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PROPERTY (T), FINITE-DIMENSIONAL

REPRESENTATIONS, AND GENERIC REPRESENTATIONS

MICHAL DOUCHA, MACIEJ MALICKI, AND ALAIN VALETTE

Abstract. LetG be a discrete group with property (T). It is a standard
fact that, in a unitary representation of G on a Hilbert space H, almost
invariant vectors are close to invariant vectors, in a quantitative way.
We begin by showing that, if a unitary representation has some vector
whose coefficient function is close to a coefficient function of some finite-
dimensional unitary representation σ, then the vector is close to a sub-
representation isomorphic to σ: this makes quantitative a result of P.S.
Wang [12]. We use that to give a new proof of a result by D. Kerr, H.
Li and M. Pichot [9], that a group G with property (T) and such that
C∗(G) is residually finite-dimensional, admits a unitary representation
which is generic (i.e. the orbit of this representation in Rep(G,H) under
the unitary group U(H) is comeager). We also show that, under the
same assumptions, the set of representations equivalent to a Koopman
representation, is comeager in Rep(G,H).

1. Introduction

Let G be a discrete group and π be a unitary representation of G on
some Hilbert space H. For a finite set F ⊂ G and ε > 0, a vector ξ ∈ H
is (F, ε)-invariant if maxg∈F ‖π(g)ξ − ξ‖ < ε. Recall that π almost has
invariant vectors if, for every pair (F, ε), the group G has (F, ε)-vectors;
and that the group G has Kazhdan’s property (T) or is a Kazhdan group
if every unitary representation of G almost having invariant vectors, has
non-zero invariant vectors; see e.g. [2] for Property (T). The definition can
be reformulated in terms of weak containment of representations: G has
Property (T) if every unitary representation weakly containing the trivial
representation of G, contains it strongly (see Remark 1.1.2 in [2]). Crucial
for us is an equivalent characterization due to P.S. Wang (Corollary 1.9
and Theorem 2.1 in [12]): the group G has property (T) if and only if for
some (hence every) irreducible finite-dimensional unitary representation σ
of G, every unitary representation π of G that contains σ weakly, contains
it strongly.
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It is a simple but useful fact that, if G has property (T) and π is a unitary
representation almost having invariant vectors, “almost invariant vectors are
close to invariant vectors”. More precisely:

Proposition 1.1 (Proposition 1.1.9 in [2]). Let G be a Kazhdan group.
If S is a finite generating set of G and ε0 is the corresponding Kazhdan
constant, then for every δ ∈]0, 1[ and every unitary representation π of G,
any (S, ε0δ)-invariant vector ξ satisfies ‖ξ − Pξ‖ ≤ δ‖ξ‖, where P is the
orthogonal projection on the subspace of π(G)-invariant vectors. �

For a Kazhdan group G and a unitary representation π of G, fix a unit
vector ξ and look at the coefficient function

φπ,ξ(g) = 〈π(g)ξ, ξ〉 (g ∈ G).

The question we first address in this paper is: if φπ,ξ is close to some co-
efficient of an irreducible finite-dimensional unitary representation σ of G,
must ξ be close to a finite-dimensional invariant subspace of π carrying a
sub-representation isomorphic to σ? We will see that, in analogy to Propo-
sition 1.1, the answer is positive - with some care.

Definition 1.2. Let G be a finitely generated group with a symmetric finite
generating set S ⊆ G and let φ be some normalized positive definite func-
tion on G associated with a unitary irreducible representation σ, of finite
dimension d. Let π be some unitary representation of G on H. Let ε > 0.

Say that a unit vector ξ ∈ H is (π, φ, ε)-good if for every s ∈ S2d2+1 we have
|φπ,ξ(s)− φ(s)| < ε.

Note that Sk is just the ball of radius k centered at the identity in G.
So there is a certain lack of uniformity in Definition 1.2: we require an
approximation of φπ,ξ by φ on a ball whose size depends on the dimension
of the representation d. Our main result, proved in section 2, can be viewed
as a quantitative version of Wang’s result.

