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Dilute polymer solutions: a dumbbell model

@ polymer molecules surrounded by Newtonian fluid 1
@ no interactions between molecules ..

@ polymer molecules modeled as dumbbells
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The Navier-Stokes equations

% + (u-Vy)u=2vD(u) +divy T — Vxp in (0, T) xQ
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u=0 on (0, T) x 0Q
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Dilute polymer solutions: a dumbbell model

@ polymer molecules surrounded by Newtonian fluid 1

®e

@ no interactions between molecules

@ polymer molecules modeled as dumbbells

o

- the friction force from surrounding fluid

R
\ f = C(F — v(r, 1))
- the stochastic force due to the Brownian motion
B; = 1/ 2kTCdW,/dt

- the spring force F(R) = 71(|R|?)R

—C(h — v(r1, t)) + F(R) + B; =0,
—¢(k2 — v(r2, t)) — F(R) + By = 0.

. 2 4kT dW;
R=Vv-R— ZF(R)+ ) —— .
Vv c (R) +  dt




Dilute polymer solutions: a dumbbell model
@ polymer molecules surrounded by Newtonian fluid 1

@ no interactions between molecules %.

@ polymer molecules modeled as dumbbells

o

\R‘
. 2 [4KkT dW,
% R=vV.R_EF(R)+ < @

The Fokker-Planck equation

Z_f F (U Vg — Z—zAxw =dive (= Veu-Ry) + %w(IRIz)ARw + %diVR (FRyw)




66_15 +(u- V) — g—zAxd) = divg ( — Vxu- Rz/)) + %’YMRIQ)AR’!P + %diVR (F(R)"/’)

» A. Peterlin: Hyd| ics of macr, lecules in a velocity field with longitudinal gradient,
J. Polym. Sci. Pol. Lett. 4 (1966), pp. 287-291




aa—‘f +(u- V) — Z—zAxd) =dive (= Veu-Ry) + 2"%72(|R|2)AR¢ + %divR (F(R))

length of the spring is replaced by the average length
Yi(IRI%) = %({RI%)) = 7i(tr C)

R rC(¢p) = (|R]*) 1=/ [R[*y(t,x,R)dR
% o
oY

k 2k 2
NI 2—2AX¢ = dive (= Vau - Ryp) = TT'yz(trC)AR'z/z + Zdive (n(trORy)

» A. Peterlin: Hydrody ics of macr lecules in a velocity field with longitudinal gradient,
J. Polym. Sci. Pol. Lett. 4 (1966), pp. 287-291



‘Z_‘f +(u- V) — Z—zAxw =divg (= Veu-Ry) + #’72(|R|2)AR1/) + %diVR (F(R))

length of the spring is replaced by the average length
Yi(IRI%) = %i({RI?)) = 7i(tr )

R wC) = (RP) = / IRI24(t, x, R) dR
%\‘ o

2 v ’;—ZAxw — dive ( — Veu - Ro) = %w(trcmw + %aaVR ((trC)RY)

Macroscopic closure of the Fokker-Planck equation

¥2(tr C) |— Y1 (tr C)

ac -
5y (V)€ (Vu)C — C(Vu)T = 5 yom

C+eAC

FENEP, Oldroyd-b



The Navier-Stokes-Fokker-Planck system

% + (u- Vi)u=2vD(u) +divy T — V,p 1
diviu=0 e -
T = v3(tr C(¢))C(v) — | ( Kramer's expression )

Boundary and initial conditions: u =0 on (0, T) x 99, u(0) = ug in Q

Z—f +(u- V) — Z—zqup = divg (—qu-R'L/;) +¥'yz(tr C)Ar 1/)+%divR ('yl(trC)R'L/;)




The Navier-Stokes-Fokker-Planck system

l?)
a—l: + (u- V)u=2uD(u) +divy T — Vyp ﬂb
div,u =0 e .
T = 43(tr C(¢))C(y) — | ( Kramer's expression )
Boundary and initial conditions: u =0 on (0, T) x 99, u(0) = up in Q
oY kT i 2kt 2
Sp H V= Z—Cqup = divg (—VXUqu/;) + T’yz(tr C)Agp+ Zuan ('yl(trC)Rq/J)
l?] tr C tr C
I (V) — B = dive (~Vu- Ro) + 2D a1 0O G ry)
at 2X 227y
Deborah number: A = i ﬁ
4y Lo
Y1(trC) 7 (trCy) 2
(tr C) - (tr C ) =M center-of-mass diffusion: & = Ii i
Y2 72 M Ly ax



The Navier-Stokes-Fokker-Planck system

Ou

5+ (u- Vy)u=2vD(u) +divy T — Vxp Xb

divx,u =0 .~
T = v3(tr C(¢))C(v) — | ( Kramer's expression )

Boundary and initial conditions: u =0 on (0, T) x 99, u(0) = ug in Q

Z—lf + (u- V) — eAyp =divg (—Vxu - RY) +

~Y1(tr C)
A
RY + o

”S/'\c) dive (Re)

Boundary/decay and initial conditions:

P — 0 on (0, T] X Q as |R| — oo
az—f:o on (0, T) x 99 x RY
$(0) = tho on Q x R?




