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Abstract. There are two basic ways of weakening the definition of the well-known metric
regularity property by fixing one of the points involved in the definition. The first resulting
property is called metric subregularity and has attracted a lot of attention during the last
decades. On the other hand, the latter property which we call semiregularity can be found
under several names and the corresponding results are scattered in the literature. We provide
a self-contained material gathering and extending the existing theory on the topic. We
demonstrate a clear relationship with other regularity properties, for example, the equivalence
with the so-called openness with a linear rate at the reference point is shown. In particular
cases, we derive necessary and/or sufficient conditions of both primal and dual type. As
an application we study an inexact Newton-type scheme for generalized equations with not
necessarily differentiable single-valued part.
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1 Introduction

The concept of regularity of a set-valued mapping F' acting from a metric space (X, d) into (subsets
of) another metric space (Y, g), denoted by F': X = Y, around a given reference point (z,y) in its
graph gph F' plays a fundamental role in modern variational analysis and non-smooth optimization,
see, for example, a recent survey [18] by Ioffe or books [4, 13, 23, 33|. By regularity we mean that
one of the three equivalent properties — metric regularity, openness with a linear rate around the
reference point, and pseudo-Lipschitz property? of the inverse £~! — holds for the mapping under
consideration. First, the mapping F is said to be metrically reqular® around (7,y) when 3 € F()
and there is a constant £ > 0 along with a neighborhood U x V of (Z,7) in X x Y such that

(1) dist (w,Fﬁl(y)) < kdist (y, F(z)) for every (z,y) €U xV,
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where dist(u, (') is the distance from a point u to a set C' and the space X x Y is equipped with
the product (box) topology. The infimum of £ > 0 for which there exists a neighborhood U x V'
of (Z,y) in X x Y such that (1) holds is called the regularity modulus of F' around (Z,7) and is
denoted by reg F'(z, 7).

Second, the mapping F is called open with a linear rate® around (z,7) when 3 € F(z) and
there are positive constants ¢ and € along with a neighborhood U x V' of (zZ,y) in X x Y such that

(2) Bly,ct] C F(B[xz,t]) whenever (z,y) €U xV, ye€F(zx) and te(0,¢),

where Blu,r] denotes the closed ball centered at u with a radius » > 0. The supremum of ¢ > 0
for which there exist a constant £ > 0 and a neighborhood U x V of (z,y) in X x Y such that
(2) holds is called the modulus of surjection of F around (Z,%) and is denoted by sur F(z,y) "
Finally, the mapping F': X = Y is said to be pseudo-Lipschitz around (z,y) when y € F(Z) and
there is a constant u > 0 along with a neighborhood U x V of (Z,7) in X x Y such that

(3) dist (y, F(z)) < pd(x,2') whenever z,2’ €U and ye F(@)NV.

The infimum of x> 0 for which there exists a neighborhood U x V' of (z,7) in X X Y such that
(3) holds is called the Lipschitz modulus of F' around (z,y) and is denoted by lip F(z, 7).
A fundamental well-known fact is that

(4) sur F(z,y) - reg F(z,5) =1 and  veg F(z,9) = lip F~ (g, 2),

under the convention that 0 0o = co -0 = 1, inf() = oo, and, as we work with nonnegative
quantities, that sup () = 0.

Fixing one of the components of (z,y) in (1), that is letting either x := Z or y := ¥, one gets
two different, weaker than regularity, concepts. Of course, one can reformulate both of them in
terms of openness and continuity of the inverse, respectively.

Definition 1.1. Consider a mapping F : X = Y between metric spaces (X, d) and (Y, 0) and
a point (z,y) € X x Y.

(A1) F is said to be metrically subregular at (z,y) when y € F(Z) and there is a constant k > 0
along with a neighborhood U of & in X such that

(5) dist (z, F~'(y)) < wdist (g, F(z)) for every z € U.

The infimum of k > 0 for which there ezists a neighborhood U of & in X such that (5) holds
is called the subregularity modulus of F' at (z,y) and is denoted by subreg F'(Z,7);

(A2) F is said to be pseudo-open with a linear rate at (z,y) when y € F () and there are positive
constants ¢ and € along with a neighborhood U of x in X such that

(6) y € F(Blx,t]) whenever x€UNF *(B[y,ct]) and te(0,¢).