Theorem 1.3. Let G be a discrete Kazhdan group, S a finite symmetric
generating set with e ∈ S, and let φ be a normalized positive definite function
on G associated with a finite-dimensional unitary irreducible representation
σ of G. For every 0 < δ < 1 there exists εφ,δ > 0 such that for every unitary
representation π of G on a Hilbert space H, and every unit vector x ∈ H
that is (π, φ, εφ,δ)-good, there exists a unit vector x′ ∈ H with ‖x − x′‖ ≤ δ
such that the restriction of π to the span of π(G)x′ is isomorphic to σ.

In section 3, we apply Theorem 1.3 to the study of the global structure of
the space of unitary representations of Kazhdan groups. Let us start with
the notation. Let G be an arbitary countable group and let H be a separable
infinite-dimensional Hilbert space. The set Rep(G,H) of all homomorphisms
from G into the unitary group U(H) can be viewed as a closed subset of
the product space U(H)G, when we equip U(H) with the strong operator
topology. With this identification, Rep(G,H) is a Polish (i.e. separable
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and completely metrizable) space. We refer the reader to the monograph
[8], especially to the section on the spaces of unitary representations, for
more information about this point of view on unitary representations. Re-
call that two unitary representations π1, π2 ∈ Rep(G,H) are isomorphic,
or unitarily equivalent if there is a unitary operator φ ∈ U(H) such that
π1(g) = φπ2(g)φ∗, for every g ∈ G. Notice that this is an orbit equiva-
lence relation given by the action of the unitary group U(H) on the space
Rep(G,H) by conjugation. Kechris raised a question (see again the section
on the space of unitary representations in [8]) if there are countable groups
with a generic unitary representation, where “generic” here means its con-
jugacy class is large in the sense of Baire category, i.e. a representation
whose class under the unitary equivalence contains a dense Gδ subset. As
a matter of fact, we mention that it follows from the topological zero-one
law that for every countable group G either there is a generic representation
in Rep(G,H), or all conjugacy classes are meager (see e.g. Theorem 8.46
in [7]; to apply it, note that there is a dense conjugacy class in Rep(G,H)
— indeed, take some countable dense set of representations from Rep(G,H)
and consider their direct sum).

Here as an application of Theorem 1.3 we prove the following result.

Theorem 1.4. Let G be a discrete Kazhdan group such that finite-dimensional
representations are dense in the unitary dual Ĝ. Then there is a generic uni-
tary representation of G.

We note that, although not explicitly stated there, this result already
follows from a more general result of Kerr, Li and Pichot from [9], where
they prove (see Theorem 2.5 there) that if A is a separable C*-algebra where

finite-dimensional representations are dense in Â, then there is a dense Gδ
class in Rep(A,H). Theorem 1.4 is then a special case for A = C∗(G). Our
proof is nevertheless done by more elementary means, in particular it does
not invoke Voiculescu’s theorem (see the proof of Theorem 2.5 in [9] for de-
tails).

Another open question posed by Kechris as Problem H.16 in [8] is whether
the subset of those representations π ∈ Rep(G,H), where G is still a count-
able group, that are equivalent to Koopman representations is meager in
Rep(G,H). Such representations are called realizable by an action in [8].
Let us recall the terminology first. Let (X,µ) be a standard probability
space (i.e. a space isomorphic to the unit interval [0, 1] equipped with the
Lebesgue measure). Let α : Gy (X,µ) be an action of a countable group G
on X by measure preserving measurable transformations. Consider the uni-
tary representation πα : G→ L2(X,µ) defined by πα(g)f(x) = f(α(g−1, x)),
for every f ∈ L2(X,µ). The Koopman representation of α is the restriction
of πα to the invariant subspace L2

0(X,µ), which is the orthogonal comple-
ment of the invariant subspace of constant functions.
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In section 4 we prove the following result addressing the question of
Kechris.

Theorem 1.5. Let G be a discrete Kazhdan group such that finite-dimensional
representations are dense in the unitary dual Ĝ. Then the set of represen-
tations realizable by an action is comeager in Rep(G,H).

Let us mention that the condition that finite-dimensional representations
are dense in the unitary dual Ĝ is, by the result of Archbold from [1], equiv-
alent with the statement that the full group C*-algebra C∗(G) is residually
finite-dimensional. That is in turn, by the result of Exel and Loring from [6]
(see also [11]), equivalent with the statement that finite-dimensional repre-
sentations are dense in Rep(G,H), which we shall use in the proof. Note that
we call a representation π ∈ Rep(G,H) finite-dimensional if the subalgebra
π(G) generates in B(H) is finite-dimensional.