Existence of global weak solutions
for Navier-Stokes-Fokker-Planck

* FENE: Barrett, Siili
* Hookean: Barrett, Siili

* Peterlin: P. Gwiazda, M. Luka&ova, H. Mizerova, A. Swierczewska-Gwiazda



Numerical Methods



Characteristic FEM

(u"+1 vh) +2v (D(up™), D(v)) — (P, V - vi) = (V- uptt, ap)

+sn(pTTh, qn) = 7(“}7 o X,vp) = (Th, Vvy)

sn(p,a) = =6 h2(Vp,Vq)k, ufoX=?



Characteristic FEM

Re n n n
E(UZ+17Vh) +2v (D(uh+1)7 D(vh)) - (ph+17 A Vh) - (v : uh+17 qh)

Re
+Sh(pz+1, qn) = E(uz o X,vp) — (T}, Vvp)

sn(p,q) = =6, h2(Vp,Vq)s, ujoX=?

Characteristic method
Let X be the position of a particle,

{ 2X =u(X,t), Vt € [t", "],

x=X(t,x)
X(t; x) = x.

Material derivative:

D¢y _ 0¢

Dt = Bt +u-Vo

is discretized as

D¢ . ¢—¢(X(t—Atix),t—At)
Dt ~ At

linear symmetric No CFL condition.



Characteristic FEM
R
A—i(u:“,vh) +2v (D), D(vh)) — (P, V - wp) — (V- ul ™, qp)

Re
+Sh(pi':+17 qh) = E(UZ o vah) - (TZ7 VVh)

Fokker-Planck
High dimension

unbounded domain



({;—f + (u- Vo) — eAytp = divg (—Vyu - Ry) + 72( rC)

8+ B e (o)
227

19}
—> physical space: 6—1/: + (u- V)Y —ehp=0
finite volume + upwind
finite element + characteristics
. . 1] tr C tr C
—> configuration space: —w + divg (Vxu - Ry) — MA,.; P — Mdiv,;, (Ry) =0
ot 2X 2
3 angle-preserving transformations
+ spectral method
» H. Mi , B. She : Multiscale simulation of the Fokker-Planck equation in the whole space, in preparation.




1. transformation: Cartesian to polar coordinates
R:
. R2 _ —
T1:R* — [0, 00) X (—, 7], R — (p,0), p=+/RE+R «9_arctanF2

2. transformation: infinite plane to unit circle

Tz : [0,00) X (—m, 7] — [0,1] X (—m, 7], (p,0) — (r,0), r=_——

3. transformation: due to boundary conditions
Ts: [07 1] X [_77577') — [_17 1] X [_7‘-1 7T)a (r70) — (77’ 6)» n= 2(1 - r)2 -1

» A. Lozinski, C. Chauviére : A fast solver for Fokker-Planck ion applied to vi lastic flows ions: 2D FENE model, J.
Comput. Phys. 189 (2003), pp. 607-625
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R:
. R2 _ —
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3. transformation: due to boundary conditions
Ts: [07 1] X [_77577') — [_17 1] X [_7‘-7 7T)a (r70) — (77’ 6)» n= 2(1 - r)2 -1

More general transformation:

_ p—s
n=1-2e"°", n= , s>0.
p+s
» A. Lozinski, C. Chauviére : A fast solver for Fokker-Planck ion applied to vi lastic flows ions: 2D FENE model, J.

Comput. Phys. 189 (2003), pp. 607-625



1. transformation: Cartesian to polar coordinates

T1:R? — [0, 00) X (=, ], R — (p,0), p=+/RE+R 0=arctan%
2. transformation: infinite plane to unit circle

T, : [0,00) X (=7, 7] — [0,1] X (—m, 7], (p,0) — (r,0), r=——o0

3. transformation: due to boundary conditions

T3:[0,1] X [-7,7) — [-1,1] X [-m, ), (r,0) — (n,6), n=21-r?2-1
More general transformation:

p—s

+,s>0.
p+s

n=1-2e"%", n=

Spectral method:

P(t, x,m,0) = (1 —n)°d(t,x,n,0)

N’W N€ NW NG
¢ = E auzkhi(n)cos(220) + E E Bk hi(n)sin(2z6)
k=1 z=0 k=1 z=1
» A. Lozinski, C. Chauviére : A fast solver for Fokker-Planck ion applied to vi lastic flows ions: 2D FENE model, J.

