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Setting of the problem

Let us first consider the compressible isentropic Euler system in the
whole 2D space

Otp + dive(pv) = 0

8t(pv)+divx (pV®V)+vX[p(p)] =0 (1)
p(',O) = pO
v(-,O) = 0.

Unknowns:
@ p(x,t) ... density
e v(x,t) ... velocity

The pressure p(p) is given.

Ondfej Kreml Uniqueness of rarefaction waves 2/50



Introduction

@ It is a hyperbolic system of conservation laws

@ The theory of hyperbolic conservation laws is far frome being
completely understood

@ Solutions develop singularities in finite time even for smooth
initial data

@ Admissibility comes into play due to the entropy inequality
("selector” of physical solutions in case of existence of many
solutions)

@ There are satisfactory results in the case of scalar conservation
laws (in 1D as well as in multi-D), there is a lot of entropies:
= Kruzkov, 1970: Well-posedness theory in BV.

@ There are also satisfactory results in the case of systems of
conservation laws in 1D: Lax, Glimm, Bianchini, Bressan
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Introduction |l

Back to our case, the isentropic Euler system:

@ In more than 1D there is only one (entropy, entropy flux) pair,
which is

(vs0) + 22 (et + 225 4 ) o)

with the internal energy (p) given through

@ Local existence of strong (and therefore admissible) solutions
is proved

@ On the other hand global existence of weak solutions in
general (it is a system in multi D!) is still an open problem,
there are only partial results

@ The weak—strong uniqueness property holds for this system
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Weak solution

Definition 1

By a weak solution of Euler system on R? x [0, 00) we mean a pair
(p,v) € L®(R? x [0,00)) such that the following identities hold for
every test functions ¢ € C°(R? x [0, 00)), ¢ € CZ(R? x [0, 00)):

| [t o Vil awde + [ Pouix 00 = 0
0 R2 R2

/OO/ [pv -0t + pv @ v : Vi + p(p) divy ¢] dxdt
0o Jr2

+ /]11{2 PP (x)VO(x) - ¢(x,0)dx = 0.
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Admissible weak solution

Definition 2

A bounded weak solution (p, v) of Euler system is admissible if it
satisfies the following inequality for every nonnegative test function

© € C(R? x [0,00)):

/Ooo /R2 KPE(p) +p|‘/2’2> Orp

2
+ <p€(p) + p'g +F P(P)) v Vi

V0 X 2
Jr/R2 (pO(X)E(pO(X))erO(X)‘(Q)‘) p(x,0)dx > 0.

dxdt
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Riemann problem

Denote x = (x1,x2) € R? and consider the special initial data

(p—,v=) ifx <0
(p°(x), V°(x)) := ()

(p+,vy) if x2 >0,

where py, vy are constants.

In particular the initial data are "1D" and there is a classical theory
about self-similar solutions to the Riemann problem in 1D (they
are unique in the class of BV functions).

In the case of system (1), the initial singularity can resolve to at
most 3 structures (rarefaction wave, admissible shock or contact
discontinuity) connected by constant states.
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First observation

If v_1 = vy1, then any self-similar solution to (1), (2) has to
satisfy v1(t,x) = v_1 = v41 and in particular there is no contact
discontinuity in the self-similar solution.

The initial singularity then resolves into at most 2 structures
(rarefaction waves or admissible shocks) connected by constant
states.
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Classification of self-similar solutions |

1) If

Vipg — V.o >

p— / P+ /
POy, [P0y
0 T 0 T

then the self-similar solution consists of a 1—rarefaction wave
and a 3—rarefaction wave. The intermediate state is vacuum,
i.e. pm=0.

2) If

/p+ ﬂdT

T )

< Vyp—voo < d7‘—|—
0

then the self-similar solution consists of a 1—rarefaction wave
and a 3—rarefaction wave. The intermediate state has p, > 0.
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Classification of self-similar solutions Il
3) If p— > py and

_\/(p——p+)(p(p—)—p(p+)) <v+2_vz</" p’(T)dﬂ

p_p+ P+ T

then the self-similar solution consists of a 1—rarefaction wave
and an admissible 3—shock.