The existence of infinite discrete Kazhdan groups with residually finite-
dimensional C*-algebras seems to be open — see Question 7.10 in [2] and
also Question 6.5 of Lubotzky and Shalom in [10] where they ask if there are
infinite discrete Kazhdan groups with property FD, which is strictly stronger
than having a residually finite-dimensional C*-algebra (a group has property
FD if representations factoring through finite groups are dense in the unitary
dual).

Question 1.6. It is known that being residually finite is not a sufficient
condition to have a residually finite-dimensional C*-algebra by a result of
Bekka [3]. However how about being LERF? (Recall that a finitely generated
group is LERF if any finitely generated subgroup is the intersection of the fi-
nite index subgroups containing it). Ershov and Jaikin-Zapirain constructed
in [5] a Kazhdan group which is LERF. Is its group C*-algebra residually
finite-dimensional?

Remark 1.7. We note that on the other hand we cannot exclude that it is
possible to prove by a different argument that for every infinite group G,
all classes in Rep(G,H) are meager. That would together with Theorem
1.4 give that there are no infinite Kazhdan groups with a residually finite-
dimensional C*-algebra.

Acknowledgements: The first named author was supported by the GAČR
project 16-34860L and RVO: 67985840.

2. A quantitative version of Wang’s theorem

Let G be an infinite, finitely generated group. Let S be a finite, symmet-
ric, generating set of G, with e ∈ S. Let CG be the complex group ring of
G.

2.1. Quantifying the Burnside theorem. Let σ be an irreducible uni-
tary representation of dimension d, i.e. a homomorphism σ : G → Ud(C)
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such that σ(G) has no proper invariant subspace. The classical Burnside
theorem says that σ(CG) = Md(C), i.e. σ(G) contains a basis of Md(C).

Definition 2.1. Set k(σ) = min{k > 0 : dimC spanσ(Sk) = d2}.

Lemma 2.2. There is a constant C > 0 (only depending on S) such that
C log d ≤ k(σ) ≤ d2.

Proof. We have

d2 = dimC spanσ(Sk(σ)) ≤ |σ(Sk(σ))| ≤ |Sk(σ)| ≤ |S|k(σ).

Taking logarithms: 2
log |S| log d ≤ k(σ). To prove the upper bound, observe

that the sequence spanσ(Sk) of subspaces of Md(C), is strictly increasing for
k < k(σ). Indeed, assume that k is such that spanσ(Sk) = spanσ(Sk+1):
this means that spanσ(Sk) is stable by left multiplication by σ(S), hence
by σ(G) as S is generating. Since the identity matrix is in σ(Sk), we have
σ(G) ⊂ spanσ(Sk), hence k ≥ k(σ). From this it is clear that k(σ) ≤ d2. �

Let v be a unit vector in Cd. Since v is cyclic for σ(G), the map:

Tv : CSk(σ) → Cd : f 7→ σ(f)v

is onto. Let (kerTv)
⊥ denote the orthogonal of kerTv in CSk(σ), let Uv be

the inverse of the map Tv|(kerTv)⊥ . Endow CSk(σ) with the `1-norm, and

let ‖Uv‖2→1 be the corresponding operator norm of Uv. So for every w a

unit vector in Cd, there exists f ∈ CSk(σ) with ‖f‖1 ≤ ‖Uv‖2→1, such that
σ(f)v = w.

Lemma 2.3. There exists M > 0 such that for every two unit vectors
v, w ∈ Cd, there exists f ∈ CSk(σ) with ‖f‖1 ≤M , such that σ(f)v = w.

Proof. This is the preceding observation plus compactness of the unit sphere
in Cd: the constant M = max‖v‖=1 ‖Uv‖2→1 does the job. �

2.2. From weak containment to weak containment à la Zimmer.
Recall that, if π, ρ are unitary representations of a discrete group G, the
representation π is weakly contained in the representation ρ (i.e. π � ρ) if
every function of positive type associated with π can be pointwise approx-
imated by finite sums of positive definite type associated with ρ. If π is
irreducible, this is equivalent to require that every normalized function of
positive type associated with π can be pointwise approximated by normal-
ized functions of positive type associated with ρ (see Proposition F.1.4 in
[2]).