The supremum of ¢ > 0 for which there exist a constant € > 0 and a neighborhood U of T in
X such that (6) holds is called the modulus of pseudo-openness of F' at (Z,y) and is denoted

by popen F(Z,7);

SThere are other equivalent definitions in the literature. Also note that in [13] the constant ¢ appears on the
right-hand side of (2).

"Clearly, we can replace the closed balls in (2) with the open ones.
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(A3) F is said to be calm at (z,y) when y € F(Z) and there is a constant pu > 0 along with
a neighborhood U x V of (z,y) in X XY such that

(7) dist (y, F(z)) < pd(z,z) whenever z €U and y€ F(z)NV.

The infimum of u > 0 for which there exists a neighborhood U x V' of (Z,7) in X XY such
that (7) holds is called the calmness modulus of F' at (z,y) and is denoted by calm F(Z, ).

Properties in (A1) and (A3) are entrenched in the literature [33, 13] and the metric subregu-
larity of a mapping is known to be equivalent to the calmness of its inverse. (A2) is defined and

proved to be equivalent with the remaining ones in [2]. More precisely, the following analogue of
(4) holds true

(8) popen F(Z,7) - subreg F(Z,7) =1 and subreg F(7,%) = calm F~'(y, 7).

The case when z := Z in (1), being the same as letting (z,y) := (Z,y) in (2), is known under
several names. In this note we provide a self-contained material gathering and extending results
on this property scattered in the literature and illustrate possible applications.

Definition 1.2. Consider a mapping F' : X = Y between metric spaces (X,d) and (Y, 0) and
a point (z,y) € X x Y.

(B1) F' is said to be metrically semiregular at (z,y) when y € F(Z) and there is a constant k > 0
along with a neighborhood V' of y in'Y such that

9) dist (f, F_l(y)) < ko(y,y) forevery yeV.

The infimum of k > 0 for which there exists a neighborhood V' of § in'Y such that (9) holds
is called the semiregularity modulus of F' at (Z,y) and is denoted by semireg F(Z,y);

(B2) F is said to be open with a linear rate at (z,y) when y € F(Z) and there are positive
constants ¢ and € such that

(10) Bly,ct] C F(Blz,t]) for each t € (0,¢).

The supremum of ¢ > 0 for which there ezists a constant € > 0 such that (10) holds is called
the modulus of openness of F' at (Z,y) and is denoted by lopen F(Z,y);

(B3) F is said to recede from y at (z,7) at a linear rate when § € F () and there is a constant
>0 along with a neighborhood U of T in X such that

(11) dist (g, F(z)) < pd(z,z) for each z € U.

The infimum of p > 0 for which there exists a neighborhood U of T in X such that (11)
holds is called the speed of recession of F' at (Z,y) and is denoted by recess F(Z, 7).

Properties (B1) and (B2) were studied by the third author in [29] (see also [31]), where their
equivalence was established (see Proposition 2.1 below) and the term semiregularity was suggested
for property (B1). This property has been later used in [3, 14, 37| under the name hemiregularity.
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Following [10], property (B2) was referred to in [29] as c-covering, while in the earlier paper [2§]
it was called simply regularity. This property can be found also in [14, 13]. In the recent survey
by loffe [18], the property is called controllability, the concept stemming from the control theory.
The explicit definition of lopen F'(Z,y) can be found in [26, 27], while its main components are
present already in [24, 25]. Note that thanks to the Robinson-Ursescu theorem, if F' has a closed
convex graph, the openness (with a linear rate) at a point is equivalent to the openness around
this point.

To the best of our knowledge, property (B3) first appeared in [23, p. 34| under the name
Lipschitz lower semicontinuity. It was defined for F~! via inequality (9). In [14], this property is
called pseudo-calmness. The terminology in (B3) above comes from [18].

A (graphical) localization of a set-valued mapping F' : X = Y around the reference point
(z,y) € gphF is any mapping F : X = Y such that gph FF = gph F N (U x V) for some
neighborhood U x V of (Z,y) in X x Y. Using this notion we can define “stronger” versions of
the properties mentioned above.

Definition 1.3. Consider a mapping F': X =Y between metric spaces (X,d) and (Y, ) and a
point (z,y) € X x Y. Then F is said to be

(S) strongly metrically regular around (Z,4) when F is metrically reqular at (Z,%) and F~* has
a localization around (y,T) which is nowhere multivalued;

(SA) strongly metrically subregular at (z,y) when F is metrically subreqular at (Z,y) and F~
has no localization around (y,x) that is multivalued at y;

(SB) strongly metrically semiregular at (z,7) when F is metrically semireqular at (Z,%) and F~*
has a localization around (y,x) which is nowhere multivalued.

