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Reaction-diffusion problem

—Au+rK’u=Ff inQCR?
u=0 on 9df2

» x > 0 a constant, 2 polygon

» Robust and locally efficient upper bound on error
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Error estimator
Weak solution: u € V = H}(Q):
(Vu,Vv)+k2(u,v) = (f,v) YveV
FEM solution: u, € V, C V:
(Vup, V) + Ii2(uh, vh) = (f,vp) Vvp € Vy
Error bound for x > 0:

lu—unll® < D [nk(T) + osck(F))* V7 € H(div,Q)
KeTh
> 17%((7-) =||r — Vuth( + k2 HﬂKf — K2up + div7'||f<
> osc () = min {2, L || £ — Mk
» Vi, ={v, € V: vk € P(K) VK € T}



Flux reconstruction for k > 0 @

n

W(wn) = {7 € H(div,wn) : 7|k € RT1(K),
T -V, = 0 on edges v C dwpn, n &~}
Flux reconstruction
T € H(div,Q), 7= Z Tn, and 7, € W(wy,) minimizes
nENh
lTn — HnVuhHin + K72 HG,,(I_If — /@2uh) — V0, -Vu,+ diVTnHin

Equivalent to: find 7, € W(wy) such that

/<f2(div Tn, divwp)w, + (Th, Wh)w,

= (0aVup,wWp)u, — ﬁ_2(9n(|_|f - H2Uh) — Vb, - Vup, divwg),,

Ywy, € W(wn)



Robust local efficiency @

Theorem:
Consider regular family of triangulations (hx/pk < C VYK € Tp, VTp).
Then there exists C > 0 independent of h and x such that

() < c(nw - w2

+ min (%, k72) [Hf—l‘lfo:(Jr > nf - fn\linD

nENK

Notation: K
> f, is the L?(wy)-projection of f onto Py(wn)
» (Nf)|x = Nkf is the L2(K)-projection of f onto Py(K)



Case k =0 @

Braess—Schoberl reconstruction
T € H(div,Q), 7= Z Tn, and 7, € W(wy) minimizes
I’lENh

7 — HnV“hHi"
under the constraint
Nun (On(NF — K2up)) — Vb - Vup +divry =0 in wp
where M, is L?(wn)-projection onto P{¢(wy)

Error estimator
nk(T) = [T — Vun|k
[Braess, Schéberl 2008]



Numerical example: circle

in Q2

—Au+Ku=1
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Exact solution

where r? = x? + y?

for k =0,
for k > 0,

k21— lo(rr)/lo(x)]
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Numerical example: circle

in Q2

—Au+Ku=1
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Exact solution
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Numerical example: circle — effectivity
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Numerical example: circle — adaptivity
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Numerical example: L-shape

in Q2

—Au+Ku=f
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Exact solution

r?)sin(26/3 — 7/3),

(r2/3

u

where

0 € (0, 27] are polar coordinates
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Numerical example: L-shape

in Q2

—Au+Ku=f
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Numerical example: L-shape — adaptivity

\va/)
SO

e

=
3
2

e
A
A

P

<
A
X))

7=
)

) N
S AYAY; v, =
ggﬁ%ﬁﬁ’ S
_ 107t 4
<
@
2
E=1 -3
S 19 k=100 Y=0.37 |
—e— uniform 0.50 t
_4|| —®— adaptive 1
10 b= : ‘ ‘ |
10’ 10° 10" 10°

degrees of freedom



Conclusions

v

Simple flux reconstruction

v

Local problems on patches
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Upper bound on error

v

Proof of local efficiency
Robustness
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