Zimmer introduced in Definition 7.3.5 of [13] a different, inequivalent
notion of weak containment. A n× n-submatrix of π is a function

G→Mn(C) : g 7→ (〈π(g)ei, ej〉)1≤i,j≤n

where {e1, ..., en} is an orthonormal family in Hπ. Say that π is weakly
contained in ρ in Zimmer’s sense (i.e. π �Z ρ) if, for every n > 0, every
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n×n-submatrix of π can be pointwise approximated by n×n-submatrices of
ρ. The exactly relation with the classical notion recalled above, is worked out
in Remark F.1.2(ix) in [2]; in particular, when π is irreducible, π � ρ implies
π �Z ρ. Our first goal will be to make the latter statement quantitative.
For this we need a definition.

Let φ be associated with σ, as in Definition 1.2. Let v be a unit vector
in Hσ such that φ = φσ,v. Let e1, ..., ed be an orthonormal basis of Cd; by

lemma 2.3, we find functions f1, ..., fd ∈ CSk(σ), with maxi ‖fi‖1 ≤M , such
that σ(fi)v = ei (i = 1, ..., d).

Lemma 2.4. Let π ∈ Rep(G,H) be a unitary representation. Assume there

is ε > 0 and a unit vector η ∈ H such that for s ∈ S2k(σ)+1 we have
|〈π(s)η, η〉 − 〈σ(s)v, v〉| < ε. Set ηi = π(fi)η. Then for i, j = 1, ..., d and
g ∈ S:

|〈σ(g)ei, ej〉 − 〈π(g)ηi, ηj〉| ≤ εM2.

Proof. For g ∈ S:

|〈σ(g)ei, ej〉 − 〈π(g)ηi, ηj〉| = |〈σ(g)σ(fi)v, σ(fj)v〉 − 〈π(g)π(fi)η, π(fj)η〉|

= |
∑
s,t∈G

fi(s)fj(t)(〈σ(t−1gs)v, v〉 − 〈π(t−1gs)η, η〉)|

≤
∑
s,t∈G

|fi(s)||fj(s)||〈σ(t−1gs)v, v〉 − 〈π(t−1gs)η, η〉|.

Since the supports of the fi’s are contained in Sk(σ), and t−1gs ∈ S2k(σ)+1

for s, t ∈ Sk(σ), we get using the assumption:

|〈σ(g)ei, ej〉 − 〈π(g)ηi, ηj〉| ≤ ε
∑
s,t∈G

|fi(s)||fj(t)| = ε‖fi‖1‖fj‖1 ≤ εM2.

�

In the previous proof, by applying the Gram-Schmidt orthonormaliza-
tion process to the ηi’s, it is possible to show that the d × d-submatrix
(〈σ(·)ei, ej〉)1≤i,j≤d of σ, is close on S to some d×d-submatrix of α, with an
explicit bound; but we don’t need it at this point.

2.3. Quantifying Wang’s theorem. LetHσ be the (d-dimensional) Hilbert
space of σ, and let Hσ be the conjugate Hilbert space (with complex conju-
gate scalar multiplication and complex conjugate inner product), equipped
with the conjugate representation σ. Form the tensor product Hσ⊗Hπ, car-

rying the representation σ⊗π. Set ξi = ei⊗ ηi and ξ =
∑d

i=1 ξi ∈ Hσ ⊗Hπ,
where the ei’s and ηi’s are as in the section above; observe that the ξi’s are
pairwise orthogonal. We need an estimate on how ξ is moved by σ ⊗ π.

‖ξ − (σ ⊗ π)(g)ξ‖2 = 2‖ξ‖2 − 2Re〈(σ ⊗ π)(g)ξ, ξ〉

= 2
d∑
i=1

‖ξi‖2 − 2
d∑

i,j=1

Re〈(σ ⊗ π)(g)ξi, ξj〉
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= 2
d∑
i=1

‖ηi‖2 − 2
d∑

i,j=1

Re〈ej , σ(g)ei〉〈π(g)ηi, ηj〉.