) If p— < ps and
— — P+ /
\/(p+ )=o) < | ViGN
p-‘rp— p— T

then the self-similar solution consists of an admissible
1—shock and a 3—rarefaction wave.
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Classification of self-similar solutions IlI

5) If

o \/(p+ —p-)(p(p+) — p(p-))
Vi2 Voo <
P+P—

then the self-similar solution consists of an admissible
1—shock and an admissible 3—shock.
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Specification of the problem |

First we define the appropriate class of weak solutions. Consider
Q=T"x%(~a,a),

with a > 0 sufficiently large and 77 is a 1D torus. We will consider
weak solutions periodic in x; and having the same boundary fluxes
on x» = +a as has the self-similar solution.

We consider Riemann data satisfying vo1 = 0.
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Specification of the problem Il

More specifically we work with weak solutions satisfying:

pva(t, x1,—a) = p_v_z, pva(t,x1,a) = p1vyo;
(pvjva + p(p)) (£, x1, —a) = (p—v—jv_2 + p(p-))
1 2
SPIVIE A+ pe(p) + plp) | va(txa, —a) =

<;p_|v_|2 +p_e(p-) + P(P—)> V2

and similarly for xo = a.
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Specification of the problem Il

This means in particular that in the weak formulation of the Euler
system appear additional boundary integrals on xo = +a, for
example the equation of continuity in the weak formulation looks
as follows:

/Q [o(r. x)p(m.x) — po(x)2(0, x)] dx

.
—|—/ / P+ Vi2p(t, x1,a) dxpdt
0 JT!

B /T/ p-v-2p(t, x1, —a) dxodt
0o JT1
= /0 /Q [p(t, x)0rp(t, x) + pv(t, x) - Vio(t, x)] dxdt
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Main Theorem in the isentropic case

Theorem 3 (Feireisl, K.)

Let p(p) = p7, v > 1. Let p(t,x) = R(x2/t),

v(t,x) = (0, V(x2/t)) be the self-similar solution to the Riemann
problem consisting of rarefaction waves (locally Lipschitz for t > 0)
and such that

essinf(g rxq f > 0. (3)
Let (p,v) be a bounded admissible weak solution such that
p>0a.a. in(0,T)xQ.

Then
p=p, v=vin(0,T) x Q.
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Main Theorem in the isentropic case I

Note that according to our earlier study the self-similar solution to
the Riemann problem consists only of rarefaction waves and
satisfies (3) if and only if the initial Riemann data satisfy

pP—

d7'+
0

< Vio—Vv_oo <
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Relative entropy inequality

The proof is based on the relative entropy inequality. Define the
relative entropy functional

£ (pv]r.v) = %p\v — VP + (H(p) — H'(r)(p — r) = H(r)) .

where H(s) = se(s).

Concept of relative entropies goes back to DiPerna and Dafermos.
Similarly as in papers by Feireisl, Novotny and others in the case of
Navier-Stokes equations we first prove that any bounded
admissible weak solution satisfies the relative entropy inequality
with any couple of functions (r, V) such that

re CH[0,T]xQ), Ve cY[o,T] xQ), r>0.
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Relative entropy inequality |l

/Qg(p,v r, v) (T,X)dx—/ﬂg(po,vo

+ boundary terms <

/T/ [p(atv+ v-VV) (V- )+ (p(r) - p(p)) div v} dxdt
e

+/O /Q [(r — P)OH(r) + (rV — pv) - VH'(r)}(t,x)dxdt

r(0,x), V(0, x)) dx
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Relative entropy inequality IlI

Observe that the rarefaction wave solution (5, 7) may be taken as
the test couple (r, V) in the relative entropy inequality as

° p,p,V, V bounded,

® 0:p, Oriin, Dy, Ox, 72 € L2(0, T; L1(Q))
and such step thus can be justified by a density argument and
Lebesgue dominated convergence theorem.

