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Abstract

We study the low Mach number limit of the full Navier-Stokes-Fourier system in the case
of low stratification with ill-prepared initial data for the problem stated on moving domain
with prescribed motion of the boundary. Similarly as in the case of a fixed domain we recover
as a limit the Oberback-Boussinesq system, however we identify one additional term in the
temperature equation of the limit system which is related to the motion of the domain and
which is not present in the case of a fixed domain. One of the main ingredients in the proof
are the properties of the Helmholtz decomposition on moving domains and the dependence
of eigenvalues and eigenspaces of the Neumann Laplace operator on time.

1 Introduction

The mathematical theory of singular limits of systems of equations describing fluid motion
goes back to the seminal work of Klainerman and Majda [23]. The motivation for a study of
such type of limits follows from the generality of corresponding equations. More precisely, in
a case of the full Navier-Stokes-Fourier system the equations describe a spectrum of possible
motions e.g. sound waves or models of gaseous stars in astrophysics. Such type of study
allows us to eliminate unimportant or unwanted modes of motion, as a consequence of scaling
and asymptotic analysis. The aim of the asymptotic analysis of various physical systems is
to derive a simplified system of equations which can be solved numerically or analytically see
e.g. Zeytounian [27].

The goal of the mathematical analysis of low Mach number limits is to fill up the gap
between the compressible fluids and their ”idealized” incompressible models. There are two
ways how to introduce the Mach number into the system, from the physical point of view
different but from the mathematical point of view completely equivalent. The first approach
considers a varying equation of state as well as the transport coefficients see work of Ebin
[8], Schochet [25]. The second way is to evaluate qualitatively the incompressibility using
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the dimensional analysis. We rewrite our system in the dimensionless form by scaling each
variable by its characteristic value, see Klein [11].

The mathematical analysis of singular limits in the frame of strong solutions can be referred
to works of Gallager [22], Schochet [25], Danchin [4], Hoff [10]. The seminal works of Lions
[24] and the extension by Feireisl et al. [21] on the existence of global weak solutions in the
barotropic case gave a new possibility of rigorous study of the singular limits in the frame
of weak solutions see work of Desjardins and Grenier [5], Desjardinds, Grenier, Lions and
Masmoudi [6].

The mathematical theory of the full Navier-Stokes-Fourier system was studied by Feireisl.
First he developed a concept of variational solution under the assumption that the pressure
can be decomposed into the elastic part and the thermal part. He introduced a definition
of the weak solution using the thermal energy inequality instead of the energy equation and
complementing the system with the global total energy inequality [15, 16]. Later, he developed
a new concept of a variational solution to the compressible Navier-Stokes-Fourier system based
on the principles of global energy conservation and nonnegative local entropy production. This
concept in particular allowed to develop important new results concerning the singular limits
of variational solutions to the full system, see Feireisl, Novotny [17]. Let us also mention
that for the full system a low Mach number convergence on a short time interval within the
framework of regular solutions was proved by Alazard [1].

In real world applications there are many problems where the fluid interacts with a bound-
ary of its container which is not fixed and moves either by a prescribed motion or the motion of
the boundary is related to the motion of the fluid. The mathematical theory of such motions
then becomes even more complex and additional difficulties arise. In this paper we study the
first, and arguably the easier case, namely a problem in a moving domain whose motion is
prescribed by a given velocity field V (¢, z).

In the barotropic case, the existence theory of global weak solution was proved by Feireisl
et al. [14, 19] for the Dirichlet and Navier type of boundary conditions, respectively. Moreover,
in the framework of weak solutions the singular limit (low Mach number limit) in the case of
moving domain was investigated by Feireisl et al. in [18, 20].

Concerning the full Navier-Stokes-Fourier system, the global existence of weak/variational
solutions was extended to the case of moving domain by Kreml et al. see [12, 13].

The aim of this paper is to fill up the gap of theory of singular limits by examining the low
Mach number limit for the full Navier-Stokes-Fourier system on moving domains. We consider
a low stratification with ill-prepared initial data. For a fixed domain the target system is the
Oberback-Boussinesq system and the convergence of sequence of variational solutions to the
primitive system to the weak solution of the target system was proved by Feireisl and Novotny
[17]. Since the domain in our case is moving we can no longer assume that the potential of
the driving force F'(z) satisfies fﬂt F(z)dx = 0. This is the reason why in the limit we recover
the Oberback-Boussinesq system with a new additional term.

The paper is structured as follows. In Section 1, the variational formulation of the primitive
system (scalled system) is introduced and the existence theorem is stated. Section 2 is devoted
to the target system - limit system where the Oberback-Boussinesq system is recovered as a
low Mach number limit of the full system which in particular differs from case of a fixed
domain. In Section 3 we state the uniform estimates and perform the limits in the continuity
equation, entropy balance and momentum equation where the limit of the convective term
remains unspecified.

Finally, Section 4 is devoted to the study of the limit of the convective term. Firstly,
we mention that in comparison with fixed domain the Helmholtz decomposition depends on
time. The main problem is a possible development of fast oscillations in the momenta p.u.,
€ — 0 with respect to time. We show the compactness of the solenoidal part of velocity field
similarly as in the case of fixed domain. To prove the convergence of the gradient part it is
necessary to introduce the acoustic equations. This idea goes back to Schochet who found that
singular component of the gradient part of the momentum together with a certain function
of ge, Ve satisfy a linear wave equation. We present the reduction to finite number of modes
and as in the barotropic case on moving domain we deal with the fact that the eigenvalues
and eigenfunctions of the Neumann Laplace equation depend on time.



1.1 Primitive system

Let us consider the full system on time dependent domain in low Mach number regime which
is given by the following

Oro + divy(ou) = 0, (1.1)
1 1
O (ou) + divy(ou @ u) + 6—2Vzp =div,S+ EQVIF, (1.2)
9t (0s) + divy(gsu) + div, (%) = 0., (1.3)
2
%/ (%g|u|2+gef€gF> dz = 0. (1.4)
The entropy production measure o. satisfies
1
= (EQS  Veu— 3 : Vﬂ) . (1.5)
In particular the number € > 0 is related to the choice of Mach number (= “L’%) to
Pchar/C@char

be sufficiently small (the speed of sound dominates characteristic fluid velocity) and a Froude
number to be equal v/ which is related to the low stratification. We consider this system
of equations being mathematical formulations of the balance of mass, linear momentum,
entropy and total energy respectively and to be satisfied on the space-time cylinder Qr =
Uieo,my{t} x € describing a physical domain moving in time. Unknowns are the density
0: Qr — [0,00), the velocity u : Qr — R® and the temperature 9 : Q7 +— [0,00). The
potential of the external body force F' = F(z) is assumed to be independent of time. Other
quantities appearing in these equations are functions of the unknowns, namely the stress
tensor S, the internal energy e, the pressure p, the entropy s, and the entropy production rate
oe.