Observe that for every g ∈ G we have: d =
∑d

i,j=1〈σ(g)ei, ej〉〈ej , σ(g)ei〉 as
the ei’s are an orthonormal basis. Subtracting and adding 2d to the previous
formula we get:

‖ξ−(σ⊗π)(g)ξ‖2 = 2[

d∑
i=1

(‖ηi‖2−1)]−2

d∑
i,j=1

Re〈ej , σ(g)ei〉(〈π(g)ηi, ηj〉−〈σ(g)ei, ej〉)

hence, using Cauchy-Schwarz:

‖ξ−(σ⊗π)(g)ξ‖2 ≤ 2
d∑
i=1

|‖ηi‖2−1|+2
d∑

i,j=1

|〈π(g)ηi, ηj〉−〈σ(g)ei, ej〉| (2.1)

Theorem 1.3 will follow immediately form the next Proposition, together
with lemma 2.2

Proposition 2.5. Let G be a discrete Kazhdan group, S a finite symmetric
generating set with e ∈ S, and let φ be a normalized positive definite function
on G associated with a finite-dimensional unitary irreducible representation
σ of G. For every 0 < δ < 1 there exists εφ,δ > 0 such that for every
π ∈ Rep(G,H), and every unit vector x ∈ H such that |φ(s)−φπ,x(s)| < εφ,δ
for s ∈ S2k(σ)+1, there exists a unit vector x′ ∈ H with ‖x − x′‖ ≤ δ such
that the restriction of π to the span of π(G)x′ is isomorphic to σ.

Proof. Set d = dimσ, let v be a unit vector inHσ such that φ(g) = 〈σ(g)v, v〉
for every g ∈ G. As in section 2.2, for an orthonormal basis e1, ..., ed of
Cd, we find functions f1, ..., fd ∈ CSk(σ), with maxi ‖fi‖1 ≤ M , such that
σ(fi)v = ei (i = 1, ..., d).

Let 0 < ε0 < 2 be such that (S, ε0) is a Kazhdan pair for G. Fix δ with
0 < δ < 1, and set

εφ,δ = ε =
δ2ε2

0

24d(d+ 1)M2
.

Let π ∈ Rep(G,H) and x ∈ H be a unit vector with |φπ,x(s) − φ(s)| < ε

for s ∈ S2k(σ)+1. Set ηi = π(fi)x. We may assume that e1 = v and
the function f1 is δe, so that η1 = x. We want to prove that the vector

ξ =
∑d

i=1(ei⊗ηi) ∈ Hσ⊗H is (S, tε0)-invariant for some 0 < t < 1, in order
to apply Proposition 1.1.

For g ∈ S we have, by lemma 2.4 and the inequality 2.1:

‖ξ − (σ ⊗ π)(g)ξ‖2 ≤ 2dεM2 + 2d2εM2 = 2d(d+ 1)εM2 =
δ2ε2

0

12

Again by lemma 2.4, evaluated at g = e, we have: |‖ηi‖2 − 1| ≤ εM2 < 1
2 ,

hence 1
2 ≤ ‖ηi‖

2 ≤ 3
2 and d

2 ≤ ‖ξ‖
2 =

∑d
i=1 ‖ηi‖2 ≤

3d
2 . So that, for g ∈ S:

‖ξ − (σ ⊗ π)(g)ξ‖2 ≤ δ2ε2
0

6d
‖ξ‖2.
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By Proposition 1.1, there exists a G-fixed ξ′ ∈ Hσ ⊗ H such that ‖ξ −
ξ′‖2 ≤ δ2

6d‖ξ‖
2. Write ξ′ =

∑d
i=1 ei ⊗ ζi, so that ‖ξ − ξ′‖2 =

∑d
i=1 ‖ηi −

ζi‖2. Identify Hσ ⊗ H with the space of linear operators from Hσ to H
(endowed with the Hilbert-Schmidt norm), via u ⊗ y 7→ (w 7→ 〈w, u〉y).

