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Introduction - - Modelling |

Navier-Stokes-Fourier system for the compressible, viscous and heat
conducting flow.
pt+V - (pu) =0. (1a)
(pu)e + div(pu @ u) = —Vp + divS(Vu). (1b)

cv ((pf)e +div(pbu)) +divq(d, VO) = S(Vu) : Vu —QWdivu. (1c)

P, p,u, 0 are the fluid density, pressure, velocity and temperature.
¢, > 0 is the specific heat per volume.

1 . 1
at(apu2 + pe) + d|v<u(§pu2 + pe + p)) — ...

Boundary condition
U|aQ = 0, n- V9|aQ =0. (1d)
Initial values are

p(%x,0) =po >0, u(x,0)=ug, 6(x,0)=06 >0. (1e)

3 /26 B. She Stabilized FE-FV for the compressible Navier-Stokes-Fourier Ql??faéﬁi?f‘mmy



Introduction - - Modelling Il

2
S = pu(Vu+Vu' — gdivul) + ndivul = 2D (u) + vdivul,
_ Vu+Vu’
=—F

2
S(Vu) : Vu = 2u/D(u)]? + v|divuf>, u>0, v=1n-— 3H> 0.

divS(Vu) = 2udivD(u) + vVdivu, D(u)

The heat flux q follows Fourier's law

q = —k(8)V0 = —VK(8), divg = —AK, K(6) = /0 (o).

p=pS+p', pS=ap’ +bp, p"=pb ab>0.

op _0p' _
00 o6 '
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Introduction - - Motivation |

Convergence to weak solution.
E. Feireisl. Dynamics of viscous compressible fluids. Oxford University
Press, Oxford, 2004.

E. Feireisl, T. Karper, A. Novotny. A convergent numerical method for
the NavierStokesFourier system. Preprint.

divS(Vu) = pAu + AVdivu,  S(Vu) : Vu = p|Vu|? 4 A|divu|?

divS(Vu) = 2udivD(u) + vVdivu, S(Vu) : Vu = 2u/D(u) > + v|divu|?

Numerical implementation

Stability <E <0.
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E=Ke+cE+H.

pé(2)

P
Ke=>pu®, &= pb =p’, H=p/
1

H" > 0.
H., H H
Y =—— 4+ —
(p) [

p¢ = pH — H.




Introduction - - Notations |

Functional spaces
Piecewise linear Crouzeix-Raviart element for velocity.

Vo = {vi € L2(Q);  valk € PHK),VK € Qp;

/[[v,,]] =0,V e &m, /v,, =0,vI € £},
r r
Piecewise constant element for density, pressure and temperature

Qn = {én € L2(Q); dnlk € PO(K), K € Qn}.

@ & edges

o £t = £ N 9N exterior edges
o &t = £\ £ interior edges
@ K, L element

elN=KnlL

@ nr k be the outer normal, pointing from K to L
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Upwind flux
fK if Sr K Z 0
up _ , ’
F(f,u)lr _{ fi else,

where sf o = u"|r - nr x = s,f';g + s,f':;,
mnr __ n n—= _ i n
srx = max{0,s7 x} >0, st =min{0,s7 } <0.

— _ Mt

n,— n,— __ n,+
Sre T TSk Stk T TSTLL

s

n __ n
v SMLL= TSrLK:

Jump
[flr = fL — fx.

s 1
fK:—/fdx.
Kl Jk

{f)r = 30+ )

Average on K

Average on edge



Implicit nonlinear FV-FE Scheme

Find {(pf™,ul™, 07 )} 175t C (@ x Von X @) such that

n+l _ n
O D DI Ol A

KeQy, KeQ,TeoK

w0 Y 3 [ el =0, (a)

KeQ,FreoK

for any ¢p € Qp.

O<a<l.