Clearly, (S)-(SA) are connected with (and can be defined by) the properties of the inverse F'~*.
Indeed, (S) means that for each ¢ > reg F/(z,y) there is a neighborhood U x V of (Z,7) in X XY
such that the localization V' 3 y — F~!(y) N U is single-valued and Lipschitz continuous on V'
with the constant ¢ [13, Proposition 3G.1]. While (SA) means that for each ¢ > subreg F/(z,7)
there is a neighborhood U x V of (z,y) in X x Y such that

d(z,x) <lo(y,y) whenever z €U and ye F(z)NnV.

Finally, (SB) means that for each ¢ > semireg F'(z, 1) there is a neighborhood U x V' of (Z,¥) in
X x Y such that the localization V' 3 y — F~!(y) N U is single-valued and calm on V with the
constant /.

In Section 2, we recall that, similarly to (4) and (8), we have

(12) lopen F(z,¢) - semireg F(Z,7) =1 and  semireg F(Z,§) = recess '~ !(y, T),

and we provide a comparison with the other properties defined above. As in the case of regularity,
we omit the word “metrically” in the rest of the note, that is, we say that F' is subregular
(semiregular, strongly regular, etc.) at/around (z, 7).

Note that the validity of both the weaker point-based properties does not imply the stronger
one, that is, if F' satisfies (A1) and (B1) then F' does not need to be regular around the reference



point (see Example 2.3). Let us point out that if f : X — Y is a single-valued mapping then
we do not mention the point y = f(Z) in all the above definitions, that is, we write sur f(z),
reg f(z), etc., instead of sur f(z, f(z)), reg f(Z, f(Z)), etc.; and if the corresponding modulus is
independent of Z then we omit Z as well.

Suppose that X and Y are Banach spaces and A : X — Y is a continuous linear operator.
Then the Banach-Schauder open mapping theorem and the linearity of A imply (c.f. [33, Theorem
1.104 and Proposition 1.106], [3, Proposition 5.2]) that: A is reqular around any point < A is
semireqular at any point < A is surjective; moreover

semireg A =reg A and surA =sup{o>0: A(Bx) D oBy} = inf{||A*y"|| : y* € Sy+},

where A* is the adjoint (dual) operator to A acting between the dual spaces Y* and X* of Y
and X, respectively. This is a particular case of Proposition 2.2 (iv). If A is invertible, then
sur A = 1/||A7||. For a real m-by-n matrix A € R™*", sur A equals to the least singular value
of A. Using the Banach-Schauder theorem again, if A has closed range, then it is subregular at
any point; and if, in addition, A is injective then it is strongly subregular everywhere. Note that
both the statements fail without the closedness assumption (see [8, Example 2.7]). In general, A
is strongly subregular everywhere if any only if x := inf,es, ||Ah| > 0; moreover subreg A = 1/x.
If the dimension of X is finite, then x > 0 if and only if A~1(0) = {0}, that is, A is injective.
Using the above notation, for a non-linear mapping we have the following result:

Theorem 1.4. Consider a mapping f : X — Y defined around a point x € X and a continuous
linear mapping A - X — Y.

(i) Then sur f(z) > sur A — lip(f — A)(Z). If, in addition, the mapping A is invertible and
lip(f—A)(Z) < sur A, then f is strongly reqular at T and sur f(z) > 1/||A7Y|—lip(f — A)(z).

(ii) If A is strongly subreqular (everywhere) and calm(f — A)(Z) < popen A, then f is strongly
subregular at T and popen f(z) > popen A — calm(f — A)(z) ( > 0).

