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8:U + divyF(U) =0, U(0,x) = Ug { density ... p(t,x)

velocity ... u(t,x)
U=U(t,x), te€(0,T),x¢€ Re. energy ... e(t,x)
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Concepts of solution

8:U + div, F(U) =0, U(0,x) = Uo

e Discontinuity — weak solutions

/ /m( +ZF >+/Rdu0¢(o7.):0.

e Non-unique — admissible solutions(entropy condition)

9:5(U) + div,Fs(U) >0

e Weak entropy solutions m=1, d>1lorm>1 d=1
existence and uniqueness of weak entropy solutions
(Kruzkov '70, Lax, Glimm '60, Bressan '90)
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Concepts of solution

8:U + div, F(U) =0, U(0,x) = Uo

e Discontinuity — weak solutions

/ /m( +ZF >+/Rdu0¢(o7.):0.

e Non-unique — admissible solutions(entropy condition)

9:5(U) + div,Fs(U) >0

e Weak entropy solutions m=1, d>1lorm>1 d=1
existence and uniqueness of weak entropy solutions
(Kruzkov '70, Lax, Glimm '60, Bressan '90)

e m>1, ord>1, infinitely many sols
De Lellis & Székelyhidi '12-'14 Chiodaroli, Feireisl '14-'15
Chiordaroli, De Lellis, Kreml '16
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o fundamental question in numerical analysis
? DoesU, >Uash—07?

o open question for compressible flows

@ Particularly for multi-d systems




Convergence of numerical solutions

o fundamental question in numerical analysis
? DoesU, >Uash—07?

o open question for compressible flows
@ Particularly for multi-d systems

Certain numerical solutions of inviscid problems
exhibit scheme independent oscillatory behaviour

Siddhartha Mishra
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Measure-value solutions!

Feireisl, Lukacova, Mizerova, preprints.



pt + div(pu) = 0. (1a)
(pu): +div(pu®@u) = -Vp+ V- S (1b)

p=ap?
S = 2u(Vu + VuT) + ndivul,

p(x, O) =po >0, U(X, O) = Ug.
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Dissipative measure-valued solution

We say that a parameterized measure {v: x }(¢,x)e(0, T)xQ
ve 2, ((0,T)x QP ([0,00) x RN))
is a dissipative measure-valued solution of the Navier-Stokes system in

(0, T) x Q, if the following holds for a.a. 7 € (0, T), for any
e CH(0, T) x Q; RY)

[/QG/M p)U(t,) } -, / / We i YO + (e pul) - xw)dxdt

{/Qﬁ/t,x;qu( } // (e i pu) b — S(Vu) : Vipdxdit

+(Vt x; pu @ u+ pl) : wa) dxdt + / / R : Vbdxdt,
0o Ja

[/ﬂ(ut,x; E)y(t, .)dx} :; + /OT/Qg(Vu) . Vpdxdt +D(1) <0

weak
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0o Ja
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e / IRy dt < / D(r)dt
0 0
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Figure : Dual grid




Discrete operators

Jump and Average

out(

v x):élim v(x 4 6n), vi"(x) = lim v(x —dn),

—0+ 6—0+

V(X) = w’ [[Vﬂ — vout(X) _ Vin(X)

Divergence
. . . 1 _
lehV(X) = Z (lehV)K1K7 (lehV)K = W Z ‘O’|Vg~ng7 Vve Q.
KeTh c€edK

Upwind flux
Up[r,ulo = r™(u-n)f + r*(u- n);
rt =max{0,f}, r~ =min{0,f}
u inf— + out [— — - — 1 —
Uplr,v] = r""v-n=r"[V-n]" + r°*[V- n :rv-n—ﬁ\v-n|[[r]]7
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[ Deowon =3 [ Futon un)oslasx =o. (2a)

geg’?

[ Dlonn) &= 3 [ Fulorunu) - [2alasx~ 3 [ on- (415

ceg’? occEV?

=—ny / dia[[u,,]] [@,]dSx — (1 + A) /Q divyup divyd,dx.  (2b)

oceEV




Implicit FVM

/ Depnén — Z/ Fu(pn, un)[¢n]dSx = 0, (2a)

oe€

/Dt(phuh " Pp— Z/Fh PhU, Up) - [[¢h]]d5X*Z/Phn [Pn]dSx

o€l o€l

:—uZ/—[[uh]] [ép]dSx — (1 + A) /dlvhuh divy¢,dx.  (2b)

oce€

ZID (grh)D , (5g)rh)D = rL;UrK,VU:K—>|L65,-,

ed<ton 7 7

Veup = (Vetrp ..., Veugpn)x), Vern(x):=0Pr, ..., 01 r)(x).
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Let (pn, up) satisfy the discrete continuity equation (2a), then there exists
€ € co{pk™t, pk} and ¢ € co{ply, pk} for any o = K|L € & such that

[ ooty = X [ - nlp(oilasx

oeev?

A 1
- _Tt/QH”(ﬁ)IDtpﬁlzdx =52 | (O (h° + [G5 - nl)dSx,

oeE’ 7

where H(p) = 54_3%.