Numerical Scheme Il

Z / qz+1_qzvh_ Z Z /Fup(qn+1 U"+1)[[\7hﬂ
kK At r hoomh

KeQy, KeQ,Freok
—Z/PZ+1dthVh+2M Z / D(UZ+1)D(Vh)+V Z /divthHdivhvh
Keq,” K ke, ’ K Koo, ' K
1
o 17 an+Hly s +1 _
w3 S [l Y S [ Gt = o
KeQ, Feok KEeQ, Feak

(2b)

for any v, € Vo p.
gn is the momentum, piecewise constant for all K € Qp,

n n 1
gJk = pKUK, UKZW/Uh
K
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gt —gr
oy /K ot — Y Y /r FUP(EML urth) o]

KeQy KeQpFeoK
1
_|_§: /—[[ICH"“ :Z +1y)2 .
KeQy reza:K rdr i Mol KeQy K(2u|D(uZ v ldivug ™)
1
+2u E E /—[[u"“]]z— E /5"*1 ivpu?tl
KeQ, reak rh Keq, K g, (2)

for any ¢p € Qp.




Numerical Scheme IV

lterative solver, linear or nonlinear 7

9 Picard
Let w = (p,u, ). Given the solution w™*(w™® = w™), and solve a
linear system to get w™‘*1 for £ =1,2,---, until
”wn,ZJrl” _ ||wn,€|| < tol. wn+1 — wn,€+1.

Z/ ne+1 ph¢ +haz Z/[[PMH]][[%]}

KeQy, KeQ,FeokK

=> > /]:up (ph" up ) [l

KeQ, Fredk

9 inexact-Newton
Jacobian Free Newton Krylov(JFNK)
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Positivity preserving

Suppose that pi™ € Qu(Q) satisfies (2a), where p} > 0 in Q4 and
"+1 € Vo h(Qh) Then
pptt >0, in Qp. (3)

Stability of total energy

Let (u]™, pi™, 071) be the solution of the Scheme (2) and the density
is initially positive. Then the total energy is dissipative in time

Eg < B, (4)



n

n+1l
O e S I Sl [ it

KeQy KeQ,Freok
w3 [l ol =0,
KeQ,reok /T

1 An
on = —§|Uh+l|2 — T+ Tio+ Ti3=0.

. 1 n+1 ny\|nnt+l2
Ti1 = YN Z (Kl (pic™ = PRI,

KEQh
1 N
T3 3 3 [P uplant
KeQ,reak /T
1 n nn
Tzt S 3 I gL
KeQ,reok /T



on=H(py™) — T+ Ti5 > 0.

1 n n
Tis = ; K| (o™ = p)H (5™
h

> a7 3 IKI(HOE™) — HOR) ) = 58— H8)
KeQy

Tis = R CARATLC!
Keq,reak /T

H(p") = H(p" %) + H'(p" 1) (0" = o) + —Hﬂém—) (p" = p")?

no € co{p”, p"},  co{a, b} = [min(a, b), max(a, b)].



Stability - - Step 2. momentum scheme

ayt —ap up (1 1N o
S [ S 3 [

KeQy, KeQ, redk

— Z /p,’,’+1divhvh+2u Z / D(uZH)D(vh)Jru Z /divhuzﬂdivhvh
K K

KeQy, Keqy Keq, /K

LD B A8 (TS ICO RS Sib Bl i s [T B

KeQ,reok KeQ,reok

Vh = upt — Tor 4 Too + Toz + Toa + Tos + To = 0.

1 N o
T = S0 KU — phagag™),
KeQy
1.
T = Z Z /f”p(Qh,uh)n+ At Toz = — Z Z /(pe)’}’flsﬁ7+1
KeQ,reak /T KeQ,reak T
. 1
Tui= 3 [ 2uD(up P+ sl P 20 o Y [ L,
ke, /K KeQ,reak T

Ts=ht 3 % /r Lo ar g, Tas=— 3 /K (pt) Ldivu? 1

KO Al
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Term T11+ Ty

Tll + T21
- 2At Z | |(pn+1 - pK)|An+1|2 A Z |K| pn+1 An+1|2 pr}'(ﬁnKﬁnK+1)
KeQy Keq,
~ 1, 1 R .
= At Z | ( n+1 n+1|2 2pK K|2 2pK( n+1 - 2)
KeQy,
=N (Ke”+1 Keg,).




