

b
@ theintegrals / f dgn existforalln € N,
a

@  atleast one of the following conditions is satisfied:
e f € BV([a,b]) and gn =09,
e f is bounded and nIim var®(gn — g) = 0.
b -
THEN: the integral f dg exists as WeII and

a
||m / fdgn= /fdg




Integration of finite step functions

b
@ f(x)=c,g:[abl =R = /a fdg=clg(b)—g(a)l
b
0f:[a,b]—>R,g(x)zc:>/fdg:O.

b
@ g:[a,b] — R regulated, 7 € [a,b] and f=x[, ] = / fdg=g(b)—g(7).
T

1
2 (- fi

Let  6(x) = 7 (0 —x) for Xf T,
n or X=1

and let P = (o, &) be é-fine.  Then




Integration of finite step functions

b
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Integration of finite step functions

b
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Integration of finite step functions

b
@ f(x)=c,g:[abl =R = /a fdg=clg(b)—g(a)l
b
0f:[a,b]—>R,g(x)zc:>/fdg:O.
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Let  6(x) = 7 (0 —x) for Xf T,
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Integration of finite step functions

b
@ f(x)=c,g:[abl =R = /a fdg=clg(b)—g(a)l
b
0f:[a,b]—>R,g(x)zc:>/fdg:O.

b
@ g:[a,b] — R regulated, 7 € [a,b] and f=x[, ] = / fdg=g(b)—g(7).
T

1
2 (- fi

Let  6(x) = 7 (0 —x) for Xf T,
n or X=1

and let P = (o, &) be é-fine.  Then




Integration of finite step functions

b

@ f(x)=c,g:[a,b] > R = /a fdg=clg(b)—g(a)].
b

Of:[a,b]HR,g(x)zc=>/fdg:O.

b
@ g:[a,b] — R regulated, 7 € [a,b] and f=x[,p = / f dg=g(b) —g(7).

F(r—x) for x <7,
n for x=1
and let P=(a, &) be 6-fine. Then o,py_1 <&ypy=up)=T7

= S(P) =[9(7) —9(aw(p)-1)] = [9(7) —9(7—)] = /an dg=g(r) —g(7-)

b
— /af dg=g(b)— () +9(r) —g(r—) =g (b) —g(r—).

Let 4(x) =



Integration of finite step functions

b
@ f(x)=c,g:[a,b]l >R = /a fdg=clg(b) —g(a)l
b
0f:[a,b]—>R,g(x)zc:>/fdg:O.

b
@ g:[a,b] — R regulated, 7 € [a,b] and f=x[,p = / fdg=g(b)—g(r-).
a



Integration of finite step functions

b
@ f(x)=c,g:[a,b] >R = / fdg=clg(b)—-g(a)]

b
@ f:[a,b] >R, gx)=¢c = / fdg=0,
a

@ g:[a,b] » R regulated, 7 € [a,b] =

b b
/ Xirp 40 = a(0) — (7). / X(r) 49 = 9(b) — g(7+).
a a



Integration of finite step functions

b
@ f(x)=c,g:[a,b] >R = / fdg=clg(b)—g(a)]

b
@ f:[a,b] >R, gx)=c = / fdg=0.
a

@ g:[a,b] — R regulated, 7 € [a,b] =

b b
/aX[T,b]dg=g(b)—g(T—). /axw,b]dg:g(b)—g(w),

b b
/ X[a,r] 49 = 9(7+) —g(a), / X[a,-) 49 = 9(7—) —g(a).
a a



Integration of finite step functions

b
@ f(x)=c,g:[a,b] > R = /a f dg = c[g(b) —g(a)].

b
@ f:[a,b] =R, gx)=c = / fdg=0,
a

@ g:[a,b] — R regulated, 7 € [a,b] =

b b
/ X[r,p) 9 =9g(b) —g(7-), / X(r,b) 49 = g(b) —g(7+),
a a

b b
/ Xjar] 99 = 9(7+) — 0 (a), / Xiary 49 = 9(r—) — g(a),
a a

b g(b) —g(b-) for 7=bh,
| xmdg={g(rr)—g(r-) for 7€ (ab),
a g(b)—g(b—) for r=bh,
@ f:[a,b] =R 7€ [ab =

b b b b
/ f dxp,- :/ f dXpa,r) = —f(7), / f dx(r ) :/ fdx(rp = f(7)
a a a a

b —f(a) for r=a,
/ fdx=40 for 7 € (a,b),
@ f(b) for 7=bh.



Existence of the KS integral

b b

f € G([a,b]), g € G([a,b]) = / fdgeR and / gdf eR
a a

if at least one of f, g is a finite step function.

If e geBV([a,b]),
b
/ fx dg exists for each k,
a

o fu=f,

b b
then / fkdg*)/ fdgeR.
a a

b
f e G([ab]), g € BV([a,b]) —> / fdgeR.
a
If e feBV([a,b]),
b
/ f dgy exists for each k,
a

e Ok =0,

b b
then /fdgkﬂ/fdgeR.
a

f € BV([a,b]), g € G([a, b]) / fdgeR.



Existence of the KS integral

AssuME: f and g are regulated on [a,b] and at least one of them has a bounded variation.

b b
THEN:  both integrals / f dg and / g df exist.
a a

@ RS CKS=PS,
° (LS)/ fdgeR =
fe.d]

/dfdgeR and  (LS) fdg:f(c)A*g(c)Jr/dfdg+f(d)A+g(d).