Lemma 1 (Internal energy balance)

Let (pp, up) satisfy the discrete continuity equation (2a), then there exists
€€ co{pft, pk} and ¢ € co{pl, pk} for any o = K|L € £ such that

/Dt (Pk) Z/uh n[p(pp)]dSx

oe€

/H”( €)| Dol dx_,z/w IAT? (h° + [ - n]) dSx,

oce&

where H(p) = (—i

@ Positivity of numerical density

@ Existence of numerical solution
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Theorem 2 (Discrete energy inequality)

Let (pn,up) be a numerical solution obtained from the scheme (2). Then

for any k = 1,..., Ny, there exists £ € co{pﬁfl,pﬁ} and ¢ € co{pk, pk}
for any o = K|L € & such that

D, /( KR + H(p )> e

—I—u/ |Vgu \2dx+(u—|—)\)/ |divhuﬁ|2dx

-5 [ @Dl -3 [ Fohluirass

o€ef
At _ 0
—7 Pﬁ ' Dy dX—*Z/ ) p|uh n|[uj]?
ocel
/7—[” ,,]]2 h5+|uh n|)dsx<o
065
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Uniform bounds

Let (pn,un) be a numerical solution obtained by the scheme (2) with
v>1, 0<e <1 Then we have

lppu2 | oo (1)) S 1 [Veup|l22 $1
lonllev@) ST [ldivausllze $1
Ip(on)lleeiy S 1 Idivausllee $1
T
h® / > [ prlualPdSxdt < 1
0 oce’o

)
|3 [©tonlee + - aasxae < 1

oceEY
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lppu2 | oo (1)) S 1 [Veup|l22 $1
lonllev@) ST [ldivausllze $1
Ip(on)lleeiy S 1 Idivausllee $1
T
h® / > [ prlualPdSxdt < 1
0 oce’o

)
|3 [©tonlee + - aasxae < 1

oceEY

hllonllizee S A, hllppunlee S A2

2
ﬁzl—gg; >0ife < 2(y—1).
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Let pk, uk be the solution to the numerical scheme (2). Then

/ a ph¢dX / phuﬁ . VX¢dX= O(hﬂl)mgl > 0.

/a,t,(phuh)k-vdx— / pruf @ uf vadx—/p(p,’;)divxvdx
Q Q Q

+ﬂ/(vguﬁ) s Vevdx = O(h%2), B > 0.
Q




Limit: setting h — 0

[/QG/M p)U(t,) } / / We i YO + (Ve pul) - Xw>dxdt

|;/Q<Vt,x; pu>1/f } / / I/t X+ pu 8t1/) S(Vu) Vthdxdt
(Ve pu @ u + pl) sz/)) dxdt + / / R : V,dxdt,

UQM,X E)y(t.) } //S(Vu V. dxdt + D(r) <0,

where / ||R||M(Q)dt§/ D(r)dt
g 0
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Limit: setting h — 0

[/QG/M p)U(t,) } -, / / We i YO + (Ve pul) - Xw>dxdt

{/Qﬁft,x;puﬂ/f( } // (e s pu) b — S(Vu) : Vipdxdit

e pu@u+ pl) : wa) dxdt + / / R : Vxidxdt,

UQM,X E)y(t.) } //S(Vu V. dxdt + D(r) <0,

where / ||R||M(Q)dt§/ D(r)dt
0 0

R = {pu@u+ p(p)l} — (veci pu s u+ p(p)T) € [L2(0, T: M(2)))
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Let v > 1, At~ h, 0 <e <1 and the initial data satisfy

po € L2(RY), po > p>0aa. in R?, ug € L2(RY).

Then any Young measure v, , generated by the numerical sol of scheme
(2) represents a dissipative measure-valued solution of NS (1).

Feireis| et al. Dissipative measure-valued solutions to the compressible
Navier—Stokes system. Calc. Vari. Partial Differ. Equ., 2016



Convergence

Theorem 4
Lety>1 At~ h, 0 <e <1 and the initial data satisfy

po € L2(RY), po > p >0 a.a. in RY, ug € L2(RY).

Then any Young measure v, , generated by the numerical sol of scheme
(2) represents a dissipative measure-valued solution of NS (1).

Applying the weak-strong uniqueness® we conclude

Theorem 5

In addition to the hypotheses of Theorem 4, suppose the NS (1) endowed

with the periodic boundary condition admits a regular solution.
Then

pn — p (strongly) in L ((0, T) x K),
up, — u (strongly) in L ((O, T) X K; Rd)
for any compact K C Q.

IFeireis| et al. Dissipative measure-valued solutions to the compressible
Navier—Stokes system. Calc. Vari. Partial Differ. Equ., 2016
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Remark 6
Suppose the numerical density is uniformly bounded.

1. The above Theorem 4, 6 also holds for no-slip boundary condition
on smooth boundary. Then more general mesh (unstructured, any

shape) can be used.
2. Applying the conditional regularity result?, we conclude the global
existence of regular solution.

2Sun et al., A Beale—Kato—Majda blow—up criterion for the 3-D compressible
Navier—Stokes equations. J. Math. Pures. Appl., 2011.
of Sciences
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Remark 6
Suppose the numerical density is uniformly bounded.

1. The above Theorem 4, 6 also holds for no-slip boundary condition
on smooth boundary. Then more general mesh (unstructured, any

shape) can be used.
2. Applying the conditional regularity result?, we conclude the global
existence of regular solution.

Thank you for your attention!

2Sun et al., A Beale—Kato—Majda blow—up criterion for the 3-D compressible
Navier—Stokes equations. J. Math. Pures. Appl., 2011.
of Sciences
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