131 (2006) MATHEMATICA BOHEMICA No. 4, 365–378

ON MCSHANE-TYPE INTEGRALS WITH RESPECT TO SOME DERIVATION BASES

Valentin A. Skvortsov, Piotr Sworowski, Bydgoszcz

(Received November 11, 2005)

Dedicated to Prof. Jaroslav Kurzweil on the occasion of his 80th birthday

Abstract. Some observations concerning McShane type integrals are collected. In particular, a simple construction of continuous major/minor functions for a McShane integrand in R^n is given.

Keywords: McShane integral, Kurzweil-Henstock integral, Perron integral, basis

MSC 2000 : 26A39

1. Introduction

Kurzweil-Henstock integral with respect to different derivation bases was considered in numerous publications (see for example [2], [3], [5], [11]). At the same time comparatively less attention was given to McShane type integrals with respect to bases different from the usual full interval basis. In this connection the paper [7] introducing approximate McShane integral is of interest. Being motivated by this paper (and also by its review [6]), we investigate here McShane type integrals with respect to more general bases. We obtain a condition put on McShane basis under which the corresponding McShane integral is absolute and therefore coincides (in the class of measurable functions) with the Lebesgue integral (Section 3). Considering Perron and McShane bases associated with the so-called local systems, we discuss in Section 4 the relation between Kurzweil-Henstock and McShane integrals defined with respect to the related bases. Section 5 is devoted to Perron type integrals with respect to McShane bases (strong Perron integrals, in terminology used in [7]) which are equivalent to the corresponding McShane type integrals. We give a (surprisingly)

Supported by RFFI-05-01-00206.

simple construction of continuous major/minor functions for a McShane integrand in R^n . Then, this method is discussed in application to (one-dimensional) McShane integrals associated with local systems.

2. Preliminaries

We use the following notation and definitions. By an interval in R^n we mean the Cartesian product of any n compact nondegenerate subintervals of the real line R.

By a tagged interval (a free tagged interval) we mean a pair (I, x) where I is an interval in R^n and x ∈ I (x ∈ R^n , respectively). By a basis (a McShane basis) in R^n we understand any nonempty collection B = {β} of families β of tagged (free tagged, respectively) intervals which has the filter base property: ∅ /∈ B, and for every β_1, β_2 ∈ B there exists β ∈ B such that β ⊂ β_1 ∩ β_2. Obviously, each basis is a McShane basis (note that what we call here a basis, is sometimes referred to as a Perron basis, see [8]).

By a free tagged division we mean a finite collection of free tagged intervals (I, x) in which intervals I are pairwise nonoverlapping. If x ∈ E for all (I, x), then we say that a free tagged division is tagged in a set E ⊂ R^n . A free tagged division is called a free tagged partition of an interval J if the union of intervals I from this division is J, and all the tags belong to J. Free tagged divisions will be denoted by P, while free tagged partitions usually by π. For a function f : R^n → R and a free tagged division P we denote σ(P, f) = � (I,x)∈P

f(x)|I|.

We say that a free tagged division P is β-fine if P ⊂ β ∈ B.

Given a McShane basis B, by a B-interval we mean any interval I such that (I, x) ∈ β ∈ B for some x and β. The collection of all B-intervals we denote with I_B. We say that B has the partitioning property if (i) for each I ∈ I_B and every β ∈ B there exists a free tagged partition of I that is β-fine;

(ii) for any two I, J ∈ I_B the closure of difference I \ J can be expressed as a union of finitely many nonoverlapping B-intervals.

McShane bases only with the partitioning property are considered in the sequel.

Definition 2.1. Let B be a McShane basis and let I ∈ I_B. We call a function f : I → R, BM-integrable if there exists a real number I (its BM-integral) such that for any ε > 0 there is a β ∈ B such that for every β-fine free tagged partition π of I,

(1) |σ(π, f) − I| < ε.

If B is a basis then f is called BH-integrable, I being its BH-integral.

Due to the filter base and the partitioning properties of B, the value of integral is unique.

The family of all B-intervals J ⊂ I we denote as I_{B,I} . With the aid of (ii) one proves that if f : I → R is BM-integrable, then it is BM-integrable on each J ∈ I_{B,I} . So, the indefinite integral F of f is defined as a function F : I_{B,I} → R by

F (J) = � J f. 2.1. McShane-B-Perron integrals.

Fix a McShane basis B and an interval I ∈ I_B. By the upper McShane-B-derivative of a function G: I_{B,I} → R at x ∈ I we mean the value

D_BG(x) = inf_{β∈B} sup_{(J,x)∈β}

G(J) |J| .

