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Abstract Electro- or magneto-sensitive elastomers are smart materials whose mechanical prop-
erties change instantly by the application of an electric or magnetic fields. The paper analyses
the convexity conditions (quasiconvexity, polyconvexity, ellipticity) of the free energy of such
materials. These conditions are treated within the framework of the general .o7/-quasiconvexity
theory for the constraints

curlF =0, divd=0, divb=0, (%)

where F is deformation gradient, d is the electric displacement and b is the magnetic induction.
If the energy depends separately only on F, or on d, or on b, the .o/-quasiconvexity reduces,
respectively, to Morrey’s quasiconvexity, polyconvexity and ellipticity conditions or to convexity
in d or in b. In the present case, the simultaneous occurrence of F', d, and b leads to the cross-
phenomena: mechanic-electric, mechanic-magnetic, and electro-magnetic.
The main results of the paper are:
e In dimension 3 there are 32 linearly independent scalar .o/-affine functions (and 15 in
dimension 2) corresponding to the constraints ().
e Therefore, an energy function y/(F, d, b) is .oZ-polyconvex if and only if it is of the form

w(F,d,b) = ®(F,cof F,detF,d,b,Fd, Fb)

where @ is a convex function (of 31 scalar variables). Apart from the expected terms F,
cof F, detF', d, and b, we have the cross-effect terms Fd, Fb (and in dimension 2 also
d x b).

e  Anexistence theorem is proved for a state of minimum energy for a system consisting of an
o/-polyconvex electro-magneto-elastic solid plus the vacuum electromagnetic field outside
the body.

e  Broad sufficient conditions are given for .o/-polyconvexity of isotropic bodies. The com-
monly used isotropic electro-elastic or magneto-elastic invariants are .oZ-polyconvex except
for the biquadratic ones. The paper determines their .o/-quasiconvex envelope.

e A complete analysis is given of the .&Z-convexity concepts for electro-magneto-rheological
fluids.

* Acknowledgement I thank M. Itskov for fruitful discussions. The support of the institutional
research plan RVO 67985840 is gratefully acknowledged.
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| Introduction

Electro- or magneto-sensitive elastomers are smart materials whose mechanical prop-
erties change instantly by the application of an electric or magnetic field. The sensi-
tivity to the electromagnetic fields is due to the manufacturing process in which some
metallic electro- or magneto- sensitive inclusions (such as alumina particles or iron
powder) are deposited in an elastomeric (usually rubber) matrix. If the fabrication
process is conducted under the external electric or magnetic fields, it produces an
alignment of the inclusions and consequently an anisotropy; the latter is combined
with large deformations of the matrix. One is thus faced with full nonlinear couplings
of the mechanical response with the electric and magnetic fields and also with an
indirect magneto-electric coupling.

As is well-known, for large deformations the well-posedness questions play
important role.

For nonlinear elastostatics Ball [1] showed that Morrey’s quasiconvexity condi-
tion [32-33] has a direct relevance for the behavior of the body; moreover, recognized
the importance of Morrey’s sufficient condition for quasiconvexity [33; Theorem
4.4.10], for which he introduced the term polyconvexity. He showed that the poly-
convexity is compatible with the realistic constraint for the energy function y, viz.,

w(F) >0 as detF— 0 (1.1)

and leads to a satisfactory existence theorems in nonlinear elasticity under realistic
assumptions. These convexity conditions are known to be one of the main guiding
principles for the formation of the nonlinear constitutive equations [51-52, 58, 22-23]
and [24].
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In this paper I extend the quasiconvexity and polyconvexity notions to the com-
pletely coupled problem in electro-magneto-rheological elastomers. There are new
issues beyond the purely mechanical case, as we shall see below. The polyconvex-
ity condition, called E-polyconvexity in this paper, is described explicitly, see (2.4)
and Theorem 6.5, below. Efficient sufficient conditions are given below for isotropic
solids a fluids which show that E-polyconvexity is satisfied by many constitutive pro-
posals commonly used in the literature (but not by all). Furthermore, an equilibrium
existence result under the Dirichlet boundary data is proved for an E-polyconvex
solid plus the surrounding vacuum electromagnetic field (Theorem 9.3, below).

Our choice of the basic variables in the constitutive equations are the deformation
gradient [, the (lagrangean) electric displacement d and the (lagrangean) magnetic
induction b.* Among the new issues that we encounter is that the electromagnetic
variables satisfy

divd =0, divb=0 (1.2)

identically as a counterpart of
curl F =0 (1.3)

for the deformation gradient '. We make a full use of (1.2) and (1.3) by adopting
the convexity theory under differential constraints known as the .e/-quasiconvexity
theory [5, 15, 37-38].

In the absence of electromagnetic phenomema the .27-quasiconvexity under the
constraint (1.3) reduces to the afore-mentioned Morrey’s quasiconvexity. The convex-
ity conditions for the electric or magnetic phenomena in rigid bodies (no deformation)
have been studied in [59, 5, 44, 15]. These works show that the .o/-quasiconvexity
under (1.2); or under (1.2), reduces to the ordinary convexity.

The quasiconvexity for combinations of mechanical and magnetic phenomena has
been discussed in [26] and [25], but ignoring the constraint (1.2),, which substantially
reduces the class of quasiconvex and polyconvex energies. The paper [16] briefly
mentions, as an example, a combination of mechanical and magnetic phenomena in
2 dimensions within a different framework, but without any further development.

Note After the research presented in this paper had been completed, the author
became aware of the recent papers by Gil & Ortigosa [19] and Ortigosa & Gill,
2016 [41-42].** The authors postulate, under the name multi-variable convexity, the
same condition as the E-polyconvexity mentioned above. Their motivation for the
multi-variable convexity comes from its consistency with the electro-magneto-elastic
ellipticity condition and from guaranteeing the reality of speeds of infinitesimal plane
waves (see [19; Section 4, Remark 4] and [41; Subsection 4.1], respectively). Despite
the obvious overlap, the details of the developments and motivations of [19, 41],
[42] versus the present work are different: the former group of papers concentrates
mainly on the formal variational aspects and numerical implementation, while here I
subordinate the E-polyconvexity to the general concepts of .oZ-quasiconvexity theory
(in Theorem 6.5 and elsewhere) and prove results related to that (such as the existence

* A future paper [57] will analyze the convexity conditions under different choices of electro-
magnetic variables.
** [ thank M. Itskov for drawing my attention to these papers.



2. Survey of main results 4

theorem of Section 9). In particular, the electro-magneto-elastic ellipticity condition
figures as a consequence of the .o/-quasiconvexity (Subsection 2.2, below) and the
non-trivial proof of the form of the E-polyconvexity presented in Section 8 has no
counterpart in [19, 41-42].

The paper is organized as follows. Section 2 provides a detailed but informal
descriptions of the results of the paper. Section 3 gives a survey of the equilibrium
and constitutive equations for the static electro-magneto-elasticity. Formal aspects of
the variational principle of the electro-magneto-elasticity (the total energy, its first
and second variations and the variational derivation of the equilibrium equations) are
treated in Section 4. The optional Section 5 introduces the .e/-quasiconvexity in the
general case. A specialization of the .2/-quasiconvexity to electro-magneto-elasticity
is provided in Section 6 under the name E-quasiconvexity. This central section can
be read independently of Section 5 since independent definitions are given therein.
The next two sections 7 and 8 provide the proofs of the results presented in Section
6. Sections 9, 10, and 11 establish the existence theorem and treat the isotropic
materials and fluids, respectively. The remaining sections are appendices. Section
12 calculates E-quasiconvex envelopes of certain biquadratic isotropic invariants.
Section 13 summarizes some results on the classical rank 1 convexity needed in our
proofs. Section 14 collects the results on the weak convergence necessary for the
existence theorem. Finally, Section 15 describes the notation and presents the basic
definitions from the ordinary convexity.

2 Survey of main results

With the exception of Section 5, we work in the space dimensions n = 2 or 3.x
Recall from the introduction that the variables in the constitutive equations are the
deformation gradient 7' € M" *" the referential electric displacement d € R” and
the magnetic induction b € R”. Throughout the section, y : M"*" x R"” xR" — R
denotes the energy function of an electro-magneto-elastic body and (F,d, b) is an
element of M” *" x R" x R".

2.1 E-quasiconvexity The function y is said to be E-quasiconvex if the inequality
Jw(F+(x),d+0d(x),b+p(x))dx > y(F,d,b) 2.1
0

holds on the unit cube Q = (0, 1)" for each constant values of F, d and b and
for each triplet (¢, J, #) of smooth functions on R”, periodic with respect to O, and
satisfying
curlp =0, divo=0, divf=0 on R”"

and

Jopdx=0, [ddx=0, [pdx=0.

0 0 0
The E-quasiconvexity inequality is difficult to verify (even in the absence of d and
b). The exception is the quadratic case to be now mentioned.

* The reader is referred to Section 15 for the notation employed throughout the paper.
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2.2 E-ellipticity and the quadratic case We say that a twice continuously differen-
tiable y is E-elliptic at (F,d, b) if

D2y(F,d,b)[(E ®n,6,5),(®n,6,£)]12 0 (22)
for every &, J, B, n € R" such that
o-n=p-n=0 and 5+ 0.
Equation (2.2) reads in detail
I//,FF(f ®n,.<@n) + V/,DD(&&) + V/,bb(ﬁ,ﬁ)

+ 21//,Fd(f ®n,0)+ 2‘//,Fb(f ®n,p)+ 21//,(11,(5,77) 2 0.

The E-ellipticity is a consequence of the E-quasiconvexity. Conversely, it implies

the E-quasiconvexity if  is a quadratic function, i.e., if
w(F,d,b)=C[(F,d,b),(F,d,b)]

for every (F,d, b) in the domain of y, where C|[-,-] is a symmetric quadratic form.
This can be restated equivalently in terms of the second variation 82 E(¢) of the total
energy [see (4.1) and (4.3)]. Namely, the E-ellipticity of y at (F, d, b) is equivalent
to the nonnegativity of the second variation 82 E(o') at the homogeneous state with
data (F,d, b) under the Dirichlet boundary conditions, i.e.,

82E(o)[x, 0,812 0

for every triplet of infinitely differentiable functions «, J, f : R” — R” which vanish
outside Q.