Then ξ′ identifies with the operator w 7→
∑d

i=1〈w, ei〉ζi, which is therefore
an intertwining operator between σ and π. The image of this operator, which
is span{ζ1, ..., ζd}, carries a sub-representation of π unitarily equivalent to
σ (by Schur’s lemma). Set x′′ = ζ1, then:

‖x−x′′‖2 = ‖η1− ζ1‖2 ≤
d∑
i=1

‖ηi− ζi‖2 = ‖ξ− ξ′‖2 ≤ δ2

6d
‖ξ‖2 ≤ δ2

6d

3d

2
=
δ2

4
,

i.e. ‖x − x′′‖ ≤ δ
2 . Finally, set x′ = x′′

‖x′′‖ , a unit vector in H. Then by the

triangle inequality:

‖x− x′‖ ≤ ‖x− x′′‖+ ‖x′′ − x′‖ = ‖x− x′′‖+ ‖x′′‖|1− 1

‖x′′‖
|

= ‖x− x′′‖+ |‖x′′‖ − ‖x‖| ≤ 2‖x− x′′‖ ≤ δ.
This concludes the proof. �

Question 2.6. In the previous proof, the constant εφ,δ depends on σ through
the dimension d and the constant M from lemma 2.3. By Theorem 2.6 in
[12], a discrete Kazhdan group has finitely many unitary irreducible represen-
tations of a given finite dimension (up to unitary equivalence), so Theorem
1.3 can be made uniform over all unitary irreducible representations σ with
dimension less than a given dimension. Can it be made uniform over all
finite-dimensional unitary representations?

3. Proof of Theorem 1.4

Let {Un} be a countable basis of open sets in the unit sphere K of H, and
let Φ be the set of all positive definite functions on G defining irreducible
finite dimensional representations. Notice that the set X ′ ⊆ Rep(G,H) of
all representations π such that for every n ∈ N and every δ > 0 there exist
m > 0, x ∈ Un, xi ∈ K, ci ∈ C \ {0}, and φi ∈ Φ, i ≤ m, such that the
xi’s are pairwise orthogonal, x =

∑
cixi, and each xi is (π, φi, εφi,δ′i)-good,

where δ′i = δ
|ci|.m , and εφi,δ′i is given by Theorem 1.3, is a Gδ set. Indeed,

for fixed n, δ, m, x, x̄ = (x1, . . . , xm), c̄ = (c1, . . . , cm), φ̄ = (φ1, . . . , φm) as
above, the set

V n,δ,m

x,x̄,c̄,φ̄
= {π ∈ Rep(G,H) : each xi is (π, φi, εφi,δ′i)-good}

is clearly open. We also put V n,δ,m

x,x̄,c̄,φ̄
to be the empty set if the xi’s are not

pairwise orthogonal or x 6=
∑
cixi. Now we can define X ′ by

X ′ =
⋂
n∈N

⋂
δ∈Q+

⋃
m∈N

⋃
x∈Un

⋃
x̄∈Km

⋃
c̄∈Cm

⋃
φ̄∈Φm

V n,ε,m

x,x̄,c̄,φ̄
,
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which is a Gδ condition.
Moreover, X ′ is dense in Rep(G,H) as it contains all direct sums of

finite-dimensional representations, which, by our assumption, are dense in
Rep(G,H). This is because it is easy to see that for every such sum π there
are densely many elements x ∈ K of the form

∑
cixi, where xi are pairwise

orthogonal unit vectors, and each xi is (π, φi, δ)-good for some φi and every
δ > 0.

Now we show that every representation in X ′ is a direct sum of finite-
dimensional representations. Fix π ∈ X ′. Using Zorn’s lemma, we can
decompose H into H0 and H1 such that H0 is the direct sum of all finite-
dimensional representations contained in π. For i = 0, 1, let PHi be the
orthogonal projection of H on Hi. Suppose that H1 is not trivial, and fix
0 < δ < 1, x ∈ K, pairwise orthogonal xi ∈ K and ci ∈ C \ {0}, i ≤ m,
such that x =

∑
cixi, each xi is (π, φi, εφi, δ

|ci|.m
)-good for some φi ∈ Φ,

and ‖x− PH0x‖ > δ (the last condition can be satisfied by choosing x in
an appropriate Un.) By Theorem 1.3, there exist x′i ∈ K, i ≤ m, inducing
irreducible finite-dimensional representations, and such that ‖xi − x′i‖ <
δ

|ci|.m , that is, ‖x−
∑
cix
′
i‖ < δ. But then, clearly, x′i0 6∈ H0 for some i0 ≤ m,

as if it was not the case, we would get that ‖x−
∑
cix
′
i‖ ≥ ‖x− PH0x‖ > δ.

Since PH1 is a G-intertwiner, the image under PH1 of the linear span of
π(G)x′i0 , is an invariant subspace of H1, which is a contradiction.