Therefore the initial term and the boundary terms in the relative
entropy inequality vanish.
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Relative entropy inequality IV

Thus we get
/QE (p, v
/OT/Q {p (0t + v20x, ™) (72 — v2) + (P(ﬁ) - P(p))aX2 \72} (t,x)dxdt
+ /OT/Q [(ﬁ — p)OrH' () + (pV2 — pv2)Ox, H’(ﬁ)} (t,x)dxdt

P, \7) (r,x)dx <
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Some calculations

We rewrite the terms as follows. First:

p(f)t\b + V28Xz\72) (\72 — V2) =

p(BeVa + 720, 12) (V2 — va) — pdx, Va(Va — v2)? =

— (p/ )0 P(P)(V2 = v2) = pdsy Va(V2 — v2)?.
Next:

(p(ﬁ) - p(p)) Ox, V2 =
= (p(p) = P(P)p = 5) = P(P)) D72 — P () — )2

Finally just using the property 9,H'(p) = (p'(p)/p)0-p we have

(5 — p)O:H'(p) + (pV2 — pv2) 0, H'(5) =
. ey ]
£ F P o (30 + %p’(p)@zp
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Summing up all the terms and using again the fact that 3, i» solve
the continuity equation we end up with

/Qg(p,v

N /oT/Q [p (72— v2)* + (P(P) — P (P)p—p)— p(ﬁ))} By, Vo (1, x)dxdt

P, \7) (r,x)dx <

Since p(p) is convex the theorem follows from the fact that
Oy, 72(t, x) > 0 which is a consequence of the classical theory of
the self-similar solutions in the case of rarefaction waves.
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Full Euler system

Now we consider the full compressible Euler system in the whole
2D space

( Oip + dive(pv) = 0
Ot(pv) + divX (pv @ v) + Vi (p9) 0

8t(2p\v| +cvp9)+d1vx((2p\v| +cvpf +pl)v) = 0 (4)
p(-,0) = p°
v(-,0) = 0

\ 9(’ ) = 6°.

Here 6 is the temperature of the gas and ¢, > 0 is constant called
specific heat at constant volume
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Entropy inequality

The associated entropy inequality to the system reads as follows
Ot(ps) + divx(psv) > 0,

where

s(p,0) = log (9:)
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Domain and weak solutions

Similarly as in the isentropic case we consider the domain
Q=T xR, where T = [0, 1]{0,1} is the “flat” sphere,

Again we consider solutions periodic with respect to x;.
In the variable xo» we will prescribe far field conditions in order to
prove uniqueness of solutions to the Riemann problem.
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Riemann Problem

The Riemann initial data are as follows

. . . _ (p—,v—,0_) ifx2<0
(P"(x), v (x),07(x)) : (5)

(p+, V+,0_|_) if xo >0,

and again we avoid the contact discontinuity formed by the higher
dimension by assuming

ve = (0, veo).

Of course p+, 0+ and vy, are constants.
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General form of self-similar solutions

The Riemann problem admits a solution

p(t,x) = R(t,x2) = R(§), 0(t,x) = O(t,x2) = O(¢),
V(t,X) = (07 V(t7X2)) - (07 V(f))

depending solely on the self-similar variable { = %2. Such a
solution is unique in the class of BV solutions of the 1-D problem.
The initial singularity resolves to at most 3 structures connected by
constant states, where the first and the last structures are always
either admissible shocks or rarefaction waves, whereas the middle
structure is always a contact discontinuity. In special cases some of
the structures can disappear.
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Shock-free solutions

We consider special Riemann initial data such that the contact
discontinuity does not appear and both remaining structures are
rarefaction waves, more precisely:

@ the entropy S is constant in [0, T] x Q;

@ the density R and the temperature © components of the
Riemann solutions are interrelated through

1 1
© = R« exp (5) :
cy

e the density R = R(t,x2) and the velocity V = V/(t,x2)
represent a rarefaction wave solution of the 1-D isentropic
system

1 Cv
atR+8X2(RV) = 0, R [81—\/ + V8X2 V]—I—exp <C5> aXzR cjl — 0’
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Far field conditions |

We consider weak solutions satisfying the following far field
conditions

T
lim / / lp(t, x1,x2) — p—| dxy dt =0,
X2—>r—00 0 Tl

T
lim / / lp(t, x1,x2) — p4| dxg dt =0,
o JT1

Xp—>00

T
lim / / ‘9(t,X1,X2)—9,| dx; dt =0,
x——00 [o  J71

T
lim / / |0(t, x1,x2) — 04| dxg dt =0,
0 Tt

X2 —» 00
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Far field conditions Il

and similarly

T
lim / / |V1(t,X1,X2)| dx; dt =0,
Xp—r—00 0 71
T
lim / / |va(t, x1,x2) — v_a| dxg dt =0,
Xp—r— 00 0 Tl

T
lim / / [vi(t,x1,x2)| dxg dt =0,
Xp—>00 0 Tl

-
lim / / [va(t, x1,x2) — vi2| dxg dt = 0.
0 T

X2 —>00
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Weak solutions

We say that a trio [p, 0, v] is a weak solution of the Euler system if
the following is satisfied:

@ Positivity:

0<p(t,x) <5, 0<O(t,x) <0, [s(p,0)] <5,
lv(t,x)| <V fora.a. (t,x) € (0, T) x Q.