To be more precise, the time dependent domain €2; is prescribed by movement of its
boundary on the time interval [0, 7. In order to describe this movement we consider a given
velocity field V (t,z) for t > 0 and & € R* which is smooth enough. Then the position of the
domain €2; at time t > 0 is given by the solution to the associated system of equations

X (t,2) = v (5,X(t2), 1> 0, X(0,2) = =, (1.6)
dt
and by a given bounded initial domain Qp C R® as

Q, =X (1,Q), with I';z=09,. (1.7)

The system of equations (1.1)-(1.4) is complemented by the following boundary conditions.
We assume that the boundary of the domain is impermeable, hence

(u=V)-n|r, =0 for any 7 > 0, (1.8)

where n(¢,z) denotes the unit outer normal vector to I's. We prescribe full slip boundary
condition for the velocity field u, meaning

[Sn] x n|p, =0 (1.9)
and for the heat flux — the conservative boundary condition
q-n|r, =0. (1.10)
Additionally, we assume that the moving domain does not change its volume (|Q-| = |Qo| for
any 7 > 0). Namely, it is possible to choose V such that
div,V(7,-) =0 for any 7 > 0. (1.11)

Finally, the system (1.1)-(1.4) is supplemented with initial conditions go, uo, Yo and we
denote eg := e(go,Po) and so := s(00,P0). In particular, we assume that the initial data are
ill-prepared and take the form

00,e =0+ Eg(l) Yo,e =0 + 519(()2, where g > 0, ¥ > 0 are positive constants, (1.12)

0,e?
/ Q(()Tg dz =0, / 1982 dz =0 foralle >0 (1.13)
Qo Qo

and

Qé}g, Uo,c, 1982 are bounded measurable functions for all € > 0. (1.14)



1.2 Hypotheses

Motivated by [12, 17] we introduce the following set of assumptions, which allow to obtain
the existence of weak solutions.
The stress tensor S is determined by the standard Newton rheological law

S, Vau) = pu(9) (Vzu +Viu-— %divzuﬂ) +n(9)divgul, p >0, n>0. (1.15)

We assume the viscosity coefficients p and 7 are continuously differentiable functions of the
absolute temperature, namely p, 17 € C'[0, 00) and satisfy

0 < u(l+9) < (@) <FA+9),  swp |W(9)] <, (1.16)
- YE€[0,00)

0 < n(9) <7(1+9). (117)

The heat flux q satisfies the Fourier law for in the following form
q = —r(9) Va1, (1.18)

where the heat coefficient x can be decomposed into two parts

k(9) = ke (9) + kr(9), where kar, kr € C'[0,00), (1.19)
0 < kr(1+9%) < kp(¥) < Fr(1+9°), (1.20)
0<km(l+9) <km®) <rRm(1+9). (1.21)

In the above formulas p, 1z, M, 7, KR, KR, kM, KM are positive constants.
The quantities p, e, and s are continuously differentiable functions for positive values of
0, ¥ and satisfy Gibbs’ equation

9IDs(p,9) = De(p,9) + p(o,9)D (l) for all o, ¥ > 0. (1.22)
4

Further, we assume the following state equation for the pressure and the internal energy

plo,9) = pu(o,9) +pr(®), pr(9) = 39*, a >0, (1.23)
e(0,9) = enr(0,9) + er(0,9), oer(o,9) = av’, (1.24)
and 4
S(Q77~9) = 81\4(@719)+8R(Q7 19)7 QSR(Q7’L9) = gaﬂ?). (125)
According to the hypothesis of thermodynamic stability the molecular components satisfy
Opu >0forall g, >0 and 0< em < c for all o, ¥ > 0. (1.26)
0o oL,
Moreover,
lim ear(0,9) = e,,(0) > 0 for any fixed ¢ > 0, (1.27)
90t
and o 9
LQ’)’ < cenm(p,?) for all p, ¥ > 0. (1.28)
We suppose that there is a function P satisfying
P € C'[0,00), P(0)=0, P'(0)>0, (1.29)
and two positive constants 0 < Z < Z such that
5 % 3 _ 3
pm(0,9) =92 P 19—3 whenever 0 < ¢ < Z92, or, o > Z192 (1.30)
3
and :
=43
pum(o,9) = ggeM(g, 9) for o > Z92. (1.31)



1.3 Variational formulation of the primitive system

We work with a variational formulation of the primitive system (1.1)-(1.4). Namely, the
equation (1.1) is fulfilled in the sense of renormalized solutions introduced by DiPerna and
Lions [7]:

/OT /Q 0B(0)(Dp+u- V) dxdt:/OT /Q b(o)divaus dxdt—/QO 00B(00)(0) dz (1.32)

for any p € CL([0,T) x R?), and any b € L*™ N C[0,00) such that b(0) = 0 and B(g) =
B(1) + [£ %5 dz where we have ¢ > 0 a.e. in (0,T) x R®.
The momentum equation (1.2) is transferred to the following integral identity

T 1 1
/ / <Qu ~Op+ou®u]: Vo + E—zp(g, Ndivep — S(9, Veu) : Vo + EQVQCF . Lp) dxdt
o Jau
—— [ o0, dz, (1.33)
Qo

for any test function ¢ € C}(Qr;R?) such that ¢(T',-) = 0 and ¢-n|r, = 0 for any 7 € [0,T).
Moreover,

u,V,u e L*(Qr;R?) and (u— V) -n(r,)|r, =0 for a.a. 7 € 0,77, (1.34)

The entropy balance (1.3) is rewritten in the form of equation
T T
/ / 05(0pp +u - V) dadt — / / 7&(19)V119 Vae dadt
0 JQ 0 Jo v
+ (oe59) = f/ 0050 (0) dz (1.35)
Qo

for all ¢ € C*(Qr) such that ¢(T,-) = 0.
Finally, the energy inequality has to cover the movement of the domain, hence we get
/SYT

752// (g(u@u):VszS:VIVJrguvatVJrészF-V) dxdt+52/ ou-V(r,)dz
0o J, Q-
(1.36)

2 2
13 1>
(EQIU\Q + oe — €QF) (r,-)dz < / (5(9011(2)) + goeo — £00F — £”oug - V(0)> da
Qo

for a.a. 7 € (0,T"). Notice that the term containing div,V vanishes due to assumption (1.11)
and (1.36) is an inequality, what differs this formulation from the one in [17] (see [12]).
Let us remark that when writing f € L*(0,T; LY(€)) for some g € [1,00) we mean that
the mapping ¢ — || f(¢,-)||La(n,) is measurable and bounded function on time interval [0, T7.
We have

Theorem 1.1. Let Qo C R? be a bounded domain of class C*T" with some v > 0, and let
V ¢ CY([0,T]; C2(R?*;R?)) be given. Assume that hypothesis (1.15)~(1.31) are satisfied, let
F e WH*(R®) and let & > 0 but sufficiently small s.t. 0o.. > 0, 9o.. > 0.