Now let X ′′ be the set of all those representations that contain every finite
dimensional representation with infinite multiplicity. As G is a Kazhdan
group, we can see that X ′′ is given by a Gδ condition. Indeed, for [σ] the
isomorphism class of a finite-dimensional unitary irreducible representation
of G, and n > 0, let V[σ],n be the set of representations π ∈ Rep(G,H) such
that [σ] appears in π with multiplicity at least n. Clearly V[σ],n is open and

X ′′ =
⋂
[σ]

⋂
n

V[σ],n,

where the intersection is countable because there are countably many [σ]’s.
By our assumption on C∗(G), the set X ′′ is dense. Thus, X = X ′ ∩

X ′′ is a dense Gδ set, all the representations of which are direct sums of
finite dimensional representations, each appearing with infinite multiplicity.
Clearly, all elements in X are conjugate. �

Remark 3.1. The converse of Theorem 1.4 also follows from Theorem 2.5
in [9]. That is, if either G does not have property (T), or C∗(G) is not
residually finite-dimensional, then all classes in Rep(G,H) are meager. In-
deed, Theorem 2.5 from [9] says: if for a separable C*-algebra A the set

of isolated points in Â is not dense, then the restriction of the action of
U(H) by conjugation on a dense Gδ invariant subset of Rep(A,H) is turbu-
lent. That, by the definition of turbulence, in particular implies that every
class in Rep(G,H) is meager. Now take A = C∗(G): as isolated points in
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Ĝ correspond to finite-dimensional representations, it follows that when G
does not have property (T), Ĝ does not have isolated points, by Theorem
2.1 in Wang [12]; when C∗(G) is not residually finite-dimensional, then the

isolated points in Ĝ are not dense by Archbold’s main result in [1].

4. Proof of Theorem 1.5

For a unitary representation π, we denote by ∞ · π the `2-direct sum of
countably many copies of π.

Lemma 4.1. Let H be a locally compact group. Assume that H has (up to
unitary equivalence) countably many finite-dimensional irreducible unitary
representations σ1, σ2, .... Then the representation ⊕∞n=1∞ · σn is unitarily
equivalent to a Koopman representation.

Proof. View σn as a continuous homomorphism H → U(Nn). Let Kn denote
the closure of σn(H) in U(Nn), so that Kn is a compact group (on which H
acts by left translations by elements of σn(H)). Let mn denote normalized
Haar measure on Kn, and let λn denote the regular representation of Kn

on L2(Kn,mm). For p ≥ 1, let Kn,p denote a copy of Kn endowed with
the measure 2−n−pmn. Set X =

∐
n,pKn,p, endowed with the H-invariant

probability measure µ = ⊕n,p2−n−pmn. Note that the H-representations on
L2(X,µ) and on L2

0(X,µ) are equivalent, as L2(X,µ) contains the trivial
representation with infinite multiplicity.

So it is enough to prove that the H-representation π on L2(X,µ) is equiva-
lent to ⊕∞n=1∞·σn. To see this, first observe that π is equivalent to ⊕n∞·πn,
where πn = λn ◦ σn. By Peter-Weyl, πn decomposes as a direct sum of
finite-dimensional irreducible representations of H, hence of certain σk’s,
and moreover σn is a sub-representation of πn (because the natural repre-
sentation of Kn on CNn is irreducible, hence appears as a sub-representation
of λn). This shows that ⊕n∞ · πn is equivalent to ⊕n∞ · σn. �

To prove Theorem 1.5, observe that a discrete Kazhdan group G satisfies
the assumption of lemma 4.1 (by Theorem 2.6 in [12]). Let (σn)n∈N be an
enumeration of all finite-dimensional irreducible unitary representations of
G. By Theorem 1.4 and its proof, the representation

⊕∞
n=1∞ · σn has a

comeager conjugacy class.
In particular, we get the following statement which was proved in [4] only

for finite abelian groups.

Corollary 4.2. Let G be a finite group. Then the set of unitary represen-
tations realizable by an action is comeager in Rep(G,H).

Remark 4.3. Kechris proves (see section (F) in Appendix H of [8]) that, if G
is torsion-free abelian, then the set of representations realizable by an action
is meager in Rep(G,H).
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