@ Continuity equation
/Q [p(Tv x)p(T,x) — PO(X)QO(O,x)] dx
:/T/ [p(t,x)8t<p(t,x) + pv(t,x) - VXSO(t,X)}dth
o Ja

for any 0 < 7 < T, and any test function ¢ € C}([0, T] x Q).
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Weak solutions |l

@ Momentum equation
/Q [pv(7,x) - (T, x) — P°v0(x) - (0, x)] dx

:/OT/Q [ov(£,%) - 0ep(t,%) + plv @ V(£ %) : V(%)

+p(t, x)0(t, x)divep(t, X)i| dxdt

forany 0 <7 < T, and any p € C}([0, T] x Q;R?).
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Weak solutions |

o Energy equation

L (Gotv? + ot ) (retrn

— (;po\volz + Cvp090> (x)gp(O,x)} dx

-[[] (;pw " cvpe> (£, X)00(t,%)

1
+ <2p]v|2 + cypb + ,09) v(t,x) - chp(t,x)} dxdt

for any 0 < 7 < T, and any test function ¢ € C}([0, T] x Q).
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Weak solutions 1V

e Entropy inequality
| ob(s(6.0)) (. x)it. 0) = pobi(s(p0. o)) ()0, )] dx
> [ [ [ob(sto.00000(e.50 + pbls(. ) - Dol )] axate

for any 0 < 7 < T, any test function ¢ € CX([0, T] x ),
©>0,and any b€ CL, b’ > 0.
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Main theorem

Theorem 4 (Feireisl, K., Vasseur)

Let [p, 0, v] be a weak solution of the Euler system in (0, T) x Q
originating from the Riemann data and satisfying the far field
conditions. Suppose in addition that the Riemann data give rise to
the shock-free solution [R,©, V] of the 1-D Riemann problem
specified above.

Then

p=R, 0=0, v=(0,V) a.a. in(0,T) x Q.
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Relative entropy inequality

First we define the ballistic free energy Hj

Hy(p.0) = p (Cv9 — 0s(p, 9)) :

The relative entropy functional (actually it is again the relative
energy) is defined as

S(p,G,v

5.0.7) =
1 B OHx(p,0 y .
/ Lp\v — U] + Hy(p, 0) — 98( )(p — p) — Hz(p, 9)] dx,
Q p

This form of the relative entropy functional was introduced by
Feireisl and Novotny.
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Relative entropy inequality |l

The relative entropy inequality reads as

5 é, ‘7)] t=T

[8 (p, O,v t=0

= /OT/Q (7= V)< 00+ p(7 = V) @ v 2 Vi + (50 — p)div.7| dxde
_ /O /Q o(s(0.0) — 5(5.0)) 08 + p(s(0.0) — s(5.5))v - V.] axat

+/0 /Q (1 - g) 3:(p0) + <\7 - pﬁ‘/) -Vx(ﬁé)} dxdt.
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Relative entropy inequality IlI

This inequality holds for any weak solution [p, 0, v] of the Euler
system satisfying the far field conditions and any trio [, 0, V] of
continuously differentiable functions such that

ﬁ:p_,éze_, n=0, ih=v_y for x; < —A,
p>00>0,
p=pr,0=0,, "1 =0, ih =vyp for xy > A

for some A > 0.

Finally, using a simple density argument, we check without
difficulty that the Riemann solution [R, ©, (0, V)] can be taken as
test functions.
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Relative entropy inequality IV

Thus we deduce

t=1

[5 (p, 0,v

R, 0, (0, V))}

t=0

g/ / DV — )3V + p(V — 1) vady, V + (RO — p)ds, v} dxdt
0 Q-

—/ / 'p(s(p,e) - s) 0.0 + p(s(p, 9) — 5) vzax2@] dxdt
0 Q-

+/ /Q (1 B %) 9:(RO) + (V - %) 8,(2(/?@)} dxdt.

o
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Relative entropy inequality V

Using the fact, that [R, ©, (0, V)] solve the equations we can
moreover simplify the right hand side to the following:

£ (. V\R 0.0.v))]
/ / — )20,V + (RO — p)dy, v} dxdt
/ / ~ 5)(@:@ + V,,0)

+ p(s(p, 6) — 5)(V2 - V)8x2@} dxdt

o[ L0~ 2) ume) + vonirep] asie
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Slope of the rarefaction waves

Recall that we already know that
Oy, V > 0.