Then the problem (1.1)—(1.4) with boundary conditions (1.8), (1.9), (1.10) and initial con-
ditions (1.12)—(1.14), where the entropy production rate o satisfies (1.5), admits a variational
solution on any finite time interval (0,T). Namely, the trio (ge,uc, V<) satisfies (1.32)—(1.36).
Moreover
0c € L“(O,T;L%(Qt)), 0 >0, 0 € LY(Qr) for certain q > g,

u., Veoue € L*(Qr), o-us € L¥(0,T; L' (D)),
Pe >0 a.a. on Qr, ¥ € L=(0,T; L4(Qt)), Ve, Vo0 € Lz(QT)7 and log Y., Vlogd. €
L*(Qr),

Q63(957195)3 QES(in,ﬁE)ufa %;E) e Ll(QT)7



Proof. This theorem for ¢ = 1 and F' = 0 has been recently proved in [12]. In order to
accommodate nonzero forcing F' # 0 we do not need any additional technique in the proof,
we just handle lower order terms ¢V F in the momentum equation and oF in the energy
inequality. In particular one easily observes that using the penalization technique as in [12],
both these terms become equal to zero on the ”solid” part of the artificial domain B when
we choose the initial density go to be equal to zero on the solid part. The scaling by ¢ does
not represent any additional difficulties in the proof of existence of variational solutions. [J

2 Target system and main result

First, we introduce

) =4 Vit,z) VoF(z)de = —

= — V(t,z) Vi F(z)dz. (2.1)
o8 €] Ja,

We claim that the following version of the Oberback-Boussinesq system is recovered as the
low Mach number limit

div,U =0 (2.2)

2(0:U +div, (U@ U)) + V. II — u(9)A, U =7V, F (2.3)

06, (0,0 4 div,(0U)) — k(9)A,0 —agdU - V. F = —agdG (2.4)
r+ @0 = 0. (2.5)

This system is considered on a time dependent domain @7 and supplemented with boundary
conditions

(U(r,-) = V(r,) -n|r, =0, ((V.U+V,U)n)xn|r, =0, V.0 -n|r, =0 (2.6)

and initial data
U(O, ) = .[_]()7 90 = @(0, ) in Qo (27)
Here @ = %%(@, 9) and €, = Oye(p,9) + a%c%p(@, 9).

Note that the difference with respect to classical Oberback-Boussinesq system is the pres-
ence of additional forcing term in the equation for temperature variation ©. As we will see
later, the presence of this term in the system is related to the fact that unlike in the case of
a fixed domain, it is no longer possible to assume

/QtF(r)d:c:O

for all t € [0,T). It is however interesting to notice, that G = 0 whenever the motion of the
physical domain is perpendicular to the gradient of the potential F' and in that case one ends
up with a usual Oberback-Boussinesq system.

We also note that G(t) can be written as

a(t) :]{2 dive (V(t,2)F(z)) do = @ [ PV onds

and combined with the boundary condition (2.6) we have

G(t) = ]{z div, (U(t,z)F(x)) doe = ; U(t,z) - Vo F(x)dz,

yielding that (2.4) can be written as

75 (8.0 + div,(OU)) — k(0)A,0 = ap (divI(FU) - ][divz(FU)) .

Definition 2.1. We say that U, © is a weak solution to the Oberback-Boussinesq system
(2.2)—(2.5) if the following holds:

e div,U(7, ) =0 and (U(r,-) — V(7,-)) -n|r, =0 for a.a. 7 € (0,T),



e The equation
T J—
/ / U - 9ip+0(URU) : Vo — pu(9) (V.U 4+ V,U) : Vopp
o Ja
' T
= —/ / rVa.F - pdzdt — Uy - ¢(0,-)dz
0o Jo Qo

holds for all ¢ € C°(Qr) such that o(T,-) =0, diveep =0 and ¢ - n|r, = 0,

e equation (2.4) is satisfied a.a. in Qr and Vo0 -n|r, = 0 in a sense of traces for a.a.
T€(0,T),

e Boussinesq relation (2.5) holds,
e U V,Ue Lz(QT), ess SUD;e (0, 1) 10, ~)|\L2(Qt) <ec,
e the mapping t + |O(t,")||raq,) belongs to WL((0,T]) N C([0,T]) and the mapping

loc

t = |O(t, )llw2.aq,) belongs to Li, ((0,T]) for certain q > 1.

loc

Theorem 2.1. Let Qo C R? be a bounded domain of class C*T" with some v > 0, and let
V € CY([0,T]; C2(R?;R?)) be given and satisfy (1.11). Assume that hypothesis (1.15)—(1.31)
are satisfied, let F € W5 (R?) and let € > 0 but sufficiently small s.t. 0o« >0, 9,c > 0.

Let the trio (ge,ue,Y<) be a variational solution to the problem (1.1)—(1.4) with boundary
conditions (1.8), (1.9), (1.10) and initial conditions (1.12)—(1.14) on any finite time interval
(0,T), and where entropy production rate satisfies (1.5).

Then

ess sup [0e —0llrac,) =0 ase— 0 for certain g > 1, (2.8)
te(0,T)

and, for a suitable subsequence,

u. =~ U weakly in L*(Qr) for e — 0, (2.9)
Veue = VU weakly in LZ(QT) fore — 0, (2.10)
@ — 0 weakly in LY(Qr) for e = 0 with certain g > 1, (2.11)

where the couple U and © is a weak solution according to Definition 2.1 to the Oberbeck-
Boussinesq system (2.2)—(2.5) with boundary condition (2.6) and initial data (2.7)

0 = = .
Uo = Ho[uo], 00 = = (9,5(2, 0o’ + 0os(0, )9 +aF)  in Qu, (2.12)

Cp

where g, — o, g((fg = g(()l), 79812 B 19(()1) weakly® in L*(Qo) for e — 0.