Comput. Phys. 189 (2003), pp. 607-625



Configuration space solver

Numerical test

) 1 1
8—1f+divR (Vau-Ry) = —Arth— —dive (RY) =0, A=1

1 —|RJ?
Shear flow: Vu = ( 0 1 ) Initial value: v = 2—exp{ IRI }
™

2

exact: Ci1=1+ 2)\2 Coo=\ Cpn=1 /’L,D =1
Rd
numerical: Ci1 = 3.017 Ci2 = 1.004 Cy = 1.003 /7/) =1.025
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wa ' (%)

Fin(x) = H(ax), wa(x) = e, Ha(x) = (=1)"e* 02(e™)

2"n!




—1 2.2 2 2
Ha(x) = waz (Xl) Ho(ax), wa(x)=e"", Hn(x)=(-1)"e" (e ™)
"n!
Orthogonality
/ Fi () ()0 ()6 = Y51
R «

Derivatives

O(XF/n(X) = H n—; lFln+1(X) + \/g’:ln—l(x)

BxHn(x) = —ar/2(n + 1) Fp1(x)
x0x Ha(x) = —+/(n + 1)(n + 2)Apy2(x) — (n + 1)Hn(x)
02Hn(x) = 26/ (n+ 1)(n + 2)Fni2(x)




G 0 b 0x), ) = ) Hal) = (1))

Fn(x) = V2

Let (t,%,a) = Yo o GmaFim(r)Fn(s), a = (r,5).

Discretization of configuration space:

ri,i=0,1,--- N are the roots of Hy;1(r) =0.

Test with H,(r)Hi(s)wa(r)wa(s) and integrate over the whole space:




Weighted Hermite spectral

an<x):“j2nL:!)Hn(ax>, walx) = € Ha(x) = (~1)"e°00(e™)

Let ¥(£,%,Q) = S~ GmnFm(r)Ha(s), a = (r, 5).

m,n=0
Discretization of configuration space:
ri,i=0,1,---, N are the roots of Hy11(r) =0.

Test with H,(r)Hi(s)wa(r)wa(s) and integrate over the whole space:

8¢zk _
8t _£(¢Zk)7

where

L(bzk) = dz—2k(20°y2 — At)\/2(z — 1) + ¢z 1.41(—A12 — An)Vzk
+ bzt ki1 (—A)\/2(k + 1) + bz k—2(20°72 — An)/k(k — 1)
+ @z k(—Anz — Ank) + ¢z41k—1(—A12)/ (z + 1)k,

and Aj =71l —Viu, 4, =0, for m,n<0or>N.
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Qo — 9% _ £(43,), (1)

At zk
ntl x5 XN
() +e (Vo T =0, (@)

Lemma

If the probability distribution function is initially independent of the
physical potion x, i.e. 1(0,x,q) = ¥o(q), then we have

$oo(t", x) = ¢oo(0, x).
Step 1. from (1)
P00 — ¢00 = 0.

Step 2, if ¢§y(x) is independent of x, then ¢%, o X" = ¢%, is a constant in
the physical space, which results in ¢53" = @, = ¢g from (2) .
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/ H,(x)dx =0, for n > 1.
R

If nis odd, the result is obvious as H,(—x) = (—1)"H,(x).

If nis even

/RFI,,(X)dx: \/;_/H,,(ax)e_azxzdx: é\/%/H,,(r)e_’zdr

:a 2nn| / Hn(r)e _’dr—a 2"|X—>°°/H(r)e "4
= % lim (H,,_l(O) - e_XZH,,_l(x))

2npnl x—o0

=0.



Lemma

If the probability distribution function is initially independent of the
physical potion x, i.e. 1(0,x,q) = ¥o(q), then we have the conservation

of mass
iy
RZ

Application of the above lemmas:

/ Z% F(s)drds = ¢00( ") Ho(r) Ho(s)drds

i,j=0

/¢00 Ho )Ho(S)drdS—/ Z¢U ) ()drds =: sz(to).

ij=0
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Extensional flow

1.0e-07 1.5e-01 5.4e-08 1.5e-01
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Steady state of extensional flow

wref =cM exp( V"éqTVXUq)a

M

1 1
= 5-exp(—3laf’)

2w

Cref = dlag{27 2/3}

Table : Numerical error of planar extensional flow
N 8 10 16 20 30
[0 — 1/1exact||L2(]D)) 2.1e-02 | 1.3e-02 | 3.3e-03 | 1.3e-03 | 1.5e-04
[C11 — Ci1ref] 19e-1 | 79e-2 | 55e-3 | 8.8e-4 | 6.2e-5
|Coz — Conref] 8.6e-2 5.5e-3 2.2e-3 7.0e-5 1.0e-6
20/ 22 B. She Multiscale method for Fokker-Planck ENEe=
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Thank you for your attention!