In a similar way the lower McShane-B-derivative D_BG(x) is defined. When B is a basis, then D_BG(x) and D_BG(x) are called respectively the upper and the lower B-derivative of G at x ∈ I.

We will say that a function G: I_{B,I} → R is additive if G(J) =^l � i=1 G(J_i) whenever the interval J ∈ I_{B,I} is the union of nonoverlapping intervals J_1, . . . , J_l ∈ I_{B,I} . Similarly for subadditivity and superadditivity.

Definition 2.2. We say that an additive function M : I_{B,I} → R is a McShane- B-major function for f : I → R if at each point x ∈ I we have

(2) D_BM(x) � f(x).

We say that an additive function m: I_{B,I} → R is a McShane-B-minor function for f if at each point x ∈ I we have

D_Bm(x) � f(x).

Definition 2.3. We say that a function f : I → R is McShane-B-Perron integrable if inf_M M(I) = sup_m m(I),

where M ranges over the set of all McShane-B-major and m ranges over all McShane- B-minor functions for f. The common value is taken as the integral of f. When B is a basis, then we say that f is just B-Perron integrable.

Theorem 2.4. BM-integral and McShane-B-Perron integral are equivalent.

Proof. The proof is standard and follows like proofs of [7, Theorems 3.7&3.8]. □ Corollary 2.5. BH-integral and B-Perron integral are equivalent.

2.2. Examples of bases.

2.2.1. Full bases in R^n . Any positive function δ defined on R^n is called a gauge. Having fixed a gauge δ we say that a free tagged (or tagged) interval (I, x) is δ-fine, if I is contained in the δ(x)-neighbourhood of x (we use the sup metric in R^n throughout the paper). Denote respectively by α_δ and β_δ families of all free tagged and tagged intervals in R^n that are δ-fine.

A_{full} = � α_δ : δ a gauge � , B_{full} = � β_δ : δ a gauge �

form respectively a McShane basis and a basis in R^n both with partitioning property.

2.2.2. One-dimensional bases related to local systems. By a local system (see [10]) we mean a family Δ = {Δ(x)}_{x∈R} such that each Δ(x) is a nonvoid collection of subsets of R with the properties: (i) {x} /∈ Δ(x), (ii) if S ∈ Δ(x) then x ∈ S, (iii) if S ∈ Δ(x) and R ⊃ S then R ∈ Δ(x), (iv) if S ∈ Δ(x) and δ > 0 then (x − δ, x + δ) ∩ S ∈ Δ(x).

We say that Δ is filtering down if for each x and any R, S ∈ Δ(x), R ∩ S ∈ Δ(x). Only such Δ’s will be considered here. Any S belonging to Δ(x) is called a path leading to x. A function C on R such that C(x) ∈ Δ(x) for each x is called a choice. Given a choice C, we write (I, x) ∈ β_C ((I, x) ∈ β̃_C ) and say that a tagged interval (a free tagged interval) (I, x) is β_C -fine (β̃_C -fine, respectively) or C-fine for short, if both endpoints of I are in C(x). The basis and the McShane basis induced by a local system Δ are defined respectively as

B_Δ = � β_C : C a choice � , ~B_Δ = �~ β_C : C a choice � . We say that a local system Δ satisfies the intersection condition (abbr. IC) if for every choice C, there exists a gauge δ on R such that if 0 < y − x < min {δ(x), δ(y)}, then C(x) ∩ C(y) ∩ [x, y] ≠ ∅. Thomson has proved in [10] that if Δ is bilateral, i.e., if each member of each Δ(x) has x as a bilateral accumulation point, and if it satisfies

IC, then each subinterval of the real line has a C-fine partition for any choice C.

In what follows, for any basis B_Δ associated with a local system Δ, the partitioning property will be always meant in this stronger version.

Examples of local systems are the full local system (consisting of families of neighbourhoods), the density local system [12, Example 2], the I-density local system [4].

A slightly different notion is a path system. In this case a set E_x ∋ x is attached to each x ∈ R so that x is an accumulation point of E_x. Clearly, the collection E(x) = � (x − δ, x + δ) ∩ E_x : δ > 0 � , x ∈ R, does not form a local system since the condition (iii) is not satisfied. However, we remove this obstacle by defining an auxiliary local system Δ by Δ(x) = {S ⊂ R: S ⊃ R ∈ E(x)}, x ∈ R, which we call the local system induced by the path system E = {E_x}_{x∈R}. Anyway, the collection B_E = � β_{E,δ} : δ a gauge � where β_{E,δ} = {([a, b], x): x − δ(x) < a � x � b < x + δ(x), a, b ∈ E_x}, forms a basis and it is apparent that the B_E H- and B_ΔHintegrals are equivalent. The same with ~B_EM- and ~B_ΔM-integrals. Thus, B_EH- and ~B_E M-integrals can be considered as a case of B_ΔH- and ~B_ΔM-integrals respectively.