In the above Hy stand for Helmholtz projection onto the space of solenoidal functions on

Qo.

3 Low Mach number limit

3.1 Uniform estimates

Before stating uniform estimates let us recall here some basic notations and results which we
need in proving our convergence results. We refer to [17].

First of all we fix a smooth function x € C£°((0,00) x (0,00)) such that 0 < x <1, x =1
on the set Ocss, where we define

Oess = [5/27 25] X [5/2> 25]7 O'res = (07 00)2 \ Oess-

Namely, O.ss is a neighborhood of the target density and temperature.
Then, we introduce the decomposition on essential and residual part of a measurable
function h as follows: we define the decomposition

h = [hless + [A]res, with  [hless := x(ee,0e)h s [Alres = (1 = x(0z,72))h .



Since div, V = 0, from the energy inequality (1.36) and the entropy balance (1.35) we get

t=71

[ [ el (Hﬂ@,ﬂ)(gg)a%jﬁ) Hﬁ(g,m) -2 2pa

2

t=0
+ E%O'E [Usepo,g€s] < —/ / ouu:V,V—-S:V,V —ou-0;Vdzdt
0o Jo,

. t=1 o =
+[/ gu~V(t,-)} —/ / 270y, F - Vdzdt (3.1)
Q¢ t=0 o Ja, €

HE(QE, 796) = O¢ (6(967 195) - 53(957 195))

(see [17, Chapter 2.2.3]) is a Helmholtz function.
By (3.1) and with [17, Lemma 5.1] we obtain the following set of estimates. The details
can be found in [17, Chapter 5].

where

Lemma 3.1. Let assumptions of the Theorem 1.1 be satisfied. Let {(0e,ue,Ve)}e>0 be a
sequence of weak solutions obtained in Theorem 1.1. Then the following estimates hold

ess sup [1()]res d < ¢, (3.2)
te(0,1) Ja,
ess sup [957_"—’} (%) <cg, (3.3)
te(0,T) € ess L2(Q4)
ess sup [195 — 19} (t) <cg, (3.4)
te(0,T) € ess L2(%)
ess sup / ([Qs]r%es + [195]363> (t)dx < €%c, (3.5)
t€(0,T) JQq
ess sup |[[y/0euce|l 2 q,) < € (3.6)
t€(0,T)
0:[Qr] < ¢, (3.7)
T
| 1m0 at < (3.8)
T 3 2
/ (195 19) (t) dt <, (3.9)
0 € W2(,)
T _ — 2
/ (M) (t) at < e, (3.10)
0 € Wi2(;)
T a
/ H {M} (t) dt <, (3.11)
0 € res La()
T 0e5(0¢,Ye) !
/ H [7’] u.(t) dt <cg, (3.12)
0 € res La()
T a
/ {“(ﬁf)] (M) ) dt <e. (3.13)
0 e res € La(Q4)

Let us introduce the following notation

oV = 95*57 199):195*5.
€ €

We assume that p. is extended to the whole space R? by a constant p. Similarly, we
extend also the velocity and the temperature to the whole space by a standard extension
By WH2(Qy) = WH2(R?) which is uniformly bounded with respect to t € [0, 7] (we refer to



[2]) as the fluid domain is regular at each time. We skip E; in the notation so from now on
it holds that 9. = E9. and u. = E:u..
As a consequence of the above Lemma 3.1 we obtain the following convergences (for details
see [17, Chapter 5.3])
0- — @ — 0in L=(0,T; L**(R?)), (3.14)

(t — / (0 — E)cpdac) — 0in C([0,T7) for all p € LT/(Qt) with r € [1,5/3), (3.15)
Q

Y. — 9 — 0 in L°(0,T; L*(R?)), (3.16)

oM = o™ weakly* in L=(0,T; L% (R?)), (3.17)
192” EGUIEY weakly in LQ(QT)7 ( )
Vo9 = v,9W weakly in L*(Qr), (3.19)
u. — U weakly in L*(0,T; L°(R?)). (3.20)
(3.21)

u. — U weakly in L*(0,T; W"*(R?)), 3.21
[1965_19} 29 weakly™ in L*(0, T; L*(R?)), (3.22)
{M] — 0 in LY(Qr) for certain ¢ > 1, (3.23)
[%} — 0in L>(0,T; L3 (R%)), (3.24)
[Qs]ess [8(067 195)]6;5 — 5(57 "9) = g (898(57 5)9(1) + 895(57 5)’19(1)) weakly* in L™ (07 T; LQ(R3)),
_ (3.25)
[0c]ess ls(ee, 195)]? —s@9,, . ? (ags(@, 9)o™" + dss(o, 5)19(”) U weakly in L2(0, T; L2 (R?)),
- - (3.26)
{“(ZE)] Vs (@) - %Vﬂ?“) weakly in L?(0,T; L*(R?)), (3.27)
{H(ﬁﬁi)] Va (%) — 0 in LY(Qr) for certain g > 1, (3.28)
o-u: @ u. — oU ® U weakly in L*(0,T; L%(Rg)), (3.29)
Se — p(®) (V.U + VLU) weakly in LY (Q7) for certain ¢ > 1. (3.30)

3.2 Limit in the continuum equation

We recall the Reynolds transport theorem:
Theorem 3.1. Let a general function f = f(t,x) belong to C*((t1,t2); Wh*°()) and let
V € CY(RT x R®). Then for each t € (t1,t2) there exists a finite derivative

d

dt . o, f(t,x)de = ./;h (Oef(t, ) + dive (fV)(¢, 2)) de.

We proceed with the limit in the continuum equation. By (3.14) and (3.21) we obtain the
boundary condition
U n=V:-n onI'; (3.31)

in the sense of traces. Moreover, passing with ¢ — 0 in (1.32) with the choice b(p) = 0,
B(p) = 1 we achieve

T
o [ (@p+U-Top) dodi =z | p0.)d
o Jo, Q0

for all ¢ € CL([0,T) x R?®). We use the transport Theorem 3.1 to conclude that

div,U=0 a.e. in Qr.