2.3 E-polyconvexity The E-polyconvexity is a sufficient condition for E-quasicon-
vexity and more importantly, it enables to prove an existence theorem under the
constraint (1.1), which is impossible under the mere quasiconvexity.

2.3.1 The logic The notion of E-polyconvexity is based on Jensen’s inequality and

on the idea of E-quasiaffine function. _

e Jensen’s inequality is stated in a special form: If ® : R™ — R is a convex
lowersemicontinuous function then

[ ©(z(x))dx = ©( ] z(x) dx)
0 0
for any measurable map z : Q — R™.

e Afunctiony = y(F,d, b) is said to be E-quasiaffine if the inequality (2.1) holds
with the equality sign for all choices of objects occurred there. The main point
about E-quasiaffine is that in contrast to E-quasiconvex functions, they are easy
to describe, see §2.3.2.

* A function y is said to be E-polyconvex if there exists a convex lowersemicon-
tinuous function ® : R” — R and E-quasiaffine functions y; = v, (F,d,b),
i=1,...,m,such that

W(Fad’b) = (D(Wl(Fadab)aﬂ"l//m(Fad’b))
forall F,d, b.

To verify that each E-polyconvex function is E-quasiconvex, one takes (F,d, b)
and (¢, J, f) as in Subsection 2.1 and applies Jensen’s inequality to

z(x) = (t//l(F+(p(x),d+5(x),b+/3(x)),..., W (F+(p(x),d+5(x),b+/>’(x)))
to show that y satisfies (2.1).
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2.3.2 Explicit forms of E-quasiaffine and E-polyconvex functions It turns out that in
dimension 3 there are 32 linearly independent scalar E-quasiaffine functions of
(F,d,b), viz.,

1, F, cofF, detF, d, b, Fd, Fb; (2.3)

(in dimension 2 the list reads 1, F, detF', d, b, Fd, Fb, d X b and represents 15
scalar functions).* A general E-quasiaffine function is a linear combination of the
functions in (2.3). Note that the quantities F'd and F'b occurring in (2.3) are related to
the spatial (eulerian) electric displacement and the spatial magnetic induction D, B
by the formulas Fd = D/p, Fb = B/p where p is the mass density, as follows from
(3.6);,, (below).

Therefore, y is E-polyconvex if and only if it is of the form

w(F,d,b) = ®(F,cof F,detF,d,b,Fd,Fb) (2.4)

where @ is a convex function (of 31 scalar variables). Apart from the expected terms
F,cof F,detF, d, b, which follow from the separate .o/-quasiconvexity with respect
to F', d, and b, we have the cross-effect terms F'd, F'b (and in dimension 2 also d X b).

2.4 Existence theorem The power and consistency of the E-polyconvexity is
demonstrated by proving an existence theorem for states of minimum total energy
of an E-polyconvex electro-magneto-elastic solid plus the energy of the vacuum
electromagnetic field in the exterior of the body. Currently, the proof is available only
for the Dirichlet boundary data for the deformation. Apart from the standard growth
conditions for F' and cof F', the theorem needs the coercivity conditions for d and b
to manage the nonlinear terms F'd and Fb in (2.4). The div-curl lemma is employed
to do that.

2.5 Symmetries In practice, the E-polyconvexity condition (2.4) is combined with
different types of material symmetry to obtain more concrete forms of the constitutive
equations. In the present paper, this is demonstrated on isotropic bodies and fluids.

2.5.1 Isotropy The following sufficient condition is provided for .oZ-polyconvexity
of isotropic bodies: the energy v is polyconvex, isotropic and satisfies the principle
of objectivity if it has the form

w(F,d,b) = @(vl,1)2,1)3,1)11)2,1)21)3,1)11)3,d”,b”,dx,bx,1)11)21)3) (2.5)

where .
v, U,, U5 are the singular values of F,

d''=\d|, b'=|b|, d*=|Fd|, b*=|Fb|

and where © is a convex function of 11 scalar variables such that @ (z,,...,z;;)
nondecreasing in the variables z,, ..., z;, and symmetric under the permutations
of z,, z,, zy and of z,, zs, z,, see Theorem 10.1, below, which actually provides
a somewhat more general sufficient condition. Condition (2.5) extends the “seven
variables theorem” for isotropic polyconvex elastic materials [1; Theorem 5.2] and
covers a very large class of polyconvex energies of isotropic electro-magneto-elastic
bodies, see Subsections 10.2-10.4.

* This result, one of the main results of this paper, is proved in Section 8 by a direct calculation
based on the A -affine functions. The paper [55] proves a general result which yields the above as a
special case.
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2.5.2 Isotropic invariants One popular way to satisfy the symmetry requirement im-
posed by the isotropy is to express the energy as functions of a minimal family of
isotropic invariants. This way already occurred in the basic paper by Toupin [60] (who
used a slightly different set of independent variables) and employed numerously in
the literature since then. A standard list of isotropic invariants is

I, L, I, K¢ K§ K& KP KP, KM, MM, (2.6)
where
I, = tr(C), Izzé((trC)z—tr(Cz)), I3 = det(C),
C=F'F, K¢=d-C'"'d, KM=b-C'"'b, M*™=d.b,

where i ranges the set {1, 2, 3 }. We note that in the literature these invariants are
used either in a purely electro-elastic or a purely magneto-elastic context, with the
corresponding sublists of the full list (2.6). The invariant M ™ thus does not occur at
all. The invariants

I,, I,, I, Kj, K5, 0 K 2.7)

are each of the format (2.5) and thus they are E-polyconvex (actually, more strongly,
even their square roots are E-polyconvex). An example of an E-polyconvex energy
expressed through these invariants is a “Mooney—Rivlin magnetoelastic solid” [43]

1
W= Z,u(O)[(l +y)Uy=3)+ (1 =), - 3)] +aKi" + K3

where (0 ) is the shear modulus, & = 0, f = 0 magnetoelastic coupling parameters,
and y an additional parameter, with |y| < 1. Of course, many other proposals occur
in the literature, some E-polyconvex and others not.

Contrary to the invariants in (2.7), the invariants

K3, K3' and MM

are not E-polyconvex. A computational way of verifying this is to show that they
violate the ellipticity condition. A better way is to show that the E-quasiconvex
envelopes QKS, QK3", QM ™, defined by (12.1) (below), do not coincide with the
original functions. Indeed, it will be shown that

QKS = |Fd|*, QK= |Fb|*, QM =-o
forevery (F,d,b).
2.5.3 Fluidity The free energy of electro-magneto-elastic fluids has a representation
w(F,d,b) =t(p,Fd,Fb) =1t(p,D,B)

where p = 1/ det F is the mass density and 7 and 7 are some functions of the indicated
arguments, satisfying

T(p’ Qd#’ Qb#) = T(p’d#ab#)a f(p’ QD’ QB) = I-(paD’B)

for every proper orthogonal tensor Q, every p > 0 and every d*, b*, D, Be R". It
turns out that for energies y of that format,
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E-quasiconvexity <> E-polyconvexity <> E-ellipticity
and these conditions are satisfied <
the function (v,d*,b*) — (1 /v,d*,b¥) is convex on (0,0) X R"” x R”.

Note that the variable v is the specific volume. Section 11 gives a broad sufficient
condition for the E-polyconvexity for fluids. An important particular case of electro-
magneto-elastic fluids are the electrorheological fluids [21; Chapter 8].

3 Equilibrium and constitutive equations for
electro-magneto-elasticity

The coupling between electricity, magnetism and nonlinear elasticity is well studied
since the sixties of the last century, as illustrated by the book expositions [62, 4, 21,
30, 13-14, 27] and others. Our situation is purely static, so that only the static form of
Maxwell’s equations and the mechanical equilibrium of forces govern the behavior
of the body.

3.1 Equilibrium equations

3.1.1 Actual (“eulerian”) configuration The basic electromagnetic variables are the
electric and magnetic fields, the electric displacement and the magnetic induction,
denoted, respectively, by £, H, D, B. The mechanical variables are the Cauchy stress
tensor 7', the density of the body force g, and the actual density of mass p. The
equilibrium equations are

DivD=0, DivB=0, CurlE=0, CurlH=0 on R”", (3.1
DivT +pg=10 on ® 3.2)

where Curl and Div denote the curl and divergence with respect to the actual position
and o is the actual configuration of the body. In Section 4, the equilibrium equations
will be derived from a variational principle. The equations (3.1) and (3.2) are assumed
to hold in the weak sense, which then includes the well-known jump conditions for
the electromagnetic variables on the boundary of the body. This is not repeated here.
Furthermore, below we shall consider only the Dirichlet boundary conditions for
the deformation; thus there is no equation for the surface traction on the boundary.
Outside ® we have the ether relations

E=D, H =B (3.3)
on o, we have the constitutive relations for £ and H to be discussed below.

3.1.2 Referential (“lagrangian) configuration We denote by Q < R” the reference
configuration of the body and by y : Q@ — R” the deformation. We prescribe the
Dirichlet boundary conditions on dQ2, i.e.,

y=y on dQ (3.4)
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where y : 0Q — R” is a given function. We assume that y can be extended to an
equally denoted injective function on R” ~ cl Q such that detVy > 0 on R” ~ Q.
For notational convenience we define the deformation gradient 7 : R” — M’} *" by

Vy on Q,
B | Vy on R" ~clQ.

We now use the classical Piola transformation [20], [29; Chapter I, §§7.18-7.20] to
introduce the referential (lagrangean) quantities by

e=FYE, h=FTH, d=(cof F)TD, b= (cof F)TB on R”,

F (3.5)

(3.6)
S =TcofF on Q,
where, of course the spatial variables E, ..., T are now expressed as functions of the
referential variable. The referential forms of the equilibrium equations read
divd =0, divb=0, curle=0, curlh=0, on R”, (3.7)
divS+g=0 on Q, (3.8)

where curl and div denote the referential forms of the curl and divergence, i.e., the
same differential operators as Curl and Div, but with the derivatives with respect
to the actual position replaced by the derivatives with respect to referential position.
The ether relations (3.3) read in terms of the referential variables as

e=FYFd/detF, h=F"Fb/detF (3.9)
outside Q.