3. When BM-integral is absolute?

Let B be a McShane basis. If for each gauge δ there is a β ∈ B such that all members of β are δ-fine, then clearly the BM-integral includes the ordinary McShane integral, i.e., includes the Lebesgue integral. We consider now if this generalization is strict. One checks easily that the BM-integral is equivalent (in the class of measurable functions) to the McShane integral iff it is absolute, i.e., iff the integrability of a function f yields the integrability of |f|.

Theorem 3.1. Assume that a McShane basis B satisfies the following condition: for each β ∈ B and any two (I, x), (J, y) ∈ β, either I and J are nonoverlapping or the intersection I ∩ J is expressible as the union of some nonoverlapping intervals K_1, . . . , K_k with (K_i, x), (K_i, y) ∈ β for i = 1, . . . , k.

Then, the BM-integral is absolute.

Proof. Let a function f on an n-dimensional interval I be BM-integrable to a value I. For ε > 0 take a suitable β ∈ B such that for any β-fine free tagged partition π of I the inequality (1) holds. Consider any two β-fine free tagged partitions of I: {(I_i, x_i)}_i and {(J_j , y_j )}_j . Denote K_{ij} = I_i ∩ J_j (only nondegenerate intervals K_{ij}

are taken into account). According to the condition assumed, K_{ij} =

s_{ij}� k=1 K_{ijk} , where

K_{ijk} ’s are pairwise nonoverlapping and {(K_{ijk} , x_i)}_{i,j,k} and {(K_{ijk}, y_j )}_{i,j,k} are also β-fine free tagged partitions of I. With Saks-Henstock lemma for the BM-integral, for any collection R = {(i, j)} of pairs (i, j) for which K_{ij} have been defined, we get � � � � � (i,j)∈R s_{ij}�

k=1 � f(x_i)|K_{ijk} |− � K_{ijk} f � � � < 2ε, � � � � � (i,j)∈R s_{ij}�

k=1 � f(y_j )|K_{ijk} |− � K_{ijk} f � � � < 2ε, whence

(3) � � � � � (i,j)∈R s_{ij}�

k=1 (f(x_i) − f(y_j ))|K_{ijk} | � � � � < 4ε.

Then � � � � � i |f(x_i)||I_i| − � j |f(y_j )||J_j | � � � � = � � � � � i,j,k

|f(x_i)||K_{ijk} | − � i,j,k

|f(y_j )||K_{ijk} | � � � �

� � i,j,k

|f(x_i) − f(y_j )||K_{ijk} | = 2� l=1 � � � � � (i,j)∈R_l s_{ij}�

k=1 (f(x_i) − f(y_j ))|K_{ijk} | � � � �,

where

R_1 = {(i, j): K_{ij} ≠ ∅ and f(x_i) � f(y_j )},

R_2 = {(i, j): K_{ij} ≠ ∅ and f(x_i) < f(y_j )}.

Apply (3) separately to R_1 and R_2, and get � � � � � i |f(x_i)||I_i| − � j |f(y_j )||J_j | � � � � < 8ε.

So, for |f| the Cauchy criterion for BM-integrability is fulfilled. □

Let β^d_δ be the family of all δ-fine free tagged dyadic intervals, that is intervals of

the kind ([j/2^n, (j + 1)/2^n], x), j ∈ Z, n ∈ N. The McShane basis � β^d_δ : δ a gauge �

has the partitioning property and satisfies the assumption of the foregoing theorem.

4. On McShane integral with respect to local systems

The ~B_ΔM-integral (related to a local system Δ) is in general not absolute.

Theorem 4.1. Let Δ be a local system with the partitioning property. Assume

that for some x ∈ R there is a path S ∈ Δ(x) which is dense (metrically) in no

neighbourhood of x. Then there exists a function f nonintegrable in the ordinary

McShane sense, but ~B_ΔM-integrable.

