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Reaction-diffusion problem @

—Au+r’u=f mQCcR?Y k>0
u=0 on o

Weak formulation:
veV: (Vu,Vv)+r%(u,v)=(f,v) VveV
Linear FEM:
up € Vi (Vup, Vvp) + 52(uh, vh) = (f,vh) Vvp € Vy

Notation:
> V= H&(Q)
> (u,v) = [quvdx
» Vo ={v, € V:wlk € PK),K € T}
> v = [V V] + K2 v]?



Reaction-diffusion problem @

—Au+r’u=f mQCcR?Y k>0
u=0 on o

Weak formulation:
veV: (Vu,Vv)+r%(u,v)=(f,v) VveV
Linear FEM:
up € Vi (Vup, Vvp) + ,'-$2(uh7 vh) = (f,vh) Vvp € Vy

Goals:
» Guaranteed upper bound: ||u — up| <7
» Local efficiency: nx < C|lu — up||lk
» Robustness: C is independent of h and &
> Fast algorithm



Guaranteed error bound @

Theorem

lu — up)? < Z [k (T) + osck(F)]* ¥ € H(div, Q)
KEeTh

where
1 2
> k() = |IT = Vunllk + 2 |k — K2 up + div 7|,

» osck(f) = min {hK !

,—
T KR

}Hf—fKuK

» fx = Nkf,ie, fix € PYK): (f—fk,0)k =0 Yoy € PYK)
Goal: Construct T such that we have (robust) local efficiency:

K (T) < c(|||u — g + h.o.t.)



Flux reconstruction @

Definition
=Y T
nGNh

s

where 7, € W(wy) minimizes

1 . 2
|70 — eanh||§n+? Nk (On(fic = K2un)) = Vba - Vup +divral|
Notation

» W(wn) = {7 € H(div,wn) : 7|k € RT1(K), T v, =0o0n E}
> On ... hat functions (form partition of unity: > - 0n =1)
» N ... nodes (vertices) in triangulation Ty

[Braess, Schoberl 2008], [Ern, Vohralik 2009-]



Flux reconstruction @

Definition n

T:E’Tn

nGNh

s

where 7, € W(wy) minimizes

1
|70 — QnVuhHin—F; HI'IK (n(fk — /<a2uh)) — Vb, - Vup + div ’TnHin

Euler-Lagrange equations
Minimizer T, € W(wy) satisfies

1 . .
= (divra,divwg), + (Tn, Wh)w,

1
= (0nVup,wp),, — =2 (Qn(fK - quh) — V0, -Vuy, divwh)

Wn

for all wy € W(wp).



Local efficiency

Theorem.  Assume regular family of triangulations. Then there
exists C > 0 such that

(7)< € (I = wl +hot?)
where
. 1)?
o = min {2 (1 = Al + 3 1~ fel?,
neNyk

and fy € Pl(wn) i (F = fa, ), =0 Vo € PYwn).



|dea of proof @

Lemma

m(r)<C >

neNyk

1 .
{an = OV un|15, + 5 [[Mk(On(fic = £70n)) = Vb - Vup + div T,,Hin]

Proof

1
ne(T) = |7 — Vuh||f< + 2 HfK — K2up + diVTHf<
2

Z (Tn - anuh)

neNyk

K
2

1

+ =5 || D2 [N (alfic = 2un)) = Vo - Vi + div )

neNk

K

]



|dea of proof @

Lemma

Me(T) < C Y

"ENK

1 .
{an — OnVup|?, + - Mk (On(fic — K2up)) — VO - Vup + leTnHin]

Case 1. khy < 1 [Ainsworth, V. 2011, 2014]
» o) e W (wn)
> Nk (On(fic — K2up)) — Voo - Vup + divol) =0
> ok — 0uVunl2, < € (lu - unll? + EIF ~ ficl )
[Ainsworth, Babugka 1999], [Verfiirth 1998]



|dea of proof @

Lemma

27’)§CZ

HENK

|:H7'n - GnVUhH + 7 HHK fK — K Uh)) V@ Vuh + div T“H :|
Case 2. khx > 1

1
» o2 = 00Vl

> 0P € W(wp)

>

Ho's,z) — GnVuh

HI‘IK o(fic — 120p)) — V00 - Vup + dive @]

UJn

1
<c (mu -l + 7~ 2, + Sl el )

Wn



Numerical example
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Numerical example
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Numerical example

—Au+r’u=Ff inQCR?
u=0 ondQ

Energy norm of solution
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Numerical example

—Au+r’u=Ff inQCR?

u=0 on 0N €=u~—ln

Energy norm of error
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Numerical example @

—Au+r’u=Ff inQCR?

2 2
u=0 on 9N n = Z 114 (T) + osck ()]
KeTs

Error estimator
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Numerical example @

—Au+r’u=Ff inQCR?

n
u=0 ondQ ket = Tl
4 Index of effectivity
— eff
35 f —6— L [Ainsworth,V.’14]
3l Lg [Braess,Schoberl’08]




Numerical example

—Au+r’u=Ff inQCR?
u=0 ondQ # =100

Energy norm of error
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Numerical example

—Au+rKu="f
u=0 ondQ
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Numerical example

—Au+r’u=Ff inQCR?

u=0 on R + = 100
A Index of effectivity
— eff
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Adaptivity

» Solve. FEM

» Estimate. Error indicators nx(7)

+ osck (F)]?

)

T

ZKeTh [nK(

Error estimator 7?
If |u—un] <n < TOL

» Mark. Dorfler strategy

» Stop.

> Refine. Longest edge bisection
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Adaptivity

Energy norm of error

101}
100}
107" ¢
[[lu — ualll
) _— —”VU*VU;Z”
107 ¢ Klw — u |
102 10*

degrees of freedom



Adaptivity

Error estimator
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Adaptivity

Index of effectivity
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Conclusions

Highlights

» Guaranteed upper bound on error (reliability)

v

Local lower bound on error (efficiency)

v

Robust with respect to both h and &

v

Flux reconstruction based on small local problems

Open problems
» Variable k
» Neumann boundary conditions

> Anisotropic meshes — talk of Natalia Kopteva
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