3.2 Constitutive relations

3.2.1 The energy and potential relations The density of the free energy function is

w=yw(F,d,b)

with det ' > 0. We assume that i is twice continuously differentiable throughout
the domain
D% =MT*" xR" xR" (3.10)

which is a subset of
D" .= M"*" x R" x R". (3.11)

We have the potential relations

S=Dry, e=Dyy, h=Dyy. (3.12)

3.2.2 Objectivity We assume that y satisfies
w(QF,d,b) = y(F,d,b) (3.13)

for all (F,d,b) € D’} and all Q € SO(n). A standard argument shows that (3.13)
implies the symmetry of the stress,

SFT=FsT, 17=r.
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3.2.3 The symmetry group The material symmetry (isotropy, crystal classes, etc.) is
one of the basic guiding principles for the creation of realistic constitutive equations.
For a general electro-magneto-elastic material with the energy function y, we define
the symmetry group % of the material as the set of all H € M. *" such that

w(F cof HY, (cof H)™'d, (cof H) " 'b) = w(F,d,b) (3.14)
forall (F,d,b) e D’}.If ¥ < SL(n) then (3.14) reduces to
w(FH™',Hd,Hb) = w(F,d,b) (3.15)

and if even ¥ < SO(n) then
w(FRY,Rd,Rb) = w(F,d,b)

for each R € %. An electro-magneto-elastic body is said to be an isotropic solid
if 9 = SO(n) [13; Section 5.9] and a fluid if 4 = SL(n) [13; Section 5.12].
The present paper provides a detailed specialization of the convexity conditions for
these two symmetries; other symmetries, such as the transverse isotropy and the
crystallographic symmetries, will be treated elsewhere [56].

3.3 Example (Non-interacting matter) Consider an elastic body € in the external
electromagnetic field but suppose that there is no field-matter interaction. Therefore,
the energy splits into the sum

w(F.,d,b) =y (F)+y,(F,d,b)

of the elastic energy v, (F') and of the energy of the vacuum electromagnetic field
w,(F,d,b). In the reference configuration Q, y, is given by

1
wo(F.d,b) = E(detF)_l(le|2+ |Fb|?). (3.16)

Indeed, passing from the reference variable x to the spatial variable y = y(x) and
employing the transformation rules (3.6) we obtain the vacuum energy of the elec-
tromagentic field, i.e.,

1 1
— [(det F) " Y(|Fd|*+ |Fb|*)dx == [(|IDI*+ |BI*)dy
24 24

where dx and dy are the referential and actual elements of volume if » = 3 or those of
areaif n = 2, D and B are the spatial electric displacement and magnetic induction and
® = y(Q) is the actual configuration of the body. The potential relations (3.12), 5
yield the ether relations (3.9); the stress relation (3.12), yields

S = Sl +SZ where SI(F) = DFI//I(F), Sz(F,d,b) = DFI//Z(F,d,b)
where S is the elastic stress while a calculation shows that S, is given by
-1 1 -T 2 2
S,(F,d,b) = (detF) (Fd®d+Fb®b—§F (IFd|*+ |Fb|?)).

Let us show that
divs, =0 (3.17)
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for any deformation y of Q and any vector fields d and b that satisfy (3.7); , on Q.
Indeed, passing to the spatial stress 7, = §, cof F'~ ! we obtain the vacuum Maxwell
tensor

1
T, :D®D+B®B—§(|D|2+ D)1
whose spatial divergence is known to vanish as a consequence of (3.1); ,:
Div T2 =0.

The referential form (3.17) then follows by Piola’s transformation. The equilibrium
equation (3.8) with the total stress S then reduces to the equilibrium for the elastic
stress

divS;+g=0 on Q.

We thus summarize that the total stress S is different form zero even in the (idealized)
absence of matter as a consequence of the geometric factors in (3.16); however, its
divergence identically vanishes.

3.4 Remark (“The ether is an E-polyconvex fluid”) We note that the referential
form of the vaccum energy (3.16) satisfies the symmetry relation (3.15) for every
H e SL(n); thus according to the definition in §3.2.3, w, represents a fluid. Fur-
thermore, we shall show below that v, is E-polyconvex. Indeed each of the terms
(det F)~1'|Fd|?/2 and (det F)~'|Fb|?/2 constituting w, figures on the list of E-
polyconvex functions (10.3) (the third and fourth members on the last line of (10.3)
withp=2,y=1).

4 Variational principle

This section presents a preliminary analysis of a variational principle for an electro-
magneto-elastic body. We consider a state of minimum energy of the system consisting
of an elastic body Q interacting with the electromagnetic field inside Q and the
vacuum electromagnetic field in its exterior. Section 9 treats the same minimum
principle under natural, weakened assumptions on y, d, b which ensure the existence
of a minimizer. As already mentioned, the proof is currently available on for the
Dirichlet data for the deformation. Even though the considerations to be presented in
this section can be carried out for the general boundary conditions, we assume the
Dirichlet data for notational simplicity also here.

4.1 The system and its states We assume that the reference configuration Q is
bounded and has class C? boundary d Q. We denote by Q¢ =R"” ~ (Q U dQ) the
complement of the body and by » the outer normal to 9 Q.

By a state we mean any triplet ¢ = (y,d, b) of maps

y:Q->R" d:R" >R", b:R" > R"

these represent the deformation of the body and the referential electric displacement
and magnetic induction, respectively. We assume that
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(1) y istwice continuously differentiable with y and its derivatives up to the order 2
having continuous extensions to the closure ¢l Q of Q, and with det Vy > 0 on
cl Q;

(i1) y satisfies Dirichlet’s boundary condition (3.4);

(iii) e and b are continuously differentiable in Q and in Q¢ with d and b and their
derivatives having continuous extensions from Q to cl Q and from Q€ to cl Q°.

(iv) e and b satisty

divd = 0, divb=0 on Q U QF°,
[d]l-n=0, [61-n=0 on 0Q,
where [ -] the jump across 0 Q.
We denote by & the set of all states.

4.2 The total energy The total energy of a state ¢ = (y,d, b) € © is defined by

1
E(o) = [y(Vy,d,b)dx—[g ydx+ | JUIFd 1+ |Fb1*)dx  (4.1)
Q Q Qc
where the deformation gradient outside Q is defined by (3.5) using the extension y
on Q¢ which is fixed, and J = det F. Following [9; Chapter 8], we note that the last
term in (4.1) is independent of the choice of the fictitious ‘deformation’ y since it can
be transformed into the vacuum energy

1
5 J (D + |BI?)dy
(DC

as in Example 3.3, where ©¢ = R” ~ y( Q) is the exterior of the actual configuration
y(Q).

The set & @ of admissible variations of state is the set of triplets («,d, ) of
infinitely differentiable functions on R” with values in R” such that

k=0 on QFf divi=0, divf=0 in R” 4.2)

and o, f vanish outside some (varying) bounded subset of R”. If ¢ = (y,d,b) is a
state, we define the first and second variations 8 E(¢)[-] and 82 E(o)[-] of energy at
o as linear and quadratic functionals on 6 © by

8E(o)[x,0,8] = [ Dw(Vy,d,b)[Vk,6,ldx— [ g-Kkdx
Q Q

N % [ J-Y((Fd - FS)+ (Fb-FB)) dx,
QC

(4.3)
82E(0)lk, 0,81 = [ D2w(Vy,d, b)[(Vk,5,8), (Vi,d,8) ] dx
Q

+ [ JY\FS)> + |FB)?) dx.
QC

4.3 Equilibrium states A state ¢ = (y,d, b) € @ is said to be an equilibrium state if
E(o) < 0 and
E(o) <E(o)
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for all ¢ € @. Necessary conditions for the minimum are, standardly,

SE(o)[x,d,81=0, 8%E(o)lx,d,8120 (4.4)

foreach (x, d, f) € 6 ©. Moreover, (4.4), is equivalent to the equilibrium conditions
divS+g=0 in Q,

curle = 0, curla=0 in QuU Q° l 4.5)

[elxn=0, [Alxn=0 on 09,

where the associated stress S on € and the electric and magnetic fields e and 4 on
the entire space are given by

S=Dry(F,d,b) on Q
e=D,yy(F,d,b), h=Dyw(F,d,b) on Q
| e=J 'F'Fd, h=J 'F'Fb on QF.

To derive (4.5), note that if (x, J, f) € d ©, then
3E(o)[k,0,1=[(S-Vk—g-k)dx+ [(e-0+h-p)dx=0 (4.6)
Q R”

by (4.4);. By (4.2), ; we may write J = curl z, f = curl p; inserting this in to (4.6)
and integrating by parts we obtain

J(=divS—g)-kdx+ [ (z-curle+p-curlh)dx = 0.
0 R”

The arbitrariness of «, 7, and p then gives (4.5). O

5 «f-quasiconvexity: the general case

Our treatment of the convexity properties for the electro-magneto-elasticity is
based on the .o/-quasiconvexity theory, which includes the associated notions .o/-
quasiaffinity, .o/-polyconvexity, A-convexity and A -ellipticity [5, 15, 37-38]. This
section discusses these notions from a general point of view; the specialization to
electro-magneto-elastic materials is the subject of the succeeding sections.

5. The differential operator .o/ and the characteristic cone A The following
dimensions will be needed in the subsequent discussion:

n = the number of independent variables, x = (x,...,x,),
d = the number of dependent variables, u = (u,...,u, ),
[ = the number of differential constrains.
Let O = (0, 1)" be the unit cube, let C;"CI(R",Rd ) denote the set of all infinitely

differentiable Q-periodic maps u : R” — R?. We shall consider the first—order
differential constraint ./v = 0 onamap v € C*(R”", R%) where

Av =3 A(i)v,i

i=1
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with 4¢) € Lin(R4,R"). Foreach # = (,,...,1,) € R" define

< 5 40
A(p) = 3 047,
i=1
which is an element of Lin(R“, R!), and make the standing assumption that the rank
of A(#) is the same for all # + 0. We define the characteristic cone

A={ueR?:A(p)u=0 forsome neR", n+0}.