Proof. We may assume that S is dense in no left neighbourhood of x. Let (a_n)^∞_{n=1} be an increasing sequence of points that converges to x, such that S ∩ (a_{2n−1}, a_{2n}) = ∅, n = 1, 2, . . .. Define f on [a_1, x] in the following way:

f =

� � � � � � �

1 (a_{2n} − a_{2n−1})n on (a_{2n−1},^1_2 (a_{2n−1} + a_{2n})), n = 1, 2, . . . , − 1 (a_{2n} − a_{2n−1})n on (^1_2 (a_{2n−1} + a_{2n}), a_{2n}), n = 1, 2, . . . ,

0 elsewhere on [a_1, x].

Since

�_{a2n}

a_{2n−1} |f| = 1/n, f is not McShane integrable on [a1, x]. We are to justify that f

is ~B_ΔM-integrable. For each y ∈ (a_n, a_{n+1}), n = 1, 2, . . ., take a number δ(y) > 0 with (y − δ(y), y + δ(y)) ⊂ (a_n, a_{n+1}). Put δ(a_n) = min {|a_{n+1} − a_n|, |a_n − a_{n−1}|, 2^{−n}}, assuming |a_1 − a_0| = 1. Let ε > 0. Since f is Riemann integrable to zero on each interval [a_{2n−1}, a_{2n}], there exist numbers η_n such that |σ(π, f)| < ε2^{−n} for each η_n-fine free tagged partition π of [a_{2n−1}, a_{2n}]. We can assume that δ � η_n on [a_{2n−1}, a_{2n}]. Define a choice C on [a_1, x] by putting C(x) = S and C(y) = � y − δ(y), y + δ(y) � for y ∈ [a_1, x), and consider any C-fine free tagged partition π̃ of [a_1, x]. For each member (I, y) of π̃ there are four possibilities:

(∗) y = x; then (I, y) contributes nothing to σ(π̃, f).

(∗∗) y ≠ x and I ⊂ [a_{2n}, a_{2n+1}]; then y ∈ [a_{2n}, a_{2n+1}] thanks to the definition of δ(y), whence (I, y) contributes nothing to σ(π̃, f) too.

(∗∗∗) y ≠ x and I ⊂ [a_{2n−1}, a_{2n}]; then, since C(x) misses (a_{2n−1}, a_{2n}), (I, y) is a member of a free tagged partition π_n ⊂ π̃ of the interval [a_{2n−1}, a_{2n}]. Since π_n is η_n-fine, |σ(π_n, f)| < ε2^{−n}.

(∗∗∗∗) y ≠ x with I meeting two intervals: (a_{n−1}, a_n) and (a_n, a_{n+1}); then y = a_n (by the definition of δ) and (I, a_n) can be split at a_n into two intervals (I^′, a_n) and (I^{′′}, a_n) with the same contribution to σ(π̃, f) as (I, a_n), one of them being of the type (∗∗), the other of the type (∗∗∗).

For these reasons |σ(π, f)| <^∞ � n=1 ε2^{−n} = ε. Thus, f is ~B_ΔM-integrable to zero. □

Now we turn to examples of Kurzweil-Henstock integrable but not B_ΔM-integrable functions.

Lemma 4.2. Let Δ be a local system with the partitioning property. Assume that a function f : [a, b] → R is ~B_ΔM-integrable with the indefinite integral F : [a, b] → R, F (x) =

�_x a f. Then for each x there exists a path S ∈ Δ(x) such that F ↾ S is a VB-function.

Proof. Suppose it is not true. Then there is an x ∈ [a, b] such that F ↾ S has unbounded variation for all S ∈ Δ(x). Obviously, the function f̂ defined by f̂(x) = 0, f̂(t) = f(t) if t ∈ [a, b] \ {x}, is ~B_ΔM-integrable with the indefinite integral F . There exists a choice C such that for any C-fine free tagged partition π of [a, b] one has |σ(π, f̂ ) − F (b)| < 1. There are points a_1, a_2, . . . , a_{2N} ∈ C(x), a_1 < a_2 < . . . < a_{2N} , with_N � i=1 |F (a_{2i}) − F (a_{2i−1})| > 2.

The free tagged division {([a_{2i−1}, a_{2i}], x)}^N_{i=1} is C-fine. Saks-Henstock lemma for the ~B_ΔM-integral implies that N� i=1 |F (a_{2i}) − F (a_{2i−1})| = N� i=1 |f̂(x)(a_{2i} − a_{2i−1}) − (F (a_{2i}) − F (a_{2i−1}))| � 2,

giving the desired contradiction. □

With the aid of the above lemma it is easy to give examples of local systems Δ for which there are functions integrable in the Kurzweil-Henstock sense, while not being ~B_ΔM-integrable.