Indeed,
T T T ,

/ / (Ot + U - V) dzdt = / / (Orp — diveUyp) dzdt + / U - -np dSdt
0 Q4 0 Q4 0 Tt

T T T
= / / (v — diveUyp) dzdt + / V - npdSdt = / / (Ot — diveyUp + dive(Vy)) dadt
o Joy o Jr, o Jo,

T T /4 T
= —/ / div,Up dxdt—i—/ (—/ god:r) dt = —/ / div,Up d:pdt—/ »(0,-)dz
o Ja, o \dt /g, o Jo, Q0

and thus [ [, div,Ugp dzdt = 0 for all ¢ € C1([0,T) x R®).

3.3 Limit in the balance of entropy

Similarly as in [17, Section 5.3.2], we deduce that by convergences from Section 3.1 the balance
of entropy (1.35) in the limit ¢ — 0 may take the following form

T
/ / 7 (905(2. 9)0 + 903(2.9)9V) (g + U - Vi) dadt (3.32)
Jo Ja,
- _
— / / @Vmﬁm - Vzpdadt = —/ 0 (895(@ E)Q(l) + dvs(o, 5)19(1)> (0, ) dz.
o Ja, ¥ Q0

for any ¢ € C*(Qr), (T, ") = 0.
Further, we multiply the momentum equation (1.33) by ¢ and we let ¢ — 0 in order to
obtain

T T
/ / (891)(@,5)9(1) + 9vp(o, 5)19“)) divgp dadt = —/ / oV F - pdzdt. (3.33)
0 Q 0 Q¢

for any ¢ € C*(Qr), ¢(T,") =0, ¢ -n|r, = 0.
We define
C(t) := F(z)dx
Q

and we can assume, without loss of generality, that C'(0) = 0. The conservation of mass
together with the assumption (1.13) yields th oM = 0, whereas the same property for the
temperature th 9 = 0 is a consequence of (3.32) and (1.13). These properties and (3.33)
yield B

W _ _0p@0) g0y  _oF _ _2C(t) (3.34)

9op(2,7) 9ep(e,9)  dep(2,7)

In order to simplify notation we introduce

9 _
CP(Qa 19) = 8196(95 19) + OC(Q, 19)5819P(Q, 19)’ q = CP(?? 19)7

_ 1 09p(0,9) __ 3
a(@? 19) - 0 6917(9, 19)7 o= 05(9719 .

We plug (3.34) into (3.32), we multiply it by ¥ and we employ Maxwell and Gibbs relations
in order to get

~

T
/ / 2 (@9(” _Ga(F - C)) (v + U - V) dadt (3.35)
JO S
T
7/ / k()0 - Voo dadt = 7/ 90 (ags(a,ﬁ)gg” +8193(§,5)19é1)) ©(0,-) dz
0 Q4 Qo

for any p € C*(Qr), ¢(T,-) = 0.
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We use the transport Theorem 3.1 and (3.31) to observe that for all ¢ € C*(Qr), ¢(T,-) =
0 it holds

/ / z)(0ep + U - Vyp) dadt
Qy

T
/ / (FOvp — pdiv, (FU)) dzdt + / / FoU - -ndSdt
0 Q Tt

T
:/ (0e(Fo) + divg (FpV) — U - V, F) dadt
o Ja,

T
/ ( Fgodm) dt — / / U - Vi F dxdt
0 dt Jg, Q

- F(z)p(0,z)dz — / / ©U - V F dzdt,
o Jo,

Qo

whereas for the same class of test functions ¢ we have (recalling (2.1) where we defined G(t))
T
/ C(t)(Oep + U - Vyp) dadt
Q
T T
= / (COvp — pdiv, (CU)) dzdt +/ CpU - -ndSdt
Q2 o Jry
T
= / (0:(C) + divy (Cp V) — 8:Cp) dadt
Q

T T T
- / 4 cwelt, z) dedt — / G)p(t, o) dzdt = — / G()p(t, ) dzdt.
o dt Jq, o Ja, o Ja.

Here we have used C(0) = 0 and the observation that

C( )= (Ciltf F(z) dm:ﬁ div,(FV)dz = V. V.Fdz = G(t).

dt s
Taking © = 9V we deduce from (3.35) the following equation
36,00 + 0¢,div, (OU) — k(0)A,0 —agdU -V, F = —agiG,

with the initial data

2,00 =0 (ags@, 9)o" + 95(3, 9)0 + aF) (3.36)
Finally, we define B
— (1) e
ri=0"’ — ———(F-0C)
agp(g, 19)

Then, (3.34) yields the Boussinesq relation
r+2a0 = 0.
3.4 Limit in the momentum equation
Since div,U = 0 we may take as a test function ¢ € C2(Qr), »(T,-) =0, ¢ - n|r, = 0 such

that diveae = 0 in Q7 when passing to the limit in the momentum equation (1.33). Relations
(3.14)—(3.30) imply

t
//@U-at<p+gU®U:vz¢+u(5)sz:vch—g“)sz-godmdt:/ U0 - (0, ) da
Q4 Qo

where oU ® U is the weak limit of p-u. ® u.. Note that if

T T
/ / QU®U:Vztpdx:/ / @U®U): Vopds (3.37)
0 Q 0 Q4

11



for all ¢ € CX(Qr), ¢(T,-) =0, ¢ -n|r, = 0 such that div,¢ = 0 in Qr, the Theorem 2.1 is
proven. The rest of this paper is devoted to the analysis of this particular limit.
We start with a simple observation, that due to the uniform bound of g.u. ® u. in

L*(0,T; L%(RS)) it suffices to show (3.37) for test functions compactly supported in Q; N
((0,T) x R?).

4 Limit in the convective term

4.1 Helmholtz decomposition

We introduce the Helmholtz decomposition v = Hy[v] + Hi [v] in L*(Q¢;R?) in a standard
way. Namely we define the projection Hi" [v] = VoV as the unique solution to the Neumann
problem

AV =divy,vin Q;, V¥ -n=v-nonl}y, / ¥ dz = 0. (4.1)
Q
Hence, it is easy to observe that
diveHy[v]=0 inQ;, and Hv]-n=0 onT}.

Lemma 4.1. Let z be such that dydiv.z € W*2(Q;) and 0,z € W3/2‘2(Ft). Then 0;H,[z] €
Wh2(Q,).

Proof. See [26] and [18, Section 3.1]. O

4.2 Compactness of the solenoidal part

Although div, U = 0 a.e. in Qr, we cannot conclude that H;[U] = 0 due to the inhomogeneous
boundary condition U-n =V -n on I';. Instead we have

U =H,[U]+V.,W,  where V.W =H; [V].