[e,d]

b
O/fdgeR, a<c<d<b =
a

b d
/ fX[Qd]dg:f(c)A*g(c)-i-/ fdg + f(d)ATg(d).



Further convergence theorems

Theorem

ASSUME:
@ f,fk € G([a,b]), g,9« € BV([a,b]) for k € N,
QO f=f, g=0,
@ o*:=sup{varf gy ;k € N} < 0.

t t
THEN: / fie dgk :;/ fdg on]Ja,b].
a a

Bounded convergence

AssuME: f € G([a,b]), {fn} € G([a, b]) and
Q@ |falloo <M <oofor neN,
] nimoo fa(x) = f(x) forx € [a,b].

THEN:

| \

b b
lim / fn dg :/ f dg forevery g € BV([a,b]).
a a

k—o0




Integration by parts and substitution

Integration by parts

Let f € G[a,b], g € BV[a,b]. Then both integrals

b b
/ fdg and / g df
a a

b b
/a fdg+/a g df =f(b)g(b) —f(a)g(a)— > ATf(t)A*g(t)+ > Af()Ag(t).

a<t<b a<t<b

exist and it holds

|

Substitution

b
Let heBV(a,b], f:[a,b] =R and g:[a,b] — R are such that / f dg exists.
Then, if one from the integrals ¢

/abh(t)d[/atfdg], /abhfdg,

exists, the same is true also for the remaining one and

/:h(t)d[/atfdg] =/:hfdg.




Hake Theorem

Theorem (Hake)

o / f dg exists for every t € [a,b) and ||m / fdg+f(b)[g(b)— g(t)]) =1€eR

:>/fdg_|

) /fdg exists for every t € (a,b] and I|m /fdg+f( )[g(t) — g(a)])—IeR
— / fdg=1I.

Corollaries

@ Iff € G([a,b]), g € G([a,b]) and at least one of them has a bounded variation, then
t

h(t) :/ f dg isregulated on [a,b].

In particular, if g € BV ([a,b]), then also h € BV([a, b]).
@ ATh(t)=f(t)Atg(t) for t € [a,b), A~h(s)=f(s)A—g(s) for s € (a,b].




Hake Theorem

Theorem (Hake)

o / f dg exists for every t € [a,b) and ||m / fdg+f(b)[g(b)— g(t)]) =1€eR

:>/fdg_|

) /fdg exists for every t € (a,b] and I|m /fdg+f( )[g(t) — g(a)])—IeR
— / fdg=1I.

Corollaries

@ Iff € G([a,b]), g € G([a,b]) and at least one of them has a bounded variation, then
t

h(t) :/ f dg isregulated on [a,b].

In particular, if g € BV ([a,b]), then also h € BV([a, b]).
@ ATh(t)=f(t)Atg(t) for t € [a,b), A~h(s)=f(s)A—g(s) for s € (a,b].

11l For better understanding | refer to the SAKS-HENSTOCK LEMMA 1!l



Continuous linear functionals

Riesz theorem
d is on Cla,b] (¢ € (C[a,b])*) <

thereis p € BV ([a,b]) suchthat p(a)=0, p is right continuous on (a,b) (p € NBV ([a,b]))
and

b
D(x) = Pp(x) ::/ x dp forevery x € C[a,b].
a

Mapping p € NBV ([a, b]) — ®p € (CJa, b])* is isometric isomorphism.

\

GL([a,b]) = {x € G([a,b]):x(t—) = x(t) fort € (a,b]}

Theorem

® is continuous linear functional on G ([a,b]) (¥ € (G.([a,b]))*) <
there is p € BV ([a, b]) such that

(x) = bp(x) := p(b) x(b) — /abp dx for x € Gi[a, b].

Mapping p € BV([a,b]) — ®p € (GL([a,b]))* is isomorphism.




Generalized linear differential equations

(L) x(t):i+/totdAx+f(t)ff(to), t € [a,b].

Theorem

ASSUME:
@ AcBV([ab],R"™") and t, € [a,b].
@ det[l—A~A(t)] #0 for t € (to, b],
det[l + ATA(s)] #0 for s € [a, tp).

THEN: foreach f € G([a,b],R") and X € R", (L) has 1! solution x € G([a,b],R").




Generalized linear differential equations

xk(t):ik+/td[Ak1x+fk<t)—fk(a), tefab].
x(t) =X+ /td[A]x +f(t)—f(a), telanb].

A, A € BV([a,b],R"™"), fi,f € G([a,b],R"), XX €R" fork € N.

ASSUME:
@ det[l—AA(t)]#0 for t € (a,b],
@ A=A on [ab], ao*:=sup{var® A :k € N} < o,
@ X —X, fy=f on [aDb]

THEN: xx ==X on [a,b].




References

G.A. MONTEIRO, A. SLAVIK AND M. TVRDY
Kurzweil-Stieltjes Integral. Theory and Applications.

World Scientific, Series in Real Analysis - Vol. 15, 2018

Preface

. Introduction

. Functions of bounded variation

. Absolutely continuous functions

. Regulated functions

. Riemann-Stieltjes integral

. Kurzweil-Stieltjes integral

. Generalized linear differential equations

. Miscellaneous additional topics
Bibliography

©0 000606060606 06OF0C
0NN WN R



	1. Motivations
	2. Notations
	3. Riemann-Stieltjes integral
	4. Kurzweil-Stieltjes integral
	5. Finite step functions
	6. Existence of KS integral
	7. Some of the properties of KS integral
	8. Continuous linear functionals
	9. Generalized linear differential equations
	References