Path systems. Let E = {E_x}_{x∈R} be a path system. Take a decreasing sequence a_1 = 1 > a_2 > a_3 > . . . converging to 0, a_n ∈ E_0 for n � 2, and define a function F on [0, 1] by putting

F (x) = � � � 0 for x = 0 and x = a_{2i+1}, i = 0, 1, 2, . . ., 1/i for x = a_{2i}, i = 1, 2, . . ., linear on intervals [a_{i+1}, a_i], i = 1, 2, . . ..

The so defined F is the indefinite Kurzweil-Henstock integral of F^′. For any neighbourhood I of 0, the set I ∩ E_0 contains almost all points from the sequence (a_n)^∞_{n=1} and so the restriction F ↾ (I∩E_0) has unbounded variation. According to Lemma 4.2, F is not an indefinite ~B_EM-integral. Since F^′ is Riemann integrable on every interval [c, 1], 1 > c > 0, there is no other indefinite ~B_EM-integral for F^′; hence F^′ is not ~B_E M-integrable.

The density local system. Define a function F on [0, 1] by

F (x) = � � � 0 for x = 0 and x = 2^{−2i}, i = 0, 1, . . ., 1/i for x = 2^{−2i−1}, i = 0, 1, . . ., linear on intervals [2^{−i−1}, 2^{−i}], i = 0, 1, . . ..

It is the indefinite Kurzweil-Henstock integral of F^′. We are to check that F is not an indefinite ~B_ΔM-integral, with Δ being the density local system. Take any (measurable) S ∈ Δ(0). According to the definition of Δ, the set S has density 1 at 0, hence there exists h > 0 such that |(0, t) ∩ S|/t >^7_8 for each t ∈ (0, h). Take i_0 with 2^{−2i0} < h. For each i � i_0 we can choose points

s^i_1 ∈ S ∩ � 1 2^{2i+1} , 1 2^{2i+1} + 1 4 � 1 2^{2i} − 1 2^{2i+1} � , s^i_2 ∈ S ∩ � 1 2^{2i} − 1 4 � 1 2^{2i} − 1 2^{2i+1} � , 1 2^{2i} � . This is possible since both the foregoing intervals have length^1_8 of the length of (0, 2^{−2i}). Intervals {[s^i_1, s^i_2]}^∞_{i=i0} are pairwise nonoverlapping and have endpoints in S. Moreover, thanks to the way the points s^i_1, s^i_2 were chosen, F (s^i_1) − F (s^i_2) > 1 2 (F (2^{−2i−1}) − F (2^{−2i})) =^1_2 i^{−1}. So^∞ � i=i_0

|F (s^i_1) − F (s^i_2)| = ∞ and F ↾ S is not a

VB-function. According to Lemma 4.2, F is not an indefinite ~B_ΔM-integral and so (like in the previous example) F^′ is not ~B_ΔM-integrable.

Remark 4.3. A similar ‘density’ argument can be used to give an analogous example for I-density local system (we do not want to involve the reader into extensive technical details needed for this). It is not clear if for any local system with the partitioning property one can go along arguments alike those used in the above examples. But there is a more interesting problem: is the converse of Lemma 4.2 true? Precisely,

Question 4.4. Let Δ be a local system with the partitioning property and assume that a function f : [a, b] → R is B_ΔH-integrable with the indefinite integral F : [a, b] → R. Suppose that F has the following property: there is a choice C such that for each x ∈ [a, b], F ↾ C(x) is a VB-function. Must f be ~B_ΔM-integrable?

5. A simple construction of major/minor functions for the McShane-Perron integral

In this section we shall deal with some modifications of Definition 2.3. The first to be considered is the one with a continuity assumption put on major/minor functions. Given a McShane basis B, a B-interval I, and a function G: I_{B,I} → R, we say that G is B-continuous at x ∈ I if for each ε > 0 there exists β ∈ B such that |G(J)| < ε for every (J, x) ∈ β. The function G is said to be B-continuous if it is B-continuous at each x ∈ I.

Definition 5.1. We say that a function f : I → R is McShane-B^c-Perron integrable if inf_M M(I) = sup_m m(I),

where M ranges over the set of all B-continuous McShane-B-major and m ranges over all B-continuous McShane-B-minor functions for f. This common value is taken as the integral of f. If B is a basis, then f is called simply B^c-Perron integrable.

Clearly, if f is McShane-B^c-Perron integrable then it is McShane-B-Perron integrable with the same integral. A question with an old background is whether the converse is true. For some results on B^c-Perron integrals see [1, 9]. Our concern here is the McShane-B^c-Perron integral.