5.2 Definition A continuous function f : R¢ — R is said to be
(i) .o/-quasiconvex if
[fu+v(x)dx 2 f(u)
0
for all u € RY and all v € C% (R",R?) such that /v = 0 on R” and
Jovdx=0;
(ii) .o7-quasiaffine if it takes only finite values and both /" and —f" are .o/-quasiconvex;
(iii) A-convex if
Sy + (1 =uy) < tf (uy) + (1 = 1)f (uy)
foreveryte (0,1)and u, u, € R4 such that U, —u; € A
(iv) A-affine if it takes only finite values and both /" and —f are A-convex.
If / is continuously differentiable then the A-convexity is equivalent to the A-
ellipticity
D2/ (u)(1,1) = 0

foreveryu e R" and / € A.

5.3 Theorem ([15; Proposition 3.4]) Iff : R = R is a continuous of -quasiconvex
function then f is A-convex; consequently, if f is .o/-quasiaffine then f is A-affine.

The following weak sequential lower semicontinuity theorem is the main moti-
vation for the .o/-quasiconvexity. We refer to Section 14 (below) for our conventions
about the weak convergence. The weak sequential lower semicontinuity is the basic
ingredient of the direct method of the calculus of variations. It should be also noted
that for the proof of the existence of the minimizer in electro-magneto-elasticity in
Theorem 9.3 (below) the sequential lower semicontinuity theorem cannot be used
as the hypothesis (5.1) is inconsistent with the requirement y(F,d,b) — o for
detFF = 0.

5.4 Theorem ([15; Theorem 3.7]) Let 1 < p < oo and suppose that f : Q X R —
[0, ) is a Carathéodory integrand such that f (x,-) is .o/-quasiconvex and

0<f(x,u) <ax)(1+|ul?) (5.1)

forall x € Q and u € D where a : Q — [0, ) is a bounded function. If u and u
belong to LP (Q,R?) and satisfy

up = u in LP(Q,RY) and ou; - 0 in W LP(Q,RY)

then
lim inf [ /' (x,u; (x))dx 2 [ f(x,u(x)) dx.
k— o Q Q
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5.5 Definition A continuous function f : R? — R is said to be o/-polyconvex
if there exists a finite number of .o/-quasiaffine functions f},...,f,, and a convex

lowersemicontinuous function ® : R”™ — R such that

S u) =@ (u), ... [, (u))

for each u € RY.

5.6 Theorem ([5; Corollary 2.5]) Any .o/-polyconvex function is .o/-quasiconvex.

6 A specialization to electro-magneto-elasticity: E-quasiconvexity

We apply the formalism of the preceding section with n = 2 or 3, and with the
identifications
v=(F,d,b)

where F is the deformation gradient, d the electric displacement and b the magnetic
induction. In view of the constraint det ¥ > 0, we apply the .o/-quasiconvexity
notions to functions /" defined on the domain D’} , see (3.10). To obtain an agreement
with the general theory of the preceding section, where only functions f* defined on
the entire R? have been considered, we tacitly extend f : D} — R to the entire D"
from (3.11) by setting /" equal to co on D" ~ D’} .

The functions v of Section 5 will be identified with the triples (¢, 0,f) : R" —
D" and the operator .o/ with

A(p,0,F) = (curl p,divd,div ). (6.1)
Here curl of p = [, 1] ;_; is defined by
3 2
(curlp);; = X €119ij k> (curlg); = X €x0ij k>
Jok=1 k=1

in dimensions » = 3 and n = 2, respectively, where i, / = 1,2,3 ori = 1,2 and
¢;;) and &;; are the three— and two— dimensional permutation symbols.

To determine the characteristic cone A = A corresponding to the system (6.1),
we replace the partial derivatives Vo, Vd, Vf in (6.1) by the tensor products ¢ ® 7,
0®n, f®n where n € R" is an arbitrary nonzero vector. This transforms (6.1) into

pxn=0, 6-n=0, p-n=0; (6.2)
noting that (6.2) is satisfied in and only if ¢ = { ® # for some € R”, one obtains
AE:{(5®I’],5,ﬁ)EDnIf,5,5,]’]6Rn,5~7]:ﬂ~7]:0’7]:ﬁ:0}. (63)

We now specialize the general definitions of Section 5 to the present case.

6.1 Definition A continuous function f : D" — R is said to be
(1) E-quasiconvex at (F,d,b) € D" if

[f(F+o(x),d+d(x),b+p(x))dx2f(F,d,b)
0
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for each triplet (¢, J, B) € CF,.(R",D") satisfying
curlp =0, divé=divf=0 on R” and [(¢,d,8)dx=0; (64)
0

(i) E-quasiconvex if it is E-quasiconvex at every point of D";
(iii) E-quasiaffine if / takes only finite values, and both f and —f are E-quasiconvex;
(iv) Ag-convex if

f(F+tE®n,d+td,b+tf) < (1 -t)f(F,d,b)+tf(F+{®n,d+d,b+p)
forevery t € (0, 1) and (F,d,b) € D" and every &, 0, ff, n € R” such that
o-n=p-n=0 and 75 * 0; (6.5)
(v) Ag-affineif f takes only finite values, and both /" and —f" are A-convex.

6.2 Proposition Let f : D}, — R be twice continuously differentiable.
(i) Iff is E-quasiconvex at (F,d,b) € D" then f is elliptic at (F,d,b), i.e.,

D?y(F,d,b)[(E®n,0,8).(E®n,6,4)]120 (6.6)

forevery &, 0, B, n € R" satisfying (6.5);
(1) if f is quadratic, i.e., if

f(F,d,b) =C[(F,d,b),(F,d,b)]

for every (F,d,b) € D" and some symmetric bilinear form C then f is E-
quasiconvex at some point < f is E-quasiconvex < f is E-elliptic at some
point & [ is E-elliptic at every point of D" .

The main results of this paper are the following theorem and Theorem 6.5, below.

6.3 Theorem A continuous function f : D" — R is E-quasiaffine < f is Ag-
affine <& f is a linear combination, with constant coefficients, of the following
functions:

1, F, detF, d, b, Fd, Fb, dxb if n=2,

. l (6.7)
1, F, cofF, detF, d, b, Fd, Fb if n=3 J

Thus there are 15 linearly independent E-quasiaffine functions if » = 2 and 32
linearly independent E-quasiaffine functions if » = 3, including constants. The
proof of Theorem 6.3 is deferred to Section 8.

6.4 Definition A continuous function / : D" — R is said to be E-polyconvex
if there exists a finite number of E-quasiaffine functions f},...,f,, and a convex

lowersemicontinuous function ® : R”™ — R such that

f(F,d,b) =0(f,(F.,d,b),....[,,(F,d,b))
foreach (F,d,b) e D".

Theorem 6.3 has the following corollary.
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6.5 Theorem A continuous function f : D" — R is E-polyconvex if and only is f
is of the following form:
S(F,d,b) =O(AN(F,d,b))
forevery (F,d,b) € D", where we abbreviate
! (F,detF,d,b,Fd,Fb,d xb) if n=2,
AN(F,d,b) = .
| (F,cof F,detF,d,b,Fd,Fb) if n=23

and where @ is a convex lowersemicontinuous function on

- M2 xR x (R)* xR if n=2,
D" =
| M33 x M3 xR x (R¥)* if n=3.

Thus © is a function of 14 and 31 scalar variables, respectively.

7 Proof of Proposition 6.2

Noting that Item (i) of Proposition 6.2 follows from (6.3) and Theorem 5.3, we see
that only Item (ii) needs a proof, and for this it suffices to prove that the ellipticity
(6.6) implies that /" is E-quasiconvex at 0.

The proof is essentially the same as van Hove’s original proof [63] in the gradient
case; the details are presented here only to explain the role of the side conditions (6.5).
Thus our goal is to prove that the ellipticity condition (6.6) implies that

[ Cl(9,3,8),(9,6,8)]1dx 20
0

for each triplet (¢,d,) € C% (R",D") satisfying (6.4). If ¢, O, B, are the
Fourier coefficients defined by

Pr=1 go(x)eznik'x dx, kelZ",
0

and similarly for ) P /? > then (6.4) provide
G xk=0, k-6,=0, k-,=0, $o=0, 6,=0, fo=0. (7.1)
Relation (7.1), is equivalent to
or=C @k (7.2)

for some & « € C". By Parseval’s equality and the last three equations in (7.1),

[ Cl(0,8.8).(p.0.0)]dx= Y Cl(E @Kk, B (EF @k.d,. )]
0 keZ, k+0

where * denotes the complex conjugation. Each member of the sum on the right—hand
side is nonnegative by the ellipticity, which is applicable as we have (7.1), ; and
(7.2). O
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8 Proof of Theorem 6.3

Recall from Definition 6.1 that a continuous function / : D" — R is E-quasiaffine if
[f(F+¢,d+d,b+B)dx=f(F,d,b) (8.1)
0

for each triplet (¢, d, ) € C5..(R",D") satisfying

per

curlp =0, divéi=divB=0 on R" and [(¢,d,8)dx=0, (8.2)
0

and that /" is A p-affine if

f(F+tE®n,d+to,b+tf)=(1-0)f(F,d,b) +tf (F+¢S®n,d+0,b+p)
(8.3)
forevery t € (0, 1) and (F,d,b) € D" and every &, o, f, n € R” such that

o-n=p-n=0 and 5+ 0. (8.4)

The proof of Theorem 6.3 is divided into several lemmas. We start with the
analysis of the separate A -affinity with respect to the variables F, d, and b. The
cross effects will be analyzed subsequently. We refer to Section 13 for the rank
1 affinity which underlies Item (i) of the following result and many points in the
subsequent treatment.