Stability - - Upwind flux |

Term T12 + T22

1 ] 1 . .nyinntl2
To=—3 3 % /rfp(p;+ up)anH]

KeQ, Fedok
Contribution of Ty5 at an arbitrary edge T = KN L

1 1 1 1
n+1_n,+~An+1(2 n+1 _n,— | ~n+1|2 n+1_n,+~An+12 n+1_n,—|an+1,2
5Pk Srkitk | “oPL erk Mk | “oPL T a7 TPk ST a7

1 1
= SRS — 6P — Sor s (a7 — e,

T oPL T

Contribution of Ty, at an arbitrary edge T = KN L

(prctin) " s (B — a7 *0) + (puia )™ st (a7 — aR).

18 / 26 B. She Sl FERY (o e cemmessiblle Nevior-Sie e Rt =



Term T+ T

n+1 An+1 2 An+12 An+1An+1
T+ To= ) /Sr K Pk |UL I+ | U
regit

1
+ X [ G e - e

resmt

— Z /|ur rl|pn—&-1 up('\n-‘rl AZ+1)2

reE'"f

> 0.




Term T3+ Tos

Tiz + Tos
1 ~ ~ ~
=3 > S [lpra e S S [l e e
KeQ,reak /T KeQyreak VT
-0,

asforallT=KnNL

ﬁ"+1 ﬁ"+1
fap g e = S (6 - ag) = S

1 AN
= S [ Pr.

|ﬁz+1|2 _ |ﬁr;<+1|2



Stability - - Pressure

Term T23 =+ T15

T+ Tis= Y / ) st FUR(optt up)H (o)

KeQ, Feok
Z Z / n+1( n+1) p7<+1H( n+1)+pn+1 upH( n+1))
KeQ,Teok
=3 [ (HOE - HE - )
Fe&™r_knt
£ [ (MO - HOR + H O - )
re€™r—knt
H// ,]71 H// " n
_ Z <SF174;<1,+ é )+ FHi1+ é ))(pK+l _pL+1)2 > 0
re€™r—knt

M, € CO{,O”+1,PL+1}
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Stability - - Kinetic and elastic energy

3 6
1
0=> Tu+Y Toi>Toa+ Tos+ E(Kesg:rl — Keg, + Hor 't — Hg,)

i=1 i=1

n H n 1 n
T 3 [ 20D+ vldi P2 S [ LR

KeQy, KeQ,Teok

En = Ken + Hp + ¢,&n

S +1 _
Tt Tt 5o > [ —6D) = 7
KeQy
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Stability - - Step 3. ¢, = 1 for temperature scheme

gt — &
Cy Z /KhTthqsh_Cv Z Z /r]_-up(gfr’!+1’uz+1)[[¢h]]

KeQy KeQ,TedkK
1 n n H n
+ [ L@l = 3 [ (@ulDp vl ),
KeQ,reak /T 9T Keq, 'K
1 o
s Y S [ - X [ e,
KeQ,reak /T Keq, K

T31+ T3+ T33 =0.

— Cv n+1 ny __ Cv n+1 n
T31 = At Z /K(gh+ — &) = E(f;ﬂj —&3,)s

KeQy
1
To=— Y [ @uD@p R vl ) -2 Y Y [ g
Keq,” K KeQyreak ” T

Tz = / Erdivpuptt.
o~ JK
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p=v=10a=10b=1.0,v=3.0c =1.4,a=0.83.

Time step is

At—CFL% 1/ — Va1t + b+ 0,CFL = 0.6.

Boundary conditions is set as periodic.
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Table : Convergence results of Poiseulle flow

n llplliewry  EOC lpllagry EOC  ullgg2y EOC  ullzgey EOC  0]l242y EOC
1/8 1.87e-02 - 1.00e-02 - 1.18e-01 - 9.70e-01 - 1.36e-02 -

1/16 8.07e-03 1.21 3.74e-03 1.42 3.33e-02 1.83 4.58e-01 1.08 4.79e-03 1.51
1/32 3.89e-03 1.05 1.70e-03 1.14 1.05e-02 1.67 2.25e-01 1.03 2.16e-03 1.15
1/64 2.03e-03 0.94 9.47e-04 0.84 3.84e-03 1.45 1.12e-01 1.01 1.06e-03 1.03
1/128 1.07e-03 0.92 5.60e-04 0.76 1.58e-03 1.28 5.61e-02 1.00 5.24e-04 1.02
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