With a standard argument one shows that the McShane-A_{full}-Perron integral (McShane-Perron integral for short) is equivalent to the ordinary McShane integral (A_{full}M-integral) (Theorem 2.4). Modifying slightly this argument we will show that for each McShane integrable function f and each ε > 0 there exists a continuous McShane-A_{full}-major function (McShane-major function for short) M such that |M(I) − � I f| < ε.

Let I be an n-dimensional interval, I the family of all its subintervals. Suppose we have a McShane integrable function f : I → R. Fix ε and let δ be a gauge such that the inequality |σ(π, f) − � I f| < ε holds for any δ-fine free tagged partition of I. Take J ∈ I and define

(4) Φ^f_δ (J) = sup_P � (K,t)∈P

f(t)|K|,

where sup is taken over all δ-fine free tagged divisions P in I such that the intervals from P form a partition of J; i.e., K ⊂ J, but not necesserily t ∈ J. By Saks- Henstock lemma we have |Φ^f_δ (J) − � J f| � 2ε. This implies that Φ^f_δ is bounded as an interval function. So there exists B such that |Φ^f_δ (J)| � B for all J ∈ I.

We are to check three properties of Φ^f_δ : I → R: being taken as M, it satisfies (2) (B = A_{full}, I_{B,I} is I here), it is additive (and so it is a McShane-major function for f), and it is continuous (which is the same as being A_{full}-continuous). For any interval J from the δ(x)-neighbourhood of x ∈ I, the one-element division P = {(J, x)} is in the domain of sup in (4) and so Φ^f_δ (J) � f(x)|J|. Hence D_{Afull} (Φ^f_δ )(x) � f(x) and

(2) is satisfied. Obviously Φ^f_δ is superadditive, i.e., Φ^f_δ (J) �^l � i=1 Φ^f_δ (J_i) whenever the

interval J ∈ I is the union of some nonoverlapping intervals J_1, . . . , J_l ∈ I. To prove the converse inequality, take any division P in I which is in the domain of sup in (4) for Φ^f_δ (J). Then, the divisions P_i = {(K ∩ J_i, t): (K, t) ∈ P}, i = 1, . . . , l, are in

domains of sup for Φ^f_δ (J_i) respectively. Moreover, σ(P, f) =^l � i=1 σ(P_i, f) �^l � i=1 Φ^f_δ (J_i)

and since P is arbitrary we get Φ^f_δ (J) �^l � i=1 Φ^f_δ (J_i).

Finally, assume that Φ^f_δ is discontinuous at some x ∈ I. That means, there exists ε > 0 such that for an arbitrarily small η > 0 there is an interval J_1 ∈ I with x ∈ int J_1, diam J_1 < η, and Φ^f_δ (J_1) > ε or Φ^f_δ (J_1) < −ε. With no restriction of generality assume the former case holds for all η. Pick any such J_1 with diam J_1 < δ(x). There exists a free tagged division P in I which is in the domain of sup in (4) for Φ^f_δ (J_1), such that σ(P, f) > ε. Denote R = {(K, t) ∈ P : K ∋ x}. Take an open interval L ∋ x so small that it meets only intervals from R and

2^n|f(t)||K ∩ L| < σ(P, f) − ε for each (K, t) ∈ R. Divide each difference K \ L, (K, t) ∈ R, into finitely many nonoverlapping intervals K^K_1 , . . . , K^K_{mK} and define a new free tagged division:

P_1 = (P \ R) ∪ � (K,t)∈R m_K�

i=1 {(K^K_i , t)}.

Estimate (there are at most 2^n members of R)

|σ(P, f) − σ(P_1, f)| = � � �σ(R, f) − � (K,t)∈R m_K�

i=1 f(t)|K^K_i | � � � = � � � �σ(R, f) − � (K,t)∈R

f(t)|K \ L| � � � � � � (K,t)∈R

|f(t)||K ∩ L| < � (K,t)∈R

σ(P, f) − ε 2^n

� σ(P, f) − ε.

So, ε < |σ(P, f)| − |σ(P_1, f) − σ(P, f)| � σ(P_1, f).