8. Lemma Letf : D" — R be a Ag-affine function. Then
(1) for each d, b € R" the function f (-,d,b) is rank 1 affine, i.e., it is a linear
combination, with coefficients depending on d, b, of the functions occurring in
(13.2);
(ii) for each F € M"*" the function f (F,-,-) is a linear combination, with coeffi-
cients depending on F, of the functions
1, d, b, dxb if n=2,

1, d, b if n=3.
Proof (i): Fixingd, b € R", taking 6 = f = 0 in (8.3) and denoting g(-) = f(-,d, b)
we obtain Inequality (13.1) with the equality sign for every ¢ € (0, 1), every and
F € M"*" and every &, n € R”. Thus f(-,d, b) is rank 1 affine and Lemma 13.2
yields the assertion.
(i1): Employing (8.3) with ¢ = f = 0 and noting that there always exists an
nelR", n+ 0,suchthatd -5y = -n =0, we obtain

f(F,d+1td,b) =(1-0)f(F,d,b)+tf(F,d+0,b)
forevery F', d, b and 6. Thus f (F, -, b) is affine and hence
f(F’d’b) :A(F’b)+8(F7b)d’

foreach (F,d,b) € D", where A(F,b) € R and ¢(F, b) € R". Repeating the same
argument for 0 = 0, f arbitrary, we obtain

(F,d,b) eD",where I'(F,d) e Rand {(F,d) € R". Thus
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I'(F,d)+{(F,d) -b=A4(F,b) +e(F,b)-d.

Since the left-hand side is affine in b at any fixed d, we see that the functions 4 and
¢ must be affine functions of b as well, i.e.,

A(F,b) =cy)(F) -b+cy(F), e(F,b)=c|(F)+A(F)b,
b eR", where ¢, (F), c;(F)eR", c,(F) eRand A(F) € M"*". Hence
f(F,d,b)=ci(F)-d+cy;(F)-b+A(F)b-d+c4(F). (8.5)
To complete the proof, we return to (8.3), this time with £ = 0, so that we have
f(F,d+to,b+tp)=(1-t)f(F,d,b)+tf(F,d+J,b+p) (8.6)

forevery t € (0, 1), every (F,d,b) € D" and every d, £, n € R” such that (8.4)
holds. This gives

AF)(b+tp)-(d+1t5)=(1 —t)A(F)b-d+tA(F)(b+p) - (d+9).

The left—hand side contains a quadratic term (i.e., the coefficient of 2) which is equal
to A(F')p - 0 and hence we have to have

AF)B-5=0 (8.7)

for every 0, fsuchthato-n =f-n = 0 for some 5 + 0.

If n = 3, then for a given pair (J, ) there always exists a # + 0 such that
o0-n=p-n=0.Hence (8.6) asserts that f (¥, -,-) is affine. Thus the bilinear term
A(F)b - d in (8.5) must vanish and hence f'(F, -, -) is of the form asserted in (ii).

If n = 2 then for a given pair (J, f) thereexistsan + 0 suchthatd-n =£-n =0
if and only if J and f are parallel, i.e., 6 X f = 0. Thus (8.7) requires

A(F)b-d =c3(F)(d xb)
forall 4, b € R? and some c;(F) € R. Then (8.5) gives the asserted form. O

We are about to pass to the cross effects. In view of the results of Lemma 8.1 it
suffices to consider functions of very special forms considered in Lemmas 8.2-8.5,
as explained in the proof of Lemma 8.6.

82 Lemma Letf : D" — R be given by

(F,d,b) € D" where Q is a linear transformation from M"*" into R", written
F v Q(F). Then f is Ag-affine if and only if f is of the form

f(F,d,b)=Fd-c
forall (F,d,b) € D" and some ¢ € R".
Proof Writing the equality (8.3) with the choice F' = 0, d = b = 0, we obtain
LRE®N) =12 ®n) -0 (8.8)
forevery t € (0, 1), every &, J, # € R” such that
o-n=0, n=*0. (8.9)
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Thus Q( ® n) -0 = 0 forevery &, d, n € R” such that (8.9) holds. Consequently,

QE®n) =m(d)ny
¢, n € R" where m(¢) € R. The linearity in ¢ requires m(&) = ¢ - ¢ for some
ceR"andall{ e R";thus Q(E ®@7n) =(c-&E)np=(¢® ;7)Tc forall £, n € R".
Since every 4 € M” %" is a sum of tensor products ¢ ® 7, the linearity of Q(-) yields
Q(A) = A"c forall A e M"*" . Hence

f(F,d,b)=Q(A4)-d=F'c-d=Fd-c.

This completes the proof of the direct implication; the proof of the converse implica-
tion is straightforward and the details are omitted. O
8.3 Lemma Letn =3 andletf : Dy — R be given by

f(F,d,b) =¥ (cof F)-d
(F,d,b) € D" where ¥ is a linear transformation from M>*3 into R3, written
A Y (A). Then [ is Ag-affine if and only if f = 0 identically.
Proof We apply (8.8) with F =1,d =0 and ¢, d, n € R3 as in (8.9). Using the
formula

cof(I+¢é@n)=((1+&-NI-n®<)
one finds that (8.3) is equivalent to
CY(EmMI-m@E)-o=1¥((-MI-n®<L) o

This requires

P& MI-n®&)-0=0
forevery &, J, 5 € R3 as above. Hence

Z((n-OHl=n®d)=m(d)n

£, n € R3 where m(&) € R. The linearity in ¢ provides m (&) = —c - & for some
¢ € R3 and all &; hence

P((n-Hl=-n@)=—(c-Hn=—(n®<)c.
Setting a := ¥ (1), we obtain
Yn®d)=0-Ha+(ned)ec.
Since every 4 € M**3 is a sum of tensor products 7 ® &, the linearity of ¥ (-) yields
Y(A)=(trd)a+ Ac
for each 4 € M**3. The consistency requires a = ¥ (1) = 3a + ¢ and hence
Y(A) = —%(trA)c + Ac.

To complete the proof, let us show that ¢ = 0. Let # € R? be any unit vector, and
apply (8.3) with F =1 -y ®#,d = 0, 6 € R? satisfying § - # = 0. Using

cof(F+tn®n)=tF+n®n
one finds that Equation (8.3) reads

t(tFc— (1 +t/2)c)-6=—tc-5/2;
the arbitrariness of ¢ then leads to the unique consequence
c-0=0

for any J such that J - # = 0 for some unit vector #. Taking # such that - ¢ = 0, we
can take ¢ = ¢ to obtain ¢ = 0. O
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84 Lemma Letf : D" — R be given by
f(F,d,b) =(detF)c-d

forevery (F,d,b) € D" where c € R" is a constant. If f is Ag-affine then f = 0
identically.

Proof We apply (8.3) with F =1,d = 0 and &, d, 7 € R” as in (8.9). This gives
t(1+¢tE-n)(c-d)=t(c-d)+ (1 =t)(1 +¢-n)(c-d)

and clearly this can hold only if ¢ = 0. O

8.5 Lemma Letn=2andletf : D, = R be given by
S(F,d,b) =m(F)(d xDb)

for every (F,d,b) € D" where m : M?*? — R is a rank 1 affine function. Then f
is Ag-affine if and only if

f(F,d,b) =c(dxb) (8.10)
forall (F,d,b) € D, and some c € R.

Proof By Lemma 13.2 we have m(F) = A- F + bdetF + c foreach F € MI2%2
where A € M?2*2 and b, ¢ € R are constants. Hence

f(F,d,b)=(4A-F+bdetF +c)(d xb).

Let # € R? be any unit vector, let f = #* and A > 0. Let us write the equality (8.3)
with F = 21,d =5, b = 0, ¢ € R? arbitrary, § = 0. This gives
t{d- Q1+ @n) + b2 (1+tA~ (&) +c] (rxnt)
=(1-0)f(F,d,b)+tf(F+¢®n,d,b+p).

The quadratic term (i.e., the coefficient of t) on the left-hand side is
A-(E®n)+bA(S 7).

This term must vanish. The arbitrariness of 4, &, # then gives A = 0, b = 0. Thus we
have (8.10). Conversely, if f is given by (8.10), then clearly, /" is A-affine. O

8.6 Lemma A continuous function f : D" — R is Ag-affine if and only if f is a
linear combination, with constant coefficients, of the functions occurring in (6.7).

Proof Let f be Ag-affine. By Lemma 8.1(ii) then
f(F,d,b) =cy(F)+ci(F)-d+c)(F)-b+c3(F)(dxb)

for each (F,d,b) € D" where the last term must be omitted if » = 3. By Item (i) of
the same lemma then f'(-,d, b) is a rank 1 affine function for each d, b € R”. The
independence of d, b and d X b then implies that each of the coefficients ¢, to ¢, are
rank 1 affine functions. Lemma 13.2 then asserts that ¢, and c, are exactly of the form
described in (13.2). Since ¢, and ¢, are vector valued functions, a componentwise
application of Lemma 13.2 gives

ci(F)=c+Q(F)+ ¥(cof F) +ddetF
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for every F € M"*" where ¢ € R"” and Q, ¥ are linear transformations from
M"*" to R" with ¥ = 0 if n = 2. A similar form applies to ¢,. Using the just
described forms of ¢, (F') to c4(F) and collecting some of the terms of the same
type into one, it is found that

f(F,d,b) =my(F,d,b) + M, cof
+Q(F)-d+Q,(F)-b+ ¥ (cof F)-d+ ¥,(cof F)-b (8.11)
+ (my-d+my-b)detF +my(F)(d xb)
forevery (F',d,b) € D" where m is an affine function of F, d, b, the tensor M isin
M"*" with M, = 0 if n = 2, the objects Q;, ¥; (i = 1, 2) are linear transformations
from M”*" into R” with ¥; = 0 if n = 2, the vectors m; € R” (i = 1,2) are
constants and m, is a rank 1 affine function.
We shall now make use of the full power of the A ;-affinity equality (8.3) (so far
only various particular cases have been used). Inserting the form of / from (8.11) into

(8.3) and noting that the affine function m, and the term M, - cof F trivially satisfy
that equality, we see that we have to require that the function f; given by

f(F.d,b)=Q,(F)-d+Q,(F) b+ ¥ (cof F) -d + ¥,(cof F) - b
+(my-d+my-b)detF +my(F)(dxb)

has to satisfy (8.3). Then of course the terms of different order in /' have to satisfy
the equality individually as well as the terms with d and b. Thus each of the functions

QI(F)‘d, Qz(F)‘b,
¥, (cof F)-d, Wy(cof F)-b, m;-ddetF, my(F)(dxb)

must be A-affine. By Lemma 8.2 then Q,(F) -d =Fd - ¢, 2,(F)-b=Fb-c,
where ¢; € R” are constants, by Lemma 8.3 then ¥, = 0,i = 1,2, by Lemma
8.4 m; = 0 and by Lemma 8.5 m, is constant. The asserted form of /* follows. The
converse implication is immediate. O

We conclude this section with the following converse statement.