T T
/ H.[v] ¢ dzdt = / / v - Hi[p] dzdt
0 Q 0 Q

for all v, ¢ € L*(Qr), this property will be used extensively throughout the rest of this paper.
Moreover, we also have

Note that

IH:[V]l|Lae,) < c(@lIVilLaa,)

for any 2 < ¢ < oo and 7 € [0,7T] due to the elliptic regularity theory. Since the domains Q,
are regular, the constant ¢(q) can be chosen independently of 7, see [9, Theorem 1.2].
Convergences from Section 3.1 imply that for e — 0

H:[u.] = H;[U] weakly in L*(Qr),
V.H;[u.] = V.H;[U] weakly in L*(Qr),
H; [u.] = V.W  weakly in L*(Qr),

V.Hi [u] — weakly in L*(Qr).

Ue

We want to prove strong convergence of H;[u.] to H;[U] in L?(Qr). To this end we test
the momentum equation (1.33) by Hy[e] with ¢ € C2(Q1), ¢(T) =0, p-n=0on I';.
We denote

15(t) ::/ﬂ(Qaus)(tvx)~Ht[90(t7w)]d$: Hi[(e-us)(t, 2)] - o(t, 2) dx

Qy

and, consequently,

Ifo( ) - IE / / qus ®ue — S(ﬁayvxus)) Ve

+/ / oeu. - Oy Hy[p] dadt. (4.2)
t Ja,

12



We estimate the right hand side of (4.2) by (3.3), (3.5), (3.6), (3.8) and the regularity of the
time derivative of H¢[p]. We end up with

[I5(t) — o) < ot — /|2

Fix a time interval [T, T%] and an open set K C R3 such that [T1,T] x K C Qr. We use the
Arzeld-Ascoli theorem to conclude that I, is precompact in C'(71,T>) and therefore

H[o-u.] — H;[gU] strongly in Cy, (T1, T2; L**(K)).
This implies that
H:[o.u.] — H[oU] strongly in L”(T1,To; W~ "?(K)),1 < p < oo.
We also have
g —0

(0 —D)ue = ¢ u. — 0 strongly in L*(Ty, Ty; L*% % (K))

which yields the same property for H[(0- — @)u.] and for Hi"[(gc — 2)uc]. Therefore we can
write

oH:[u.Ju. = (H:[(2 — 0-)uc] + Hifo-u.]) - ue — g|UJ* weakly in L'((T1,T2) x K);

/TlTZ/KHt[ue”2 :/TlTQ/KHt[ue} ‘e —>/TP;F2/K|U|2

and we conclude that

in particular

H:[u.] — H;[U] strongly in L*([T}, T3] x K).

We deduce that in order to show (3.37) it is enough to prove that
T
/ Hi [o.(u. — V)] ® H [(ue — V)] : Vo dadt — 0 (4.3)
o Ja,

for all test functions ¢ € CL(Qr), divae = 0, ¢(0,-) = @(T,-) =0, ¢ - n|r, = 0 (for details
see [18, Section 3.3]).

4.3 Acoustic equation

We rewrite the continuity equation (1.32) (with B = 1,b = 0) and the momentum equation
(1.33) in the form of the acoustic analogy. To this end we reformulate both in a new variables

le) = %, ze = p-(u. — V). (4.4)

The continuity equation (1.32) reads as

T T
/ / coMOup + 2. - Vo dadt = —/ / oV . Voo dadt (4.5)
0 Q 0 Q4

for any » € C°(Qr), »(0,) = 0, o(T,:) = 0 and the momentum equation (1.33) can be
written in the following form

., o
/ / cae - Oup + {[p(ga,ﬂs)]e;s p(3,9) _@F} divae dadt
0 Q4

T — T
:5/ / Oy, F o dxdt+z—:/ / (H!: V.p+h @) dadt (4.6)
o Jao, € 0o Jo

for any ¢ € C°(Qr), ¢(0,-) =0, o(T,-) =0, ¢ -n|r, = 0 for t € [0,T], where we set

H; = —P:u: ®ue + Se - [P(QE’;ZS)]T'GS]I + 0eue ® V? (47)

hZ = 0.0,V + g-u. - V. V. (4.8)
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We also need the entropy balance (1.35) in the form

//m (gs 0=, ) (‘“9)>atgo dzdt = //th3 Vg dedt — (oe59)  (4.9)

for all ¢ € C°(Q7), ¥(0,-) =0, ¢(T,-) = 0, where
k()

hl = J =Vt — 0c(s(0e, V<) — 5(2,9))ue.. (4.10)
In the next step we rewrite the system (4.5), (4.6), (4.9) using new set of variables, namely
we define .
A S(QE 06)75(5 19) 1_
— (1) > )
Te = 0: + — Qs—**QF, 4.11
c . c (4.11)
where we set _ _
d9p(o, ¥ S Avp(o, ¥
a=2w@D) )+ 2220 (412)
98193(9’ 79) 0

Theorem 3.1 yields

T T T
/ Foip dadt = 7/ / divy (FeV) dzdt = 7/ V - ViFp+ FV - -Vzp dxdt.
o Ja, Q o Jo,

(4.13)
Hence, we sum (4.5) and an appropriate multiple of (4.9) and by (4.13) we end up with

T T
/ / ereOrp + 2. - Vap dxdt = E/ / (h;1 -Vaep + h?p) dxdt — é<ora; ®) (4.14)
Q Q C
for all ¢ € C°(Q7), ¢(0,-) =0, ¢(T,-) = 0, where

14,5
;ch 24 IV (4.15)

e = gv - V.F. (4.16)

The acoustic version of the momentum equation (4.6) is rewritten as

h!= -V 4 =

T
/ / €Ze - Opp + (redivyp dzdt
o Jo

T 5 — T
= g/ / 4% 696 VoF - dxdt—i—e/ (Hi : sto—i—hg . go—l—hgdivzga) dedt  (4.17)
Q o

for any ¢ € C°(Q1), ¢(0,-) =0, p(T,) =0, ¢ -n|r, = 0 for ¢t € [0,T], where we use the
definitions of A and ( stated in (4.12) together with the notation

67195 ess 7779
[p(e )] p(2,9) -9 p(@,’ﬁ) (1) + 89p(o, 19)19(1) +h7

3
€y 198 - 775 — — 9 — —
o Mt =D 50,710l + 2005270 + 1,
he = é (A |:g6 sleeve) = s(2.9) 798)5_ s, ﬁ)} + ARE — hZ) , (4.18)

and since both p and s are twice continuously differentiable we have by [17, Proposition 5.2]

ess sup / |hZ(t,x)| dz < Ce, (4.19)
te(0,1) Ja

ess sup / |h§(t,x)| dx < Ce. (4.20)
te(0,T) JQy
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4.4 Time lifting

