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Reaction-diffusion problem

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

I κ ≥ 0 a constant, Ω polygon

I Robust and locally efficient upper bound on error
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I S. Grosman, 2006
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Error estimator

Weak solution: u ∈ V = H1
0 (Ω):

(∇u,∇v) + κ2(u, v) = (f , v) ∀v ∈ V

FEM solution: uh ∈ Vh ⊂ V :

(∇uh,∇vh) + κ2(uh, vh) = (f , vh) ∀vh ∈ Vh

Error bound for κ > 0:

|||u − uh|||2 ≤
∑
K∈Th

[ηK (τ ) + oscK (f )]2 ∀τ ∈ H(div,Ω)

I η2
K (τ ) = ‖τ −∇uh‖2

K + κ−2
∥∥ΠK f − κ2uh + div τ

∥∥2

K

I oscK (f ) = min
{

hK
π ,

1
κ

}
‖f − ΠK f ‖K

I Vh = {vh ∈ V : vh|K ∈ P1(K ) ∀K ∈ Th}



Flux reconstruction for κ > 0

W(ωn) = {τ ∈ H(div, ωn) : τ |K ∈ RT1(K ),
τ · νωn = 0 on edges γ ⊂ ∂ωn, n 6∈ γ}

n

ωn

Flux reconstruction
τ ∈ H(div,Ω), τ =

∑
n∈Nh

τ n, and τ n ∈W(ωn) minimizes

‖τ n − θn∇uh‖2
ωn

+ κ−2
∥∥θn(Πf − κ2uh)−∇θn ·∇uh + div τ n

∥∥2

ωn

Equivalent to: find τ n ∈W(ωn) such that

κ−2(div τ n, divwh)ωn + (τ n,wh)ωn

= (θn∇uh,wh)ωn − κ−2(θn(Πf − κ2uh)−∇θn ·∇uh, divwh)ωn

∀wh ∈W(ωn)



Robust local efficiency

Theorem:
Consider regular family of triangulations (hK/ρK ≤ C ∀K ∈ Th, ∀Th).
Then there exists C > 0 independent of h and κ such that

η2
K (τ ) ≤ C

(
|||u − uh|||2˜̃

K

+ min
(
h2
K , κ

−2
)[
‖f − Πf ‖2˜̃

K
+
∑
n∈NK

‖Πf − fn‖2
ωn

])

K K̃Notation:

I fn is the L2(ωn)-projection of f onto P1(ωn)

I (Πf )|K = ΠK f is the L2(K )-projection of f onto P1(K )



Case κ = 0

Braess–Schöberl reconstruction
τ ∈ H(div,Ω), τ =

∑
n∈Nh

τ n, and τ n ∈W(ωn) minimizes

‖τ n − θn∇uh‖2
ωn

under the constraint

Πωn

(
θn(Πf − κ2uh)

)
−∇θn ·∇uh + div τ n = 0 in ωn

where Πωn is L2(ωn)-projection onto Pdisc
1 (ωn)

Error estimator
ηK (τ ) = ‖τ −∇uh‖K

[Braess, Schöberl 2008]



Numerical example: circle

−∆u + κ2u = 1 in Ω

u = 0 on ∂Ω

Exact solution

u =

{
(1− r2)/4 for κ = 0,
κ−2 [1− I0(κr)/I0(κ)] for κ > 0,

where r2 = x2 + y2



Numerical example: circle

−∆u + κ2u = 1 in Ω

u = 0 on ∂Ω

Exact solution
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Numerical example: circle – effectivity

Ieff =
η

|||u − uh|||
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Numerical example: circle – adaptivity
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Numerical example: L-shape

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

Exact solution

u = (r2/3 − r2) sin(2θ/3− π/3),

where
r ∈ [0, 1], θ ∈ (0, 2π] are polar coordinates

Exact solution



Numerical example: L-shape

−∆u + κ2u = f in Ω

u = 0 on ∂Ω

Exact solution
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Numerical example: L-shape – adaptivity
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Conclusions

I Simple flux reconstruction

I Local problems on patches

I Upper bound on error

I Proof of local efficiency

I Robustness
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