Analyzing the rarefaction waves more carefully and taking into
account the condition S = const we deduce the following property
which will be important later:

0,0
EY

> 1
- a (e, +1)
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Some calculations

Using the Young inequality we obtain

qum—sym—v%%e

1 .0
§pf(s _ 5)2 ‘a 26‘

—V[?0,, V.
2 8X2V+p|v2 |0x,

Moreover using the fact that [R, ©, (0, V)] solve the equations we
can rewrite

(RO — p9)8X2 V—-p(s—5)(0:©+ V0,,0)
+ —— (9:(RO) + VO,,(RO))

:pk—0—1<R—l>@+3@—$@é%V
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Final form of the inequality

Finally we arrive to the following form of the relative entropy

inequality

[5 (p, 9,v|R,©, (0, V))] .

1 2|6X26’2
<p— _
,04(5 S) LV
1 (R 1
+ e + —(s— o, V
p[@ 0 C< 1>@ Cv(s 5)@}82

v
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Negative definite form

Note that for © = ©(V, S) expressed as a function of the specific
volume V = % and the entropy S, we get

_ 1 1
O(V,S) =exp <S> Voo,

oyo(V,S)

—Ci@R, 956(V,5) = ~6:

v

@—9—1<R—1>@+1(s—5)@
c \ p c

v

whence

is a negative-definite quadratic form in the variables (% — %) s—S
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Now it is easy to see that it is enough to show that the function

FR,@(pa S) : [p) S] =
1 ©

@—H(p,s)—cl<'§—1>@—l-c(s—5)@ 4

. _ 2
5 y 4c,(c, + 1)(S %)

is non-positive for any choice p >0, s > S.
Note that s > S a.e. in (0, T) x € for any weak solution. This is a
consequence of the entropy inequality and the choice s° = S.
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Final step Il

Plug in
1 1 1 1
0(p,s) = exp <c5> pe, © = exp <CS> Re

and introduce new variables

z:Clv(s—S)zO,y:( )E>0.

P
R

This way we obtain

Gly.2) = 1—exp(z)y—1( !

_1)+z+6v2
Cy \ Y%

ac, +1)°

and we want to show that G is non-positive
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Final step Il

@ Observation 1:
y — G(y,0) < 0 attaining strong global maximum G(1,0) = 0.
@ Observation 2: There are no critical points of G in the open
set z>0,y>0.
Indeed, compute

0,G(y,z) = — exp(z)y+1+Lz.

dyG(y,z) = —exp(z)+ 2(cy +1)

ycv+1’

and assuming both partial derivatives equal zero yields

e Cy 1 4 Cy
X z| = —7,
Ple, +1 2(c, + 1)

which holds only for z = 0.

Ondfej Kreml Uniqueness of rarefaction waves 47/50



Final step IV

@ Observation 3:
G(y,z) » —occasy — 0, y — oo for any fixed z > 0.

@ Observation 4: For y > 1 simply use exp(z) <14z + % to
conclude that in this case G(y,z) <0

Consequently, it remains to control G for y € (0,1) and large
z>0.
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Final step V

Finally, fix z > 0 and examine the function

y — G(y,z), y € (0,1].

We already know that G(1,z) < 0 and lim,_,o G(y,z) = —o0.
There is exactly one critical point, namely

1
—= € — s
Y P ( ¢y + lz>
with the corresponding critical value
c +1 ( ( cy >> &
1—exp z) ) +z+ L —
Cy c, +1 4(c, + 1)

Cy 2 Cy
<—-z— —F——7 —}-Z—I—iz <0.
- 2(cy +1) 4(c, +1) —

The theorem is proved.
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Thank you

Thank you for your attention.

Ondfej Kreml Uniqueness of rarefaction waves 50/50