Theorem 1.4 is a particular case of the well known fact that (strong) regularity as well as strong
subregularity are stable with respect to a single-valued perturbation (see Theorem 1.9 below). Part
(i) was proved by Graves [16] and Graves-Hildebrand [17]. More precisely, Graves proved that
lopen f(z) > sur A —lip(f — A)(z) > 0, which is weaker. As observed in [11] a slight modification
of the original proof yields the (stronger) version above. If A is the strict derivative® of f at Z, that
is, when lip(f — A)(Z) = 0, then we have sur f(z) = sur A. This is the case, for example, if f is
(Gateaux) differentiable in a vicinity of z and the derivative mapping X > z —— Df(x) € L(X,Y)
is continuous at . In fact, the weak Gateaux differentiability is enough. In particular, the
Lyusternik theorem [32], proved before the Graves theorem, follows from Theorem 1.4. On the
other hand, assume that X :=R" and Y := R™. If f is strictly differentiable at Z, then there is a
neighborhood U of Z such that f is Lipschitz continuous on U. Let D C U be the set of all x € U
such that f is Fréchet differentiable at x. Then D has full Lebesgue measure by the Rademacher
theorem. Moreover, the Jacobian mapping D > x —— V f(x) € R™*™ is continuous at z [34,
Lemma 5.1|. However, this does not imply that f is differentiable on any neighborhood of z ([34,
p. 324] or [13, p.35]). If f is differentiable in a vicinity of & then f is strictly differentiable at z if

8Sometimes called strong derivative [34].



and only if V f is continuous at z [13, Proposition 1D.7]. Theorem 1.4 (ii) which can be found as
[8, Theorem 2.1], for example, fails when (non-strong) subregularity is considered [13, p. 201].
Let us mention examples where (strong) (sub)regularity holds.

Example 1.5. Consider a mapping F': R” = R"™.

(i) Suppose that a matrix A € R™*" is positive definite (not necessarily symmetric) and F is
maximal monotone, for example, F' := Jy, a subdifferential in the sense of convex analysis
of a proper convex function ¢ : R” — RU{oo}. Then A+ F is strongly regular around any
point with U =V = R" [38, Lemma 2.2].

(ii) Suppose that F' has a monotone localization around a point (Z,7). Then F is strongly
regular around (z,y) if and only if it is regular around the same point [13, Theorem 3G.5].

(iii) Suppose that gph F' is the union of finitely many (convex) polyhedra. Then F' is subregular
at any (z,7) € gph F' [13, Proposition 3H.1]. Moreover, F' is strongly subregular at (z,7) if
and only if Z is an isolated point of F'~*(y) [13, Proposition 3L.1].

To check the regularity of the mapping in question we have the following regularity criterion
[15, Corollary 1], [19, Theorem 1b], [9, Proposition 2.1].

Proposition 1.6. Let (X, d) be a complete metric space and (Y, o) be a metric space, let & € X
be given, and let g : X — Y be a continuous mapping, whose domain is all of X. Then sur g(Z)
equals to the supremum of all ¢ > 0 for which there is v > 0 such that for all (x,y) € B(Z,r) X
(B(g(z),r) \ {g(x)}) there is a point =’ € X satisfying

(13) cd(x',x) < o(g(x),y) — og(z'), y).

More precisely, Fabian and Preiss [15] proved only a sufficient condition guaranteeing that
lopen g(z) > 0. The full version (for set-valued mappings) was shown independently by Ioffe [19].
As in the case of Theorem 1.4, only a tiny modification of the original proof from [15] yields the
statement above (see [9]). Although Proposition 1.6 is formulated for a single-valued function, it
is well-known that the study of regularity properties for a set-valued mapping F' : X = Y can
always be reduced to the study of the corresponding property for a simple single-valued mapping,
namely, the restriction of the canonical projection from X x Y onto Y, that is, the assignment
gph F' 35 (z,y) — y € Y (e.g., see [19, Proposition 3|). Using this, one gets the following
statement for set-valued mappings.

Theorem 1.7. Let (X, d) and (Y, ) be metric spaces and let F : X =Y be a set-valued mapping
having a localization around (Z,y) € gph F' with a complete graph. Then sur F(Z, ) equals to the
supremum of all ¢ > 0 for which there are r > 0 and o € (0,1/¢) such that for any (z,v) €
gph F'N (B(ﬁc, r) x B(y, 7“)) and any y € B(y,r) \ {v} there is a pair (x',v") € gph F' satisfying
(14) cmaX{d(x,x/),ag(v,v/)} < Q(Uay> - Q(Ulvy)'

It follows directly from the definition that a mapping F': X == Y is subregular at (z,y) € gph F’
if and only if its subregularity constant at (z,y) defined in [30] as®

o o dist (g, F'(x))
1 r . : f
( 5) SuR [ ](377 y) x_}gz,lrilg}«g—l(g) dist (-T, Fﬁl(@))

9 In this article, we use notations SuR [F](Z,7y) and SeR [F](Z,y) for the subregularity and semiregularity
constants, respectively, cf. (15) and (24).