The right hand side of (4.14) contains a measure o. and thus the associated solution is not
necessarily continuous. To prevent this, we adopt the method described in [17, Section 5.4.7]
- called time lifting - and we introduce a ”primitive” measure . on ); defined as

<Zs§ ‘P> = <U€§ I[@]>7
with ,
1g](tz) = / o(r, X (7, 2))dr

where X (7, z) is a solution to

%5{(7, x) = V(T, )~((7', a;))

with the condition X(t,z) = z. It follows that
(Xe300p + Vagp - V) = {023 9)

and Y. can be also identified as a mapping [0,7) MT(Qy), where . (t) is defined by the
duality with a function ¢ € C(€)) as follows

(Be(t);0) = lim (02;%sPeat), for almost all ¢ € [0,7)
6—04
with
0for7 <t
Ys(1) =3 3(r —t) for T € (t,t+0)
lforT>t+4

and @eyt(T, ) is the extension of the function @¢(x) given as

Peat (1, X(7, ) = &(x).

It holds that
2
ess 5P, e (0.1 1 Ze (8) | aa (ay < N0l a oy < €% (4.21)
‘We use a notation

(Be(t); ) 12/ Y. (t)pdx.

Q4
We define a new variable 4
Ze =7+ T3 (4.22)

and we rewrite (4.14) and (4.17) as

T T
/ / €Z.0yp+2. - Vap dadt = 5/ / (h;‘ Vap+hip— éEEV-VW) dzdt (4.23)
o Ja, o Ja, ¢

and
T T -
/ / ez - Op + CZodivaep dxdtzs/ / 270 g, F.p dzdt
o Ja o Jo, €
T A
+ a/ / (H; :Vep+hl-p+ <h§ + ?228> divz<p> dedt.  (4.24)
0 Q4

4.5 Reduction to a finite number of modes in moving domain

We want to reduce our problem and study it only after projecting it into finite number of
modes. To this end we follow the strategy developed in [18, Section 4] and we introduce the
eigenvalue problem

Vew = —-At)a, divpga=-At)w inQy, a-n=0 only,
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which admits solutions in the form

i . .
aj(t,CC) = T(t)vﬂﬁw]'(tvx)7 )‘J(t) =1 Aj(t)7 j=12,....
J

Here A;(t), w;(t,-) are eigenvalues and eigenfunctions of the Neumann Laplace problem
—Apw=A{t)win Q;, Vew-n=0 only,
which admits real eigenvalues
0=1~Ao(t) <Ai(t) < Aa(t) <

L2(Q)

We have that {a;(t,)}32, forms an orthonormal basis in Hi (L*(Q¢)) = {span {ia; (¢, )} }

Jj=1
and the eigenspace of Ao(t) = 0 is Hy(L*()).
Since V is smooth enough we use [3, Theorem 4.3] to conclude
1 1

<Ot

’Aj(tl) Aj(t2) | — el
for t1,t2 € [0, 7], however no such property holds for the eigenfunctions w; and a;. Therefore
we work with the projections on the eigenspaces spanned by finite number of eigenfunctions.
More precisely, fixing an integer M > 0 we define projections

Pulgl(t Z% / (ty)ws (ty) dy, € L*(Qr),

Qule Zaj / (ty)-as(ty)dy, @€ L2(Qr).

As explained in [18, Section 4] the Lipschitz continuity of projections Py, Qa cannot
be expected in general on the whole time interval [0,7] even if V is smooth, because such
property holds only under the assumption

AM+1 # A (4.25)

It may happen that there is no M > 0 such that (4.25) holds for all ¢ € [0,T]. This is solved
by introducing a finite cover of [0, 7] formed by intervals {I;};=,, where for every I € {1,...,n}
there exists M; > M for some fixed M such that

A]Wl+1 ;é A]y[l for all t € I. (4.26)

We take ¢ € C2°(I;) and ¢ € C2°((0,T) x R®) and use 9 (t) Par, [¢](t, =) as a test function
n (4.23) to obtain

/ Y / (0¢ Papy | Z2] + diva Qg [2e]) ¢ dzdt (4.27)
n Jo,
' A
=< [ (h‘* Vi Panlel + WPl = ZEV - VoPulel) dod
I
+e / Z atPMl -V -V, (P]y[l [ZE](,O) — PMl [Zg]at(p) dzdt.
n Jo,

We take ¢ € C2°((0,T) x R®), ¢o-n = 0 on T'y, and use ¥ (t)Qar, [](t, =) as a test function
n (4.24) to obtain

/ " / (0:Qua, 2] + (Vo Pary [22]) - o dadt (4.28)
L Ja.

A
+HL: V.o Qu o] +hZ- Qg le] + <h§ + 5—225> div. Qs [cp]) daxdt

+E/I (0 ; (ze - 0:Qu,[p] =V - Vo (Qury[2e] - ) — Qg [22] - Orp) ddi.
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We observe that introducing de; := Par,[Ze] and V.V, := Qar, [H'[z:]], the system of
equations (4.27)-(4.28) can be formally written as

ey + Aoy =ef2) (4.29)
eV, Ve )+ (Vade = ef?, (4.30)

for some f;’l, ffyl, which is to be satisfied in {(¢,2) : t € I;,z € Q¢}. However, we will rather
work with the weak formulation which reads as

/ P (e0rde, + Ay Ve ) pdxdt (4.31)
I Q4

[0 [ (bt TePulel+ 2Pl - 5V TPugfe]) daae
I Q

+5/ ¥ | (Z:00Pr, (0] = V - Vi (de 1) — deadrp) dudt =: ef 2 [0, ]
n o Ja,
for all ¢ € C°(1;) and ¢ € C°((0,T) x R?) and

/ P (a@tVZ\IJE,l + CV(Edg,l) . QDd.Tdt (4.32)

n Ja,

_ 0 — 0e 1,

=—¢ / <7vxF “Qu (@] + He = Vo Qo [#]
J1 Q €

2 6, A .
+h%- Qo] + <hs + 8—225) dive Qu, [cp]) dzdt
+£/ o [ (2 0Qui @] = V-V (Voo - @) — VoW - Drp) dadt = e£,[15, ).
I Qy
for all ¢ € C°(I) and ¢ € C°((0,T) x R?), ¢ -n = 0.