8.7 Lemma Each function from the list (6.7) is E-quasiaffine.

Proof 'We have to prove that any function f* from the list (6.7) satisfies the equality
(8.1) for each triplet (¢, d, ) € C5.. (R",D") satisfying (8.2).

Consider first the case n = 3. The system (8.2) implies that there are functions
W, T,pE C*(R3,R?), such that ¢ = Vw, 6 = curlz, f = curl p; Equation (8.1)
then reads

[ f(F+Vo,d +curlz,b+curlp)dx = f(F,d,b). (8.12)
0

An argument described in [2; Remark, p. 141] shows that it suffices to verify
(8.12) only for w, =, p € C8°(Q,]R3 ). The verification of (8.12) for the functions
(F,d,b) »— F, cof F, detF is standard, see, e.g., [1]. Consider now the functions
(F,d,b) — d, b. Then (8.12) reads

[(d+curlz)dx=d
0



9. Existence theorem 23

and a similar equation for b, which is true since

Jeurlzdx= | xndA(x) =0

0 J¢
by Gauss theorem (where # is the normal to dQ) and 7 vanishes on d(Q. Finally
consider the functions (F,d, b) — Fd, Fb. We have

J((F+Vw)(d+9))dx=[div((Fx+ o) ® (d +J))dx
0 0

= [ (Fx+w)((d+9)-n)dA(x)
Y

= [ Fx(d-n)dA(x) (since =0 on dQ)
Y

= [ div((Fx) ®d)dx=Fd.
0

This completes the proof for n = 3. The case n = 2 is similar; the details are omitted.
O

9 Existence theorem

The present section deals with the existence of minimum energy states for the energy
E of a E-polyconvex solid and the surrounding vacuum electromagnetic field. As is
usual, the state space © from Section 4 has to be enlarged as described in Definition
9.1 (below). Let us recall the definitions of D’ and D" in (3.10) and (3.11).

The existence theory for a purely elastic material with a polyconvex energy is
well understood [1, 17, 36, 18]. The corresponding part of the proof is based on the
sequential weak continuity of the cofactor and determinant. The additional electro-
magnetic variables d and b interact with the mechanical variable in the nonlinear
terms Fd and Fb and in dimension 2 we have also electrical-magnetic interactions
d x b. These terms are sequentially weakly continuous as well, but this time one has
to use the div—curl lemma. We summarize the results on the weak convergence and
weak continuity in Section 14, below.

9.1 Definition Let Q < R” be a bounded open set with Lipschitz boundary. We
denote by G the set of all triplets (v, d, b) € WH1(Q, R")xL(Q,R" )L (Q,R")
such that

divd =0, divb=0 in R”",

y=3 on 0Q }(9'1)

in the sense of distributions and in the sense of traces, respectively. Here y : 9 Q — R”
is a prescribed function. As in § 3.1.2, we assume that y can be extended to an equally
denoted injective function on d Q2 U QF; in the present section we assume that

c- 127 ' FTF>c¢ 1.1 (9.2)

on Q° where F is as in (3.5) and c is a positive constant.
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9.2 Definition The total energy of astate ¢ = (y,d, b) € & is defined by the original
formula (4.1) where y : D" — R is the energy, which is assumed to be continuous
and bounded from below and where we assume that the body force gisin L*(Q,R")
for notational simplicity.

9.3 Theorem Let (9.2) hold and let p, r, and s be numbers satisfying
2<p<ow, 1/r+1/p<1, 1/s+1/p<1,
and additionally
let 1/r+1/s<1 it n=2,
| let q be a number satisfying 3/2 <g<o if n=3.

Extend the energy function y : D’} — R to y : D" — R by setting y(F,d,b) = o
if det ' < 0 and assume that the following conditions hold:

(1) there exists a continuous convex and bounded from below function O : D" —
R U {0} such that

w(F,d,b) = (A (F,d, b)) (9.3)
for every (F,d,b) € D",
(i1) we have
!c(|F|p+|d|r+|b|S)+d if n=2,
w(F,d,b) 2

Lc(IF 1P + |cof F|9+ |d|"+ |b|°)+d if n=3
for some ¢ > 0,d e Randall (F,d,b) e D.

If © contains an element of finite total energy then there exists a ¢ = (y,d,b) € ©
such that
E(o) <E(o)

forall 6 € ©; each such a o satisfies

detVy > 0 for almost every point of Q.

Note that the continuity of @, the definition of y, and (9.3) imply that w(F,d, b) — o
if det FF — 0.

Proof Let n = 3 and assume that ¢ > 3 /2 rather than ¢ > 3 /2 to simplify the
matters; the case g = 3 /2 is similar but slightly more complicated (cf. [34; Proof of
Theorem 5. 1, Case 2] for purely elastic bodies).

In the proof, we are going to apply Propositions 14.1 and 14.2, below. These
propositions involve hypotheses on the exponents; we leave to the reader to verify
that the hypotheses of the present theorem on p, ¢, r, and s are chosen exactly to
satisfy the hypotheses of Propositions 14.1 and 14.2.

Let 0, = (y4,d;,b;) € © be a minimizing sequence and write F, = Vy,
for brevity. The coercivity condition (i1) implies that the sequence y, is bounded in
WP (Q,R3), the sequence cof F, is bounded in L9 (Q,M?3*3), the restrictions
of d; and b, to Q are bounded in L"(Q,R3) and L5 (Q,R3), respectively, and
the restrictions of d, and b, to Q° are bounded in L?(Q°,R3). The reflexivity
of these spaces implies that it is possible to extract a subsequence of the sequence
o, = (y;.d;, b, ), again denoted by o, such that
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y, =~y in WLP(Q,R3),

| LT(Q.RY),
d,—d in 5 3
| L°(Q°RY),
- L(QRY),
b,—b in 5 3
| L7(Q%R7)
for some (y, d, b) the indicated spaces. Proposition 14.1 then implies that
cof F, = cof F in L9(Q,M3*3), 9.4)
detF, = detF in L?4/3(Q). (9.5)

Furthermore, the components of the vector F'd with a general F = Vy and a general
d are F; - d where F'; = (F,,F;,,F;5) and since

curl /, =0, divd =0,
the div—curl lemma Proposition 14.2 implies
F,d, — Fd in L'(Q,R?) andsimilarly F,b, — Fb in L'(Q,R?).
To summarize, we have
A(F,,d,by) = A(F,d,b) in L'(Q) (9.6)
and hence Proposition 14.3 gives

lim inf [ ®(A(F,,d;,b;))dx 2 [ ©(A(F,d,b))dx.
k— o Q Q

This can be rewritten as

lim inf [ §(F,.dg by)dx > [ y(F.d,b)dx. (9.7)
k— o0 Q Q

The integral on the right—hand side is finite and the fact that 7 = « if det F/ < 0, we
see that det Vy > 0 for almost every x € Q. Furthermore, the weak form of (9.1),

reads
jdk-Vqﬁdx:O, jbk-Vqﬁdx:O
R3 R3

for each indefinitely integrable function ¢ : R®* — R with compact support. The
convergence indicated in (9.6)4 s then yields
| d-Vopdx=0, [ b-Vpdx=0,
R3 R3
i.e.,
divd =0, divh=0 in R3 in the sense of distributions.

As one also finds that y, = y on dQ implies y = y on dQ2, we see that the triplet
o = (y,d, b) belongs to @. Also, trivially in view of (9.2),

lim inf | JYFd >+ |Fb |)dx > [ J-Y(|Fd >+ |[Fb|*)dx,  (9.8)
QC

—> Q°
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lim [y, -gdx=[y-gdx. 9.9
k—)OOQ Q

Inequalities (9.7)—(9.9) can be collected to show that

lim infE(o;) 2 E(o)
k— o

which shows that ¢ is the required minimizer. This completes the proof in the case
n=3.

The proof is similar if n = 2. Instead of Proposition 14.1 one has to use the
simpler result of Reshetnyak [45,47] and Ball [1] thaty, — yin W7 (Q,R?) with
p > 2 implies detF;, — F in LP/2(Q); moreover, one more use of the div—curl
lemma Proposition 14.2 is needed to show that d, — d in L" (£, R?) and b, —b
in L (Q,R?) implies that d, X b, — d X b in LY (Q). For this, one has to identify
the sequence g, of Proposition 14.2 with (d, ;,—d; ;) so that divd, = 0 reads
curlg, = 0. O

10 Isotropic materials

This section deals with E-polyconvex energy functions of electro-magneto-elastic
isotropic materials. Recall from §3.2.3 that a function y : D" — R is said to be
isotropic (and objective) if

w(OFRY,Rd,Rb) = w(F,d,b) (10.1)

foreach O, R € SO(n) and each (F,d, b) € D’.. In Theorem 10.1 we give a general
sufficient condition for the E-polyconvexity of isotropic functions, which is then
used in Examples A—C to describe various particular cases.

The following terminology is needed. Let ¢ : dom¢ — R be a function on a
domain dom ¢ < [0, )? where d is a positive integer. Denoting by z = (zys-o0h2y)
the ‘generic’ variable of ¢, and letting K < {1,...,d} be a specified set of indices,
we say that ¢ is non-decreasing in the variables z, with k € K if for every z =
(zy,...,z;) € dom¢ and every k € K the function t = ¢(z,...,z; +1,...,2,) is
nondecreasing. Furthermore, following [50], we say that ¢ is pairwise nondecreasing
in the variables z, with k € K if for every integers k, / € K such that k£ < / and
every z = (z,,...,z;) € dom ¢ the function t = ¢(z,...,z; +t,...,z;,+1,...,2,)
is nondecreasing. Recall also that the singular values v; 2 ... 2 v, 2 0 of a
transformation 4 € M” *” are the eigenvalues of \/4T A4, i.e., the square roots of the
eigenvalues of AT A4.