is positive (with the convention that the limit in (15) is oo when Z is an internal point in F'~1()).
When 7 is an isolated point in F~*(y), then SuR [F](Z, %) coincides with the steepest displacement
rate at (z,y) defined by Uderzo in [36] as
- .. . dist (g, F(x))

16 F|* =1 f—

(16) [F(2,9) = liminf —7 25

(with the convention that the limit in (16) is co when 7 is an isolated point in dom F'). The
inequality |F[¥(Z,y) > 0 is equivalent to the strong subregularity of F at (Z,¢). It is elementary
to check that

(17) SuR [F|(z,y) - subreg F(z,y) = 1,

and hence SuR [F|(z,y) = popen F(z, 7).

There is a similar statement to Theorem 1.7 guaranteeing the (strong) subregularity. The
next theorem combines a portion of [30, Corollary 5.8] (with condition (d)) and [8, Theorem 5.3].
The latter one was formulated in [8] for Banach spaces, but its proof remains valid in the present
setting.

Theorem 1.8. Let (X, d) and (Y, ) be metric spaces and let F: X =Y be a set-valued mapping
having a localization around (z,y) € gph F' with a complete graph. Then SuR [F|(Z,y) (respec-
tively, |F|Y(Z,7)) equals to the supremum of ¢ > 0 for which there exists r > 0 such that for any
(x,y) € gph F with v ¢ F~(y) and d(x,z) < r (respectively, 0 < d(x,z) < r) and o(y,y) < r,
there is a pair (u,v) € gph F'\ {(x,y)} satisfying

(18) CmaX{d(u7$)>TQ<vvy)} < Q(ya g) - Q(vmg)'

Theorems 1.7 and 1.8 can be used to get short proofs of various regularity statements in the
literature [18, 9].

In Section 3, we will discuss conditions guaranteeing (strong) semiregularity and derive primal
and dual derivative-type conditions. Note that (sufficient) conditions for (non-strong) subregular-
ity and semiregularity are much more involved because of their instability with respect to calm (or
Lipschitz) single-valued perturbations (see counterexamples [13, pp. 200-201]). More precisely,
for these two properties, the analogues of the following statement (see [13, Theorems 5E.1 and
5F.1] and [8, Corollary 2.2]) fail without additional assumptions.

Theorem 1.9. Let (X, d) be a complete metric space, (Y, 0) be a linear metric space with a shift-
invariant metric, and (z,y) € X x Y. Consider a mapping g : X — Y defined around T and
a mapping F': X =Y such that y € F(T).

(i) If F is (strongly) reqular around (z,y) and lip g(Z) < sur F(z,y), then so is g + F around
(z,9(%) +7) and

sur (g + F)(z,9(z) + y) > sur F(z,y) — lipg(z) > 0.

(i1) If F is strongly subreqular at (Z,y) and calm g(Z) < popen F(z,y), then so is g + F at
(%,9(2) +9) and

popen(g + F')(, g(%) + §) > popen F(z,y) — calm g(z) > 0.



The above statement fails if a perturbation is set-valued (see [13, Example 51.1] and [8, p. 5]).
However, in Section 4, we prove that the sum of two set-valued mappings is semiregular provided
that one is regular while the other is pseudo-Lipschitz.

In Section 5, as an application of the theoretical results, we provide a local convergence analysis
for Newton-type iterative schemes for solving a generalized equation, introduced by Robinson in
[35], which reads as:

(19) Find x € X such that f(x)+ F(z) 30,

where X and Y are (real) Banach spaces, f : X — Y is a single-valued (possibly nonsmooth)
mapping, and F' : X = Y is a set-valued mapping with closed graph. This model has been used
to describe in a unified way various problems such as equations (when F' = 0), inequalities (when
Y =R" and F = RY), variational inequalities (when Y = X* and F' is the normal cone mapping
corresponding to a closed convex subset of X or more broadly the subdifferential mapping of
a convex function on X).

The Newton iteration for (19) with a smooth function f, also known as the Josephy-Newton
method [22], has the form

(20) f(xzx)+ f'(xr) (g1 — 2x) + F(2ge1) 20 for each k€ Ny:={0}UN and a given z, € X.