Next, take an interval J_2 ⊂ L with x ∈ int J_2 and Φ^f_δ (J_2) > ε. Like for J_1, find a free tagged division P_2 with intervals contained in J_2 but missing x such that ε < σ(P_2, f). Then find a J_3 with P_3 and so on. There is an integer M with

Mε > B. Consider the free tagged division S =^M � i=1 P_i. We can complete it to a

δ-fine free tagged division π from the domain of sup in (4) for Φ^f_δ (J_1), attaching to every complementary interval the tag x. Since all the complementary intervals are subsets of J_1, |J_1| < η, and η could have been chosen arbitrarily small at the start of the construction of P_i’s, we may assume that |σ(S, f) − σ(π, f)| < Mε − B. We get

σ(π, f) > σ(S, f) − |σ(S, f) − σ(π, f)| > Mε − Mε + B = B,

which contradicts the definition of B. By this, continuity of Φ^f_δ is established.

In a similar way one proves that the function φ^f_δ : I → R defined by

φ^f_δ (J) = inf_P � (K,t)∈P

f(t)|K|,

where inf is taken over all δ-fine free tagged divisions P in I such that the intervals from P form a partition of J, is a continuous McShane-minor function for f.

For any two δ-fine free tagged partitions π_1, π_2 of I we have |σ(π_1, f) − σ(π_2, f)| < 2ε, whence Φ^f_δ (I) − φ^f_δ (I) � 2ε. This obviously implies the McShane-A^c_{full}-Perron integrability of f. So we have proved

Theorem 5.2. The McShane integral and the McShane-A^c_{full}-Perron integral in R^n are equivalent.

From Theorems 2.4 and 5.2 we also get

Corollary 5.3. The McShane-Perron and the McShane-A^c_{full}-Perron integral in R^n are equivalent.

Remark 5.4. Notice that for a (one-dimensional) Kurzweil-Henstock integration, i.e., with t ∈ K for any tagged interval (K, t), the definition of a major function (McShane-B_{full}-major function in notation of the present paper) analogous to (4), namely ~Φ^f_δ (J) = sup π � (K,t)∈π

f(t)|K|,

where sup is taken over all δ-fine tagged partitions π of I, does not suit the purpose. Since we are not allowed to pick t’s outside of J (even not outside of K), the so defined ~Φ^f_δ can fail to be additive. Actually, put f on [0, 1] by f = 0 on [0,^1_2 ), f = 1 on [^1_2 , 1]. For any gauge δ, for a z ∈ (^1_2 − δ(^1_2 ),^1_2 ), one has ~Φ^f_δ ([0, z]) = 0, ~Φ^f_δ ([z, 1]) = 1 − z, while ~Φ^f_δ ([0, 1]) =^1_2 + δ(^1_2 ) > 1 − z. On the other hand, it is a standard matter to check that the function Ψ: [a, b] → R defined by Ψ([c, d]) = ~Φ^f_δ ([a, d]) − ~Φ^f_δ ([a, c]) is a major function for f (it is additive); however (in the foregoing situation), it is not continuous at^1_2 . The known constructions of continuous major/minor functions for a Kurzweil-Henstock integrand use differentiability and variational arguments; see for example [9].

5.1. Local systems’ case. Consider a local system Δ with the partitioning property. As a particular case of Theorem 2.4 we have

Theorem 5.5. The ~B_ΔM-integral is equivalent to the McShane- ~B_Δ-Perron integral.

This statement has been proved in [7] in case of the density local system. A question is if the definition with the use of B_Δ-continuous McShane- ~B_Δ-major/minor functions gives us a notion equivalent to the McShane- ~B_Δ-Perron integral. Having left this question open we just point out that the technique of defining major/minor functions employed before, does not work here anymore.

Consider a ~B_ΔM-integrable function f : I → R. Let C be a choice such that the inequality |σ(π, f) − � I f| < ε is fulfilled for any C-fine free tagged partition of I.

Take J ⊂ I and define

(5) Φ^f_C (J) = sup_P � (K,t)∈P

f(t)|K|, where sup is taken over all C-fine free tagged divisions P in I, such that the intervals from P form a partition of J. The value Φ^f_C (J) is finite up to the choice of C. As above, one checks that M = Φ^f_C : I → R satisfes the condition (2) (with B = ~B_Δ). The question is if it is additive. Unlike in the full local system case, usually the answer is not. Suppose that a local system Δ with the partitioning property has an S ∈ Δ(x) for some x, such that (c, d) ∩ S = ∅ for some c, d ∈ S. Suppose that x < c < d and define a function f on [x, d] by f(x) = 1 and f = 0 elsewhere. Take the following choice C : C(x) = S, C(t) = [x, d] at t ∈ (x, d), C(d) = (x, ∞). Observe that Φ^f_C ([x,^1_2 (c + d)]) = c − x, Φ^f_C ([^1_2 (c + d), d]) = 0, Φ^f_C ([x, d]) = d − x > c − x.