0.1 Theorem Let y : D"l — R be given by

O (vy,vy,d", b1, d* b v vy, p) if n=2,
W(Fadab):J ” ” X X .

O (v, 0y, 03, 010,, 0103, 0,03,d", 0", d”", b7, v v05) if n=3

(10.2)

foreach (F,d,b) € D', where

vy,..., v, arethe singular values of F,

n

dl=1d|, b'=|b|, d*=|Fd|, b*=|Fb| and p=dxb if n=2,



10. Isotropic materials 27

and where © is a convex function on [0,0)7 x (0,0) if n = 2 and on [0,0)'0 x
(0,00) if n = 3 such that

O(z,...,zg) ispairwise nondecreasing inz,, z,, nondecreas-
ing in zs, ..., z¢, and symmetric under the ex-
change of z, and z,

if n=2,

nondecreasing in z,, zs, zs, nondecreasing in
the variables z4, ..., z,,, and symmetric under
the permutations of z,, z,, zy and of z,, zs, z

O(z,...,z;;) ispairwise nondecreasing inz,, z,, z5, pairwise 1
if n=23.

Then y is a E-polyconvex isotropic function.

Theorem 10.1 is an extension of the well-known result of Ball [1; Theorem 5.2]
for the purely mechanical case. However, even in this restricted context, Theorem
10.1 is more general than [1; Theorem 5.2], since the latter requires that ®(z)
be nondecreasing in z,,...,z, while the present result requires less: the pairwise
nondecreasing character as stated precisely above. Example C, below, shows the
difference. This extension in the purely mechanical case is due to Rosakis [50] (see
also [54] for n = 2). An as yet another extension in [31] will be discussed elsewhere.

Theorem 10.1 can be used to produce a wide variety of different isotropic E-
polyconvex functions. It also covers the approach based on isotropic invariants. The
following examples demonstrate these claims.

10.2 Example A The members of the following list are isotropic E-polyconvex
functions:

vf + 0§+ 0§ = tw(FTF)*/? 1
vio§ + vfof +viof =tr(cof(FTF)*/?) a1,
y(F,d,b) =5 |d|* |b|* |Fd|* |Fb|*
J7 y>0,
\d|P)J7, |b1P I, \FdIP )Y, |FbIP)TY, B—12y>0,
(10.3)
(F,d,b) € D, where we abbreviate J = det F'. Indeed, we shall show that each of
the above functions is of the format discussed in Theorem 10.1 with various choices
of ®. The first two members of (10.3) are the well-known forms proposed by Ogden
[39-40]; the choice of ® is obvious for them as well as for the members on the third
and fourth lines of (10.3). To prove the E-polyconvexity of the functions on the last
line of (10.3), we use the following elementary fact: if £ and y are positive numbers
then the function (a,b) — f(a,b) = aﬂ/by is convex on (0, )? if and only if
B = y+ 1. This is verified by a direct check of the positive semidefinite character of
the hessian of /. Employing the convexity of /', we prove the E-polyconvexity of,
say, w(F,d,b) = |Fd Iﬂ/JV by observing that v is of the format of Theorem 10.1
with O (z) = zg / z{l, and that ® meets the requirements stated in that theorem. The

E-polyconvexity of the remaining items in last line of (10.3) are proved similarly,
which completes the proof of the E-polyconvexity of the list (10.3). Then also each
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linear combination of the functions in (10.3) with positive coefficients (and of course
with different values of the exponents) is E-polyconvex. This can be used to produce
a big supply of isotropic E-polyconvex functions.

10.3 Example B (Isotropic invariants) An alternative approach to isotropic functions
is based on isotropic invariants and on the representation theorems. That approach
already occurred in the basic paper by Toupin [60] (who used a slightly different set
of independent variables) and since then employed numerously in the literature.

The following complete list of isotropic invariantsis frequently used in the liter-
ature (see, e.g., [8]) for electro-elastic interactions

I, I,, I, K¢ K§, K§
where
I =t(F'F), I,=tr(cof(FTF)), I3=det(F'F),
Kf=1d|*, K§=|Fd|*, K§=|F'Fd|*

Similarly, for magneto-elastic interactions the following list is often employed (see,
e.g., [7]):
Ly, L, I K{', K3, K3

where
m—|p|%, KM=|Fbp|?, KP=|FTFb|?

For a general isotropic electro-magneto-elastic material, a complete list reads
I, L, L K;, K5, K5, Ki', K3, K3, M°™,
where
M =d - b.
Interpreting the invariants as functions of (F, d, b), one readily sees that
L, L, I, Ky, K; K, K,

are E-polyconvex, as they are of the format (10.2), with the obvious choices of ®
(actually even their square roots are E-polyconvex), while the invariants

K5, K3' and MM

are not E-polyconvex, as will be proved in Subsection 12. Since any nondecreasing
convex function of a family of convex functions is convex, see [49; Exercise 2.20(c)],
one finds that if ¥ : [0,0)7 — R is a convex function nondecreasing in each
argument, then

W(Fad’b):lP(117]27137K1e’K2ea in’Kén)

is an isotropic E-polyconvex function. This assertion is used in the literature in
particular with ¥ representing convex powers.
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10.4 Example C Let y : M3*3 — R be defined by
w(F)=a(vy+vy—v3)+b(vivy+0v03—0,y03) (10.4)
for each F € M3*3 where v, 2 v, 2 v5 > 0 are the singular values of /' and where
a, b are positive constants. (Let us emphasize that the order v 2 v, 2 v5 > 0 is
important for the definition (10.4).) We shall prove that i is polyconvex by applying
Theorem 10.1 (neglecting the electromagnetic variables) at the same time noting that
w 1s out of the scope of [1; Theorem 5.2]. This is based on the fact that the right-
hand side of (10.4) is pairwise nondecreasing in the variables v, v,, v and in the

variables v, v,, v, v4, v, 05 but not nondecreasing in each of these variables. In more
detail, let ® : (0,%)% — R be defined by

O(zy,...,z¢) =a(zy +2y—23) +b(Z4 + 25 — Z¢)
for any (z,...,z¢) € (0,0)°, where (z,,2Z,,25) is the unique permutation of
(zy,25,25) such that Z, 2 Z, =2 z; and (Z,,Z5,Z,) is the unique permutation of
(z4.25.2¢) such that z, 2 Z; > Z.. One has
w(F)=0(v,v,,03,0]0,, 003,0,03)
for any F' and it is easily verified that ® is convex, pairwise nondecreasing in z,, z,,

z4, pairwise nondecreasing in z,, zs, z,, and symmetric under the permutations of
Zy, Z,, 23 and of z,, zs, z¢. Thus the polyconvexity of y follows from Theorem 10.1.

Proof of Theorem 10.1 Only an outline will be given, since the details are notationally
complicated (too many variables). Let n = 3; the case n = 2 is similar (and simpler).

Clearly, the invariance of the variables v, v,, v, d!, bl, d* b* under the
passage (F,d,b) — (QFRT,Rd,Rb) where O, R € SO(n) implies (10.1) and so
w 1s an objective and isotropic function.

To prove the E-polyconvexity of i, we note that the result of Rosakis [50] implies
that for each fixed d!, b, d*, b* € [0, ) the function

Fe @(Ul, Uy, V3,V10Up,V0V3, 1)21)3,dll,bll,dx,bx, 1)11)21)3)
is polyconvex in Ball’s original sense. Next we note that by Theorem 6.3 the functions
(F,d,b) — |d|, |bl, |Fd|, |Fb]

are all E-polyconvex since the norm |- | is convex. Next, using the fact that a nonde-
creasing convex function of a family of convex functions is convex (see above), we
deduce that for each fixed z, ..., z4, z;; the function

(Fad’b) = ®(ZI’ZZ’Z3’Z4’ZS’Z6’ |d|’ |b|’ |Fd|’ |Fb|3211)

is E-polyconvex. The full E-polyconvexity is then essentially a combination of the
two particular polyconvexity results stated above. O

Il Fluids

Recall from §3.2.3 that an electro-magneto-elastic material is a fluid if
w(QOFH ™', HRd,Hb) = w(F,d,b) (11.1)

for each O, H € SL(n). Theorem 11.2 (below) shows that for fluids the main
E-convexity conditions coincide and are easy to verify.
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1.1 Proposition A free energy function y : D’} — R of a electro-magnet-elastic
fluid has the form

w(F,d,b) =oc(detF,Fd,Fb) (11.2)
where o : (0,0) X R" X R" — R satisfies
o(v,0d*,0b%) =c(v,d*,b") (11.3)

forevery (v,d*,b*) € (0,00) X R" x R" and every Q € SO(n).
Proof We choose H =F/(detF)1/3 and Q = I in (11.1) to obtain
w(F,d,b) =w((det F)'\31,Fd/(det F)'/3, Fb/(det F)'/3).
If we define o by
o(v,d*,b*) =y(Nv1,d*/ Nv,b*/ Vv)
forevery (v,d*,b*) € (0,0) xR” xR", then we have (11.2). Equation (11.3) then
follows from (11.1) with Q € SO(n) and H = 1. O

1.2 Theorem Consider a free energy function y : D, — R of a electro-magnet-
elastic fluid with the representation (11.2). Then the following conditions are equiv-
alent:
(1) w is E-quasiconvex;
(i1) y is Ag-convex;
(ii1) y is E-polyconvex;
(iv) o is convex.
Proof We shall prove
1) = (1) = (@(v)= (i) = (0).
The implication (1) = (ii) is a general assertion.
(i) = (iv): The A-convexity reqyuiures that the function
t>y(F+tE@n,d+1t5,b+1p) (11.4)
is convex for every (F,d,b) € D" and every &, J, 5, n € R" such that
o-n=p-n=0, n+*0.
In terms of the representation ¢ this requires that the function
t v o(detF +tdetF(F~1¢.n),Fd +tE(n-d) +tFO,Fb +tE(n - b) + tFP)

is convex. Observing that the argument of o is linear (affine) if # and using the
arbitrariness of the elements occurring there one sees that the convexity of (11.4)
implies the convexity of o.

(iv) = (iii) this is immediate in view of Theorem 6.5.