From the numerical point of view, it is clear that the auxiliary inclusions above cannot be solved
exactly because of the finite precision arithmetic and rounding errors. Moreover, it can be much
quicker to find an inexact solution at each step which has a sufficiently small residual. Various
(in)exact methods were proposed in the literature (see [20] for an in-depth study and a vast
bibliography, or [23] and references therein). In order to represent inexactness, Dontchev and
Rockafellar proposed in [12] an inexact version of the iteration (20) in which, for given k& € Ny and
xr € X, the next iterate z,.; € X is determined as a coincidence point of the mapping on the
left-hand side of (20) and a mapping Ry : X x X = Y which models inexactness, that is,

(21) (f(@x) + f(zp)(@rin — 2x) + Flag)) O Ri(wg, 2ep1) # 0.

We are going to analyze an inexact Newton-type iteration for the case when the function f in (19)
is not necessarily differentiable. Specifically, we introduce a mapping H : X = L(X,Y") viewed as
a generalized set-valued derivative of the function f, and consider the following iteration: Given
an index k € Ny and a point x, € X, choose any Ay, € H(xy) and then find x4 € X satisfying

(22) (f(xk) + Ak<wk+1 - LEk) + F(Z’k+1)) N Rk(:ck, $k+1) #* 0.

The case when the mappings R, depend on the current iterate xj only, was studied in [7].

Notation and terminology. When we write f : X — Y we mean that f is a (single-valued)
mapping acting from X into Y while F': X = Y is a mapping from X into Y which may be
set-valued. The set dom F' := {x € X : F(x) # 0} is the domain of F, the graph of F is the set
gph F:= {(z,y) € X xY : y € F(x)} and the inverse of F' is the mapping Y 3 y — {x € X :
y € F(z)} = F'(y) C X; thus F~! : Y = X. In any metric space, B[z, r] denotes the closed
ball centered at x with a radius » > 0 and B(x,r) is the corresponding open ball. By and Sy



are respectively the closed unit ball and the unit sphere in a normed space X. The distance from
a point = to a subset C' of a metric space (X,d) is dist(x,C) = inf{d(z,y) : y € C'}. We use
the convention that inf () := co and as we work with non-negative quantities we set sup () := 0. If
a set is a singleton we identify it with its only element, that is, we write a instead of {a}. The
symbol £(X,Y’) denotes the space of all linear bounded operators from a Banach space X into
a Banach space Y. Then R™" := L(R",R™) and X* := L(X,R). Given A € L(X,Y), the
operator A* : Y* — X* denotes the adjoint (dual, transpose) operator to A. The transpose of a
matrix A € R™" is AT € R™™. Given a set A in £(X,Y), the measure of noncompactness x(A)
of A is defined as

X(A) := inf {T >0: ACF +rBgx,y) for some finite F C A}.

Given an extended real-valued function ¢ : X — R U {co} and a point x € X, the limes inferior
of ¢ at x is defined by
liminf p(u) :==sup inf o(u).

Uz r>0 vEB(z,r)

2 Relationship among regularity concepts

Let us start with a simple observation [14, Proposition 2.4] and [29, Theorem 6(i)]:

Proposition 2.1. Consider a mapping F : X =Y between metric spaces (X, d) and (Y, 0) and
a point (Z,y) € gph F'. Then (12) holds, that is,

lopen F(Z,y) - semireg F(z,7) =1 and semireg F(Z,y) = recess F (g, 7).

Proof. First, we show that semireg F'(Z,y) < 1/lopen F(Z,y). If lopen F'(Z,y) = 0 we are done.
Suppose that this is not the case. Fix any ¢ € (0,lopen F/(Z,y)). Find € > 0 such that B[y, ct] C
F(Blz,t]) foreach t € (0,¢). Let V := IB(y,ce). Pickany y € V\{y}. Thent := o(y,y)/c € (0,¢)
and y € B[y, ct]. Hence there is z € X such that y € F(z) and d(z,2) <t =c"to(y,y). Ify =7,
then we take  := = and the latter inequality holds. Letting ¢ 1 lopen F'(z,y) we get the desired
estimate. Clearly, the opposite inequality holds when semireg F'(Z,3) = oco. Assume that this is
not the case and pick any k > semireg F'(z,y). Find v > 0 such that dist (f, F*I(y)) < ko(y,y)
for each y € B(y,7v). Fix any ¢ € (0,1/k). Let ¢ := yk. Given t € (0,¢) and y € By, ct], we
have y € IB(y, ), and consequently dist (f, F*I(y)) < ko(y,y) < t. This implies that B[y, ct] C
F(B(z