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Lower bounds on eigenvalues

Laplace eigenvalue problem

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Weak formulation
λi > 0, ui ∈ V : (∇ui ,∇v) = λi (ui , v) ∀v ∈ V

Finite element method
Λh,i > 0, uh,i ∈ Vh : (∇uh,i ,∇vh) = Λh,i (uh,i , vh) ∀vh ∈ Vh

Can we compute lower bound?
`i ≤ λi ≤ Λh,i ⇒ |Λh,i − λi | ≤ Λh,i − `i

Notation:
V = H1

0 (Ω)
Vh = {vh ∈ V : vh|K ∈ Pp(K ) ∀K ∈ Th}



Lower bounds on eigenvalues of differential operators

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949,
Goerisch 1985, . . .

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
C. Carstensen, R.G. Duran, D. Galistl, J. Gedicke, L. Grubǐsić,
Jun Hu, J.R. Kuttler, Y.A. Kuznetsov, Fubiao Lin, Qun Lin,
Xuefeng Liu, M. Plum, S.I. Repin, V.G. Sigillito, M. Vohraĺık,
Hehu Xie, Yidu Yang, Zhimin Zhang, . . .many others



FEM approaches

Nonconforming:

λCR
h,i

1 + 0.18932h2λCR
h,i

≤ λi (Crouzeix–Raviart, triangles)

I no a priori information on spectrum needed

I first order only

[Carstensen, Gallistl 2013], [Carstensen, Gedicke 2014]

[Xuefeng Liu 2015]

Conforming:

I a priori information on spectrum needed

I higher order versions

[Behnke, Mertins, Plum, Wieners 2000]

[Cancès, Dusson, Maday, Stamm, Vohraĺık 2017], [Vejchodský, Šebestová 2017]
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Flux reconstruction in H(div,Ω)

σh,i ≈ ∇ui , i = 1, 2, . . . , n

(a) Global problem:
σh,i ∈Wh minimizes ‖∇uh,i − σh,i‖2

L2(Ω)
under constraint: − divσh,i = Λh,iuh,i

(b) Local problems:
σh,i =

∑
z∈Nh

σz,i

σz,i ∈Wz minimize ‖ψz∇uh,i − σz,i‖2
L2(ωz)

under constraint: − divσz,i = Λh,iΠ(ψzuh,i )−∇ψz · ∇uh,i

z

ΓE
z

ωz

Spaces:
Wh = {σh ∈ H(div,Ω) : σh|K ∈ RTp(K ) ∀K ∈ Th}
Wz = {σz ∈ H(div, ωz) : σz|K ∈ RTp(K ) ∀K ∈ Tz

and σz · nz = 0 on ΓE
z }



Weinstein and Kato bounds

Set ηi = ‖∇uh,i − σh,i‖L2(Ω) i = 1, 2, . . . , n

Weinstein bound: `Wi =
1

4

(
−ηi +

√
η2
i + 4Λh,i

)2

Kato bound: `Ki = Λh,i

1 + νΛh,i

n∑
j=i

η2
j

Λ2
h,j(ν − Λh,j)

−1

where Λh,n < ν

Theorem 1.
If
√
λi−1λi ≤ Λh,i ≤

√
λiλi+1 then `Wi ≤ λi .

Theorem 2.
If ν ≤ λn+1 then `Ki ≤ λi for all i = 1, 2, . . . , n.

[Vejchodský, Šebestová 2017]



Lehmann–Goerisch method

Let γ > 0, ν ≤ λn+1, and σ̃h,i = (Λh,i + γ)−1σh,i

For m = n, n − 1, . . . , 2, 1 do
I ρ = ν + γ

I Mij = (∇uh,i ,∇uh,j) + (γ − ρ)(uh,i , uh,j)

I Nij = (∇uh,i ,∇uh,j) + (γ − 2ρ)(uh,i , uh,j) + ρ2(σ̃h,i , σ̃h,j)
+(ρ2/γ)(uh,i + div σ̃h,i , uh,j + div σ̃h,j)

I µ1 ≤ · · · ≤ µm : Myi = µiNyi , i = 1, 2, . . . ,m

I If N is s.p.d. and if µm+1−j < 0 then
`∗j ,m = ρ− γ − ρ/ (1− µm+1−j) ≤ λj , j = 1, 2, . . . ,m

I `LGm = max{`∗m,i , i = m,m + 1, . . . , n} ≤ λm
I ν = `LGm

end for

Theorem
If ν ≤ λn+1 then `LGi ≤ λi for all i = 1, 2, . . . , n.

[Behnke, Mertins, Plum, Wieners 2000]



Adaptive mesh refinement

Residual

wi ∈ V : (∇wi ,∇v) = (∇uh,i ,∇v)− Λh,i (uh,i , v) ∀v ∈ V

Theorem

‖∇wi‖L2(Ω) ≤ ηi , where ηi = ‖∇uh,i − σh,i‖L2(Ω).

Local error indicators for mesh refinement

ηi ,K = ‖∇uh,i − σh,i‖L2(K) ∀K ∈ Th
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Example: Dumbbell shaped domain

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Tight pairs of eigenvalues:

4.9968370972489 ≤ λ5 ≤ 4.9968370972490

4.9968509041015 ≤ λ6 ≤ 4.9968509041016

7.9869672921028 ≤ λ7 ≤ 7.9869672921038

7.9870343068216 ≤ λ8 ≤ 7.9870343068227



Conclusions

I Kato and Lehmann–Goerisch methods provide lower bounds
with optimal rates of convergence even for higher-order
approximations

I The same flux reconstruction can be used in all methods
and it can be used for adaptive mesh refinement

I Weinstein bound has suboptimal convergence rate,
but it is usefull for a priori lower bounds
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