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Reaction-diffusion problem

−∆u + κ2u = f in Ω ⊂ Rd , κ > 0

u = 0 on ∂Ω

Weak formulation:

u ∈ V : (∇u,∇v) + κ2(u, v) = (f , v) ∀v ∈ V

Linear FEM:

uh ∈ Vh : (∇uh,∇vh) + κ2(uh, vh) = (f , vh) ∀vh ∈ Vh

Notation:

I V = H1
0 (Ω)

I (u, v) =
∫

Ω uv dx

I Vh = {vh ∈ V : vh|K ∈ P1(K ),K ∈ Th}
I |||v |||2 = ‖∇v‖2 + κ2‖v‖2



Reaction-diffusion problem

−∆u + κ2u = f in Ω ⊂ Rd , κ > 0

u = 0 on ∂Ω

Weak formulation:

u ∈ V : (∇u,∇v) + κ2(u, v) = (f , v) ∀v ∈ V

Linear FEM:

uh ∈ Vh : (∇uh,∇vh) + κ2(uh, vh) = (f , vh) ∀vh ∈ Vh

Goals:

I Guaranteed upper bound: |||u − uh||| ≤ η
I Local efficiency: ηK ≤ C |||u − uh|||K
I Robustness: C is independent of h and κ

I Fast algorithm



Guaranteed error bound

Theorem

|||u − uh|||2 ≤
∑
K∈Th

[
ηK (τ ) + oscK (f )]2 ∀τ ∈ H(div,Ω)

where

I η2
K (τ ) = ‖τ −∇uh‖2

K +
1

κ2

∥∥fK − κ2uh + div τ
∥∥2

K

I oscK (f ) = min

{
hK
π
,

1

κ

}
‖f − fK‖K

I fK = ΠK f , i.e., fK ∈ P1(K ) : (f − fK , ϕ)K = 0 ∀ϕ ∈ P1(K )

Goal: Construct τ such that we have (robust) local efficiency:

ηK (τ ) ≤ C
(
|||u − uh|||K̃ + h.o.t.

)



Flux reconstruction

Definition
τ =

∑
n∈Nh

τ n

n

ΓE
n

ωn

where τ n ∈W(ωn) minimizes

‖τ n − θn∇uh‖2
ωn

+
1

κ2

∥∥ΠK

(
θn(fK − κ2uh)

)
−∇θn · ∇uh + div τ n

∥∥2

ωn

Notation

I W(ωn) = {τ ∈ H(div, ωn) : τ |K ∈ RT1(K ), τ · νωn = 0 on ΓE
n }

I θn . . . hat functions (form partition of unity:
∑

n∈Nh
θn = 1)

I Nh . . . nodes (vertices) in triangulation Th
[Braess, Schöberl 2008], [Ern, Vohraĺık 2009–]



Flux reconstruction

Definition
τ =

∑
n∈Nh

τ n

n

ΓE
n

ωn

where τ n ∈W(ωn) minimizes

‖τ n − θn∇uh‖2
ωn

+
1

κ2

∥∥ΠK

(
θn(fK − κ2uh)

)
−∇θn · ∇uh + div τ n

∥∥2

ωn

Euler–Lagrange equations
Minimizer τ n ∈W(ωn) satisfies

1

κ2
(div τ n, divwh)ωn

+ (τ n,wh)ωn

= (θn∇uh,wh)ωn
− 1

κ2

(
θn(fK − κ2uh)−∇θn · ∇uh, divwh

)
ωn

for all wh ∈W(ωn).



Local efficiency

Theorem. Assume regular family of triangulations. Then there
exists C > 0 such that

η2
K (τ ) ≤ C

(
|||u − uh|||2K̃ + h.o.t.2

)
where

h.o.t.2 = min

{
hK ,

1

κ

}2
‖f − fK‖2

K̃
+
∑
n∈NK

‖fn − fK‖2
ωn


and fn ∈ P1(ωn) : (f − fn, ϕ)ωn = 0 ∀ϕ ∈ P1(ωn).



Idea of proof
Lemma

η2
K (τ ) ≤ C

∑
n∈NK[

‖τ n − θn∇uh‖2
ωn

+
1

κ2

∥∥ΠK (θn(fK − κ2uh))−∇θn · ∇uh + div τ n

∥∥2

ωn

]
Proof

η2
K (τ ) = ‖τ −∇uh‖2

K +
1

κ2

∥∥fK − κ2uh + div τ
∥∥2

K

=

∥∥∥∥∥∥
∑
n∈NK

(τ n − θn∇uh)

∥∥∥∥∥∥
2

K

+
1

κ2

∥∥∥∥∥∥
∑
n∈NK

[
ΠK

(
θn(fK − κ2uh)

)
−∇θn · ∇uh + div τ n

]∥∥∥∥∥∥
2

K



Idea of proof
Lemma

η2
K (τ ) ≤ C

∑
n∈NK[

‖τ n − θn∇uh‖2
ωn

+
1

κ2

∥∥ΠK (θn(fK − κ2uh))−∇θn · ∇uh + div τ n

∥∥2

ωn

]
Case 1. κhK ≤ 1 [Ainsworth, V. 2011, 2014]

I σ
(1)
n ∈W(ωn)

I ΠK (θn(fK − κ2uh))−∇θn · ∇uh + divσ
(1)
n = 0

I ‖σ(1)
n − θn∇uh‖2

ωn
≤ C

(
|||u − uh|||2K̃ + h2

K‖f − fK‖K̃
)

[Ainsworth, Babuška 1999], [Verfürth 1998]



Idea of proof
Lemma

η2
K (τ ) ≤ C

∑
n∈NK[

‖τ n − θn∇uh‖2
ωn

+
1

κ2

∥∥ΠK (θn(fK − κ2uh))−∇θn · ∇uh + div τ n

∥∥2

ωn

]
Case 2. κhK > 1

I σ
(2)
n =

1

κ2
θn∇fn

I σ
(2)
n ∈W(ωn)

I∥∥∥σ(2)
n − θn∇uh

∥∥∥2

ωn

+
1

κ2

∥∥∥ΠK

(
θn(fK − κ2uh)

)
−∇θn · ∇uh + divσ

(2)
n

∥∥∥2

ωn

≤ C

(
|||u − uh|||2ωn

+
1

κ2
‖f − fK‖2

ωn
+

1

κ2
‖fn − fK‖2

ωn

)



Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

I f = κ2r2/3 sin
2φ− π

3

I u =

(
r2/3 −

I2/3(κr)

I2/3(κ)

)
sin

2φ− π
3

I Iα(x) . . . modified Bessel function of the first kind

I κ = 10−3, . . . , 106



Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω

κ = 100
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω e = u − uh
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω η2 =
∑
K∈Th

[
ηK (τ ) + oscK (f )]2
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω Ieff =
η

|||u − uh|||
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω κ = 100
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω κ = 100
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Numerical example

−∆u + κ2u = f in Ω ⊂ R2

u = 0 on ∂Ω κ = 100
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Adaptivity

I Solve. FEM

I Estimate. Error indicators ηK (τ )
Error estimator η2 =

∑
K∈Th

[
ηK (τ ) + oscK (f )]2

I Stop. If |||u − uh||| ≤ η ≤ TOL

I Mark. Dörfler strategy

I Refine. Longest edge bisection



Adaptivity
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Conclusions

Highlights

I Guaranteed upper bound on error (reliability)

I Local lower bound on error (efficiency)

I Robust with respect to both h and κ

I Flux reconstruction based on small local problems

Open problems

I Variable κ

I Neumann boundary conditions

I Anisotropic meshes – talk of Natalia Kopteva
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