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Lower bounds on eigenvalues
Laplace eigenvalue problem

—Au,- = )\,’U,‘ in Q
u=20 on 02

Weak formulation
Ai>0,ueV: (Vu,Vv)=X\(u,v) VYvevVv

Finite element method

Awi>0,upi € Ve (Vuni,Vvh) = Npi(uni,vh) Yvh € Vp

Can we compute lower bound?
U< N <Api = |Api—=XN| <Apji—

Notation:

V = Hy(Q)

Vy, = {Vh eV: Vh|K € PP(K) VK € 777}



Lower bounds on eigenvalues of differential operators @

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949,
Goerisch 1985, ...

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
C. Carstensen, R.G. Duran, D. Galistl, J. Gedicke, L. Grubisi¢,
Jun Hu, J.R. Kuttler, Y.A. Kuznetsov, Fubiao Lin, Qun Lin,
Xuefeng Liu, M. Plum, S.I. Repin, V.G. Sigillito, M. Vohralik,
Hehu Xie, Yidu Yang, Zhimin Zhang, ... many others



FEM approaches m

Nonconforming:

AR
1+ 0‘18373"2/72)\2;? < Ai (Crouzeix—Raviart, triangles)

> no a priori information on spectrum needed
» first order only

[Carstensen, Gallistl 2013], [Carstensen, Gedicke 2014]
[Xuefeng Liu 2015]

Conforming:
» a priori information on spectrum needed
> higher order versions

[Behnke, Mertins, Plum, Wieners 2000]
[Cances, Dusson, Maday, Stamm, Vohralik 2017], [Vejchodsky, Sebestova 2017]
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Flux reconstruction in H(div, 2)

opi~Vu;, 1=12,...,n

(a) Global problem:
ohi € Wy minimizes ||Vup; — o %2(9)
under constraint: —divoy; = Ay jup ;i

(b) Local problems:

Ohi= ZZEN;, Oz,

0,,; € W, minimize ||¢,Vup; — a'z’,-||i2(wz)

under constraint: —divo, ;i = Ay iT1(Y,up i) — Vb, - Vg

N

Spaces:
W, = {O'h S H(diV,Q) : Uh’K S RTP(K) VK € 77,}
W, = {0, € H(div,w,) : 0,k € RT,(K) VK € T,
and o, -n, =0o0n I’}



Weinstein and Kato bounds @

Set ni = ||vuh,i - Uh,i||L2(Q) = 1,2, ..., n

1 2
Weinstein bound: E)N =1 <—?7,- + 77,-2 + 4/\h,i)

n 2
Kato bound: K = Ap; | 14+ vAp, Z '

j=i A%,j(y - /\h,j)

-1

where Ay , < v

Theorem 1.
If \/AiZ1 A < Ah,i < v/ AiAif1 then Z}N < A
Theorem 2.

If v < Apy1 then EF <\ foralli=1,2,... n.
[Vejchodsky, Sebestova 2017]



Lehmann—Goerisch method @

Let v >0, v < Apt1, and &4 = (Api+ ) Lo
Form=nn—-1,...,2,1do

> p=rvty

> M = (Vuni, Vupg) + (v — p)(un,i, uny)

> Nj = (Vuni, Vunj) + (v = 20)(uni, tnj) + 0*(8hir G hj)

+(102/7)(Uh,i +divéa i, upj +divép)

> up <o <pm: My;=puiNy, i=12....m

If Niss.p.d. and if g1 <O then
Cm=0=7=p/ Q= ptmi1-j) <N, j=1,2,...,m

v

> ELG—max{Em,, i=mm+1,....,n} < \p
> = f}‘nG

end for

Theorem

If v < Apy1 then E{HG <A foralli=1,2,...,n
[Behnke, Mertins, Plum, Wieners 2000]



Adaptive mesh refinement @

Residual
wie Vi (Vw,Vv)=(Vui,Vv) —Api(upi,v) YveV
Theorem
IVwill2) < ni,  where n; = [Vup; — onilli2(0)-
Local error indicators for mesh refinement

Nk = [Vuni —onillizy YK€ Th
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Example: Dumbbell shaped domain
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Tight pairs of eigenvalues:

4.9968370972489 < A5 < 4.9968370972490
4.9968509041015 < Ag < 4.9968509041016

7.9869672921028 < A7 < 7.9869672921038
7.9870343068216 < A\g < 7.9870343068227



Conclusions @

» Kato and Lehmann—Goerisch methods provide lower bounds
with optimal rates of convergence even for higher-order
approximations

» The same flux reconstruction can be used in all methods
and it can be used for adaptive mesh refinement

» Weinstein bound has suboptimal convergence rate,
but it is usefull for a priori lower bounds
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