4.6 Conclusion of the proof

Let us remind that we want to prove (4.3). For this order we introduce the following partition
of unity on a time interval [0, T']

Zz/}l(t) =1 forallte[0,T], wherevy e C (L) I=1,..,n,
=1
where I; are intervals introduced in the previous section such that (4.26) holds and we write
T
/ Hi [o.(u. — V)] ® H- [(u. — V)] : Vi dadt
o Ja,
= Z/ Ui [ Hi[oe(u: — V)] @ H [(ue — V)] : Vo dadt
=171 2t

for test functions ¢ € CH(Qr), divep =0, ¢(0,-) = ¢(T,-) =0, ¢ -n|p, = 0.
We split both terms of the product into the finite mode part and the remainder part
Hi' [z] © Hy [(u: — V)] = (Quan, [Hi [z]] + (Hi [z:] — Qur, [Hi [2:])))
® (Qan, [Hi [ue — V]| + (Hi [ue — V] = Qag, [Hi [u: — V).

Moreover, we also have

H; [z.] — Qur, [Hy [z<]] = Hi [(0- — 2)(ue — V)] — Qg [Hi [(0c — 2)(ue — V)]
+ 2(Hi [ue — V] — Quy, [Hi [u. — V]))

and we recall that for e — 0

(0e —0)ue — 0  strongly in L2(07 T, L30/23(Qt)),
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so the same holds also for H [(0: — 8)(ue — V)] — Qar, [Hi [(0e — 7)(ue — V)]].
We want to show that the remainder terms are small if we choose M; large enough. We
start with a useful expression for the L?-norm of div,u.

Z div,a; / (ue —V)-a;dz

j=1 Q4

2

. 2 . 2
”leIuEHLz(Qt) = ||divs(ue — V)HLz(Qt) =

L2(9)

Y (/ﬂt(ue—vyajdx)Q

L2y I=!

2

Z \/Ajwj/ (uE — V) s ay dz
i=1 e

and we use it as follows

[ 0~ V1) - Qui [ o — V|

</Qt(u5 -V) -ajdw>2

1
infj>M Aj (t)

2
L2(2) - Z

Jj>M;
1

<t divoue |2z o,
inf;>ar, Aj(t) 4

||dinllgHi2(Qt) <

‘We observe that the quantity
1

infiefo,7), >0 Ay (1)
can be made as small as we want by the choice of M.
We are left with the goal of estimating the product of finite modes terms, namely

/ o [ Quy [HE (2] @ Qus [HE[(we — VY]] : Vagdadt — 0 ase— 0
I, Q

for all test functions ¢ € Cr(Qr), divae = 0, ¢(0,-) = ¢(T,-) = 0, ¢ -n|r, = 0 and for
I =1,...,n, which can be rewritten equivalently to

/ P Qun, [Hf [z.]] ® Qu,[Hi [2:] : Vopdadt — 0 ase — 0.
I N

We recall that we denoted V, V. ; = Qar, [Hi [2:]] and we have equations (4.29)-(4.30), or
more precisely their weak formulations (4.31)-(4.32) at our disposal. Integrating by parts we
have

/ W/ (VaWe ®@ Voo ) - Vopdadt
I Q

1
= —/ wl Ax\I/e,ZVx\I/a,l . (pdwdt — */ ¢l VCL‘|V;U\IIE,[|2 . (Pd.%‘dt
I (o8 2 Jy o
= */ (0 AW VoV, - pdadt
I Q
where we used that the second term on the middle line is zero due to the fact that divg¢e = 0.

We use the equation (4.31) with ¢ = Vo0, - ¢ and (4.32) with d. ;¢ as a test function
together with the transport theorem to obtain

— / ’l/)l Aac\llsylvx\llsyl . QOd.Tdt = 8/ wl atdg,lvaclps,l . (dedt - 5f51,l[wl, vx\ps,l . (P]
I Qy I

1 Q¢

. / " / (0(deaVaWey) — deydVaVey) - @dadt — el [bn, Voo, - o]
I, Q

= 5/ / (at(¢lds,lvxwa,l . <P) - de,lvx\l’s,l . 8z(’¢z(,0)) dzdt
1, Jo,

d?
+ /] wl o <Vac 2)l . ‘dedt - ng,l[q/)ly ds,l‘P] - Efsl,l[wh vxqjs,l . SO]
JI J

:fs/ " V-Vz(dE,lVZ\IJEJ~<p)dmdtf€// deaVa 0. - 8y (i) dadt
I, Q4 I, JQy

— ef2 [, deasp] — ef [, Va e - ], (4.33)

18



where the last equality is true because div,¢ = 0. All the terms on the right hand side are
multiplied by ¢, so to conclude our proof it is enough to show that the integrals contained in
the right hand side are bounded independently of £ and {. The first two integrals on the right
hand side of (4.33) contain only smooth functions and therefore are obviously bounded, so
we focus only on the terms f!, and f2;. By (4.31) we have

1 ——
L) /1 ¥

1 Qy

5 A
(11;l VP, @] + h2Pa, ] — EZEV -V Pu, [ap]) dedt  (4.34)

+ / o [ 2.0,Pa ) dadt + L[, o],
n Ja.

and one checks that I1[¢i, V2V, - ] contains again only smooth functions and therefore is
bounded. Similarly

£2,[0, ] = —/

I;

Q4
(4.35)

-/ (Q@+§EQdeﬁdﬂ—zf@Qmwoduﬁ+bWwL
n Jo,

with I3[, de 1] containing only smooth functions and therefore bounded. Recalling (4.4),
(4.7), (4.8), (4.10), (4.11), (4.15), (4.16), (4.18) and (4.22) we have

Z: = Qa(ua - V)

Zo= oV 4 A, 80202 —5@9) lop, A
¢ 3 ¢ ¢
Hi :*Q5u5®u5+857%]1+95u5®v

h? = 0.0,V + p.u. - V.V

1A Je _ = 0
hg - _le)v + gz (Kig )VCL’ﬁE - Qe(s(@:‘,'ﬁe) - 5(Q> 79))‘»‘5) + gFV

hizgvsz

hg — 1 <A |:st(95579€) — S(Qa,ﬁ):|
€ €
with b7, h satisfying (4.19)-(4.20). By Lemma 3.1 and (4.21) we conclude that

|20, VoW - ]| + [£21 001, deuep] | < c.

The proof of Theorem 2.1 is finished.

AR hz)
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