In both Definitions 2.3 and 5.1, one can change the meaning of a McShane-B-major/minor function by replacing additivity with superadditivity (for McShane- B-major) and subadditivity (for McShane-B-minor function). For many bases it is known that this extension of the integral is not strict, but in general and even in some particular cases the problem of strictness is open.

The concluding example is related to the so changed definitions in the case of the McShane- ~B_ΔM-Perron integral. Even if we allow McShane- ~B_ΔM-major/minor functions not to be additive, only super-/sup-additive, the interval function Φ^f_C need not be B_Δ-continuous. Let Δ be the local system induced by the dyadic path system {E_x : x ∈ R} [2]. Consider the function f : [0, 1] → R and the choice C defined as follows. For an n ∈ N put a_n =^1_2 −^1_{2n+1} and pick a point b_n < a_n such that 2^{n+1}(a_n −b_n) <^1_{2n} . We may assume that 0 � b_1 < b_2 < b_3 < . . .. Put f(b_n) = 2^{n+1}, f = 0 elsewhere, and C(b_n) = E_{bn} ∩ [b_n − (a_n − b_n),^1_2 ], C equals anything elsewhere. Take any neighbourhood I of^1_2 . Let a_l be the first element of the sequence that belongs to I. We have that a_l,^1_2 ∈ C(b_l), whence

ΔΦ^f_C (I) � f(b_l) � 1 2 − a_l � = 1.

On the other hand, since for each n, C(b_n) ∩ [a_n,^1_2 ] = {a_n,^1_2 } and a_n − inf C(b_n) � 2(a_n − b_n), for any C-fine free tagged partition π of [0, 1], the value σ(π, f) does not exceed

sup_{N⩾1}

�_N� i=1 2f(b_i)(a_i − b_i) + f(b_N ) � 1 2 − a_N � = ∞� i=1 2f(b_i)(a_i − b_i) + 1 < 3.

So, Φ^f_C : I → R is properly defined but B_Δ-discontinuous.

References

[1] Bongiorno, B., Di Piazza, L., Skvortsov, V.: On the n-dimensional Perron integral defined by ordinary derivates. Real Anal. Exchange 26 (2000/01), 371–380.

[2] Bongiorno, B., Di Piazza, L., Skvortsov, V.: On dyadic integrals and some other integrals associated with local systems. J. Math. Anal. Appl. 271 (2002), 506–524.

[3] Bongiorno, B., Di Piazza, L., Skvortsov, V.: The Ward property for a P-adic basis and the P-adic integral. J. Math. Anal. Appl. 285 (2003), 578–592.

[4] Filipczak, T.: Intersection conditions for some density and I-density local systems. Real Anal. Exchange 15 (1989/90), 170–192.

[5] Gordon, R. A.: The inversion of approximate and dyadic derivatives using an extension of the Henstock integral. Real Anal. Exchange 16 (1990/91), 154–168.

[6] Gordon, R. A.: Review of [7]. Math. Reviews 2005d:26011.

[7] Kim, J. B., Lee, D. H., Lee, W. Y., Park, C. G., Park, J. M.: The s-Perron, sap-Perron and ap-McShane integrals. Czechoslovak Math. J. 54 (2004), 545–557.

[8] Pfeffer, W. F.: The Riemann Approach to Integration. Cambridge University Press, Cambridge, 1993.

[9] Skvortsov, V.: Continuity of δ-variation and construction of continuous major and minor functions for the Perron integral. Real Anal. Exchange 21 (1995/96), 270–277.

[10] Thomson, B. S.: Real Functions. Lecture Notes in Mathematics, vol. 1170, Springer, 1985.

[11] Thomson, B. S.: Symmetric Properties of Real Functions. Monographs and Textbooks in Pure and Applied Mathematics, vol. 183, Marcel Dekker, New York, 1994.

[12] Wang, C., Ding, C. S.: An integral involving Thomson’s local systems. Real Anal. Exchange 19 (1993/94), 248–253.

Authors’ addresses: Valentin A. Skvortsov, Casimirus the Great University, Department of Mathematics, pl. Weyssenhoffa 11, 85–072 Bydgoszcz, Poland, e-mail: vaskvor2000 @yahoo.com; Moscow State University, Department of Mathematics, 11992 Moscow, Russia; Piotr Sworowski, Casimirus the Great University, Department of Mathematics, pl. Weyssenhoffa 11, 85–072 Bydgoszcz, Poland, e-mail: piotrus@ukw.edu.pl.