(iii)) = (i) is a general assertion. i

1.3 Theorem Let y: D", — R be defined by
w(F,d,b) =0 (detF, |Fd|, |Fb]|)

for each (F,d,b) € D" where © : (0,0) X [0,0)2 — R is a convex function
that is nondecreasing in the last two variables. Then y is a E-polyconvex, objective
function of an electro-magneto-elastic fluid.

This is similar to Theorem 10.1. Details omitted.
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12 Appendix A: E-quasiconvex envelopes of K3, K3" and M ™
The E-quasiconvex envelope Qy : D" — R of a function y: D" — R is defined
by

Qu(F,d,b) =sup{w(F,d,b) : ® is E-quasiconvex and @ < y on D"},
(12.1)
(F,d,b) eD".

12.1 Proposition The E-quasiconvex envelopes of the functions K5, K3" and M ™ :
D" — R, defined by

K$=|FTFd)?, KP=|F'Fb|?>, M*™=d.b,
are given by

QK$ = |Fd|*, QKP=|Fb|*, QM™ = —w (12.2)
forevery (F,d,b) € D3,

Since the E-quasiconvexifications from (12.2) are different from the originals, those
originals are not E-quasiconvex and hence not E-polyconvex.

For the following lemma, we refer to Definitions 13.1(i)and (iii) for the definitions
of rank 1 convexity and rank 1 convex envelope R g of a function g. We shall employ
Theorem 13.3 in the proof.

2.2 Lemma Let g: M"*" — R be given by
g(F)=|FTFd|?,
F e M"*" where d € R" is a fixed unit vector. Then
Rg(F) = |Fd|* (12.3)

forevery F € M"*",

Proof We have (13.3) with
m(C) =|Cd|?,

C € S"*". We observe that m is convex since the function p : C + |Cd |, being a
seminorm, is convex and m = p2 is then convex as well. To prove (12.3), we note that
g(F) 2 |Fd |4 and hence there is nothing to prove if g(F') = |Fd |4; accordingly,
assume that g(F) > |Fd |*. We shall employ (13.4) with

Y=1"Cd~-(Cd -d)d-1d)® (Cd—(Cd-d)d—1d)
where 7 > 0. One finds that
m(C+Y)=(|Fd|*+1)?
and hence letting 7 — 0, we obtain from (13.4) that
Rg(F) < |Fd|*.

However, the function F +— |Fd |* is convex, hence rank 1 convex and thus we have
(12.3). O
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Proof of Proposition 12.1 Since for any function y on D” we have

the E-quasiconvexity of

Y

A g-convexity of y

(2
rank 1 convexity of w(-,d, b) forevery d, b € R",

we conclude that
(Qw)(-,d,b) <Ry(-,d,b) (12.4)

for every d, b € R3. Fixing d and b and introducing g4, 8p - M"*" — R by
g, (F) = |FTFd*, g,(F):=I|F"Fb|?
F € M"*" we obtain from Lemma 12.2 the formulas
Rg,(F)=|Fd|*, Rg,=|Fb|*
and thus (12.4) yields
|Fd|*>QKS, |Fb|*> QKM (12.5)

By a happy coincidence, the functions (F,d,b) — |Fd |4, (F,d,b) — |Fb|* are
E-polyconvex by Theorem 10.1; hence we have the equality signs throughout (12.5),
which completes the proof of (12.2); ,.

Finally, (12.2); is proved by an elementary observation that there is no Ag-
convex function below M °™. Indeed, the existence of such function would imply that
there exists a A-affine function below M °™, which by Theorem 6.3 would mean
that

d‘b20+A1‘F+A2‘COfF+(X7‘d+a8‘b+a9‘Fd+a10‘Fb+a11detF

for all (F,d,b) € D3 and some consants c, @4,..., 0. Appropriate choices of
(F,d, b) show that such constants do not exist. O

13 Appendix B: rank | convex and rank | affine functions

The reader is referred to [1, 5] and [35] for the following notions.

13.1 Definitions Let g : M"*" — R.
(1) gissaid to be rank 1 convex if
gF +1C@n) < (1-1)g(F)+1g(F+{®n) (13.1)

forevery t € (0, 1), every F € M" " and every &, n € R”.
(i1) g is said to be rank 1 affine if it taken only finite values and (13.1) holds with the
equality sign for every ¢, F, {, and 5 as in (i)._
(iii) The rank 1 convex envelope Rg : M"*" — R of g is defined by
Rg(F) =sup{h(F):h isrank 1 convex and h < g on M"*"},
FeM”"*",

The following result is standard.
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3.2 Lemma ([12], [10], [1; Theorem 4.1]) A continuous function g : M" *" — R
is rank 1 affine if and only if g is a linear combination, with constant coefficients, of
the functions

1, F, detF, if n=2, 1
. (13.2)
1, F, cof F, detF if n=3. J
Finally, the following result was needed in Section 12.
13.3 Theorem ([28; Theorem 2]) Let g : M"*" — R be of the form
g(F)=m(FTF) (13.3)

F € M"*" 'where m is a convex function on the set S’ *" of all positive semidefinite

tensors. Then
Rg(F) =inf{m(F'F+Y):Y eS"*"}, (13.4)

F e M"™ " and Rg is convex on M" * ",

14 Appendix C: weak convergence

We here gather some basic facts about maps that are continuous under the weak
convergence.

Let 1 < p < oo and let 8, and 6 be measurable functions on open subset Q of
R’™. In this situation, we define the following three types of weak convergence:

. 0, —~ 0 in LP(Q,R™),
. 0, = 0 in MQR™),
. 0, —~ 6 in WLP(QR™)

which mean, respectively,
e that0,0, € LP(Q,R™) and

[0, -¢ddx—> [0-pdx (14.4)
Q o

for each ¢ € L9(Q,R™) where 1 /p + 1 /g = 1; we then say that the sequence
0, converges weakly to 6 in L? (Q,R™);

e that,0, €L '(Q,R™) and (14.4) holds for each continuous function ¢ : R” —
R™ which vanishes outside Q; we then say that the sequence 0, converges weak *
to 6 in the sense of measures;

e that0, 6, € WP (Q,R™) and 6§, — 6 in LP(Q,R™) and VO, — VO in
LP (Q,M™*"); we then say that §, converges weakly to 6 in whr(Q,R™).

If p = o, we should actually write = instead of — and speak about the weak*

convergence; however, this is consistently ignored here.

4.1 Proposition (Miiller, Tang & Yan [36]) Let Q be a bounded open subset of R"
where n is arbitrary, let

p2n—1, g>n/(n—-1)
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andlety,y, € wl-r(Q,R") satisfy

y, =y in WP (Q,R"), (14.5)
cof F, is bounded in LY(Q,M"*") (14.6)
where F = Vy, F;. =Vy,. Then
cof F. = cof F/ in L9(Q,M”"*"), (14.7)
detF/, — detF in L"(Q), r=q(n-1)/n. (14.8)

Ifg=n/(n—1)and detF; = 0 then instead of (14.8) we have
detF, =~ detF in L'(K),
for all compact subsets K < Q.

4.2 Proposition (Murat [37], Tartar [S9]) Let Q C R" be open bounded and let
1 < p,g <owsatisfy 1/p+1/q = 1. Suppose d, d, € LP (Q;R"), g, g, €
L1(Q,R") are sequences such that

d, —d in LP(Q,R")

gr— 8 in L7(Q,R"),

divd, — divd in w-L1Q),

curlg, - curlg in w-L1Q).
Then
Here W ~1-1(Q) is the dual of W, *(Q).

14.3 Proposition (Reshetnyak [46], Ball & Murat [3]) Let @ : R” — R be convex,
lower semicontinuous and bounded below. Let 0, 0, € LY(Q,R™) with 0, = 0in
the sense of measures. Then

lim inf [ ®(0;)dx > [ ©(0)dx.
J —™>® Q Q

15 Appendix D: notation, convexity

We use the direct notation with the same conventions as in [61, 53]. The following
sets are used throughout:
R=R U {0} = the extended real line,
R" = the n-dimensional euclidean space,
Z" = the set of all n-tuples of integers,
M" %" = the space of all real n X n matrices,
M2*n={F e M"*" : detF > 0},
O(n)={QeM"": 00" =1},
SO(m)={Q0eM"*" : 00" =1 and detQ =1},
SL(n)={H eM"*" :detH = 1}.
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We interpret the matrices from M” *” as second-order tensors on R”. We denote by
[ € M"*" is the unit matrix, by a - b the usual scalar product of two vectors in R”
and by 4 - B := tr(4T B) the scalar product of tensors. We recall that the tensor of
cofactors of F € M"*" is given by cof F = (det F)F~T.

If / is a map from an open subset of a finite-dimensional space X into a finite-
dimensional space Y, we interpret the first- and second-order derivative Df (&) =
Déf(f) Ef,é(f) and D2f (&) = Dééf(f) Ef,éé(f) of f at ¢ as a linear and

bilinear transformations from X into Y, respectively. In indices

d d
DAl = 3 [i(ur DY Olndl= 3 f3(Ouidy.
i= i,j=
u, 4 € X, where d = dim X, [6; Chapter VIII]. Alternatively, we use the round
brackets: Df (&) (u) and D?f (&) (#, 4) if dictated by convenience.

If n = 3, we define the vector product and the curl in the usual way as vectors
in R3 while if # = 2 then both the vector product and the curl are the numbers
axb=ab,—a,b,,curla= ay | —ap ;.

Although the main theme of the paper are various weakened notions of convexity,
an essential use is made of the classical convexity. Recall that a function /' : X — R
on a vector space X is said to be convex if

S =) +1&) < (1 =0)f (&) +tf (&) (15.1)

forevery £, &, € X and every ¢ € (0, 1). Further, / is said to be affine if we have
the equality sign in (15.1) holding identically. /" is affine if and only if there is a linear
functional ¢ on X and a constant ¢ € R such that

f(&)=(p,¢)+c (15.2)

for every & € X where (¢, ¢) is the value of ¢ on &. If X = R™ then (15.2) reads
f(&) =@ ¢+ cwhere p € R™. We refer to [48] and [11] for systematic expositions
of the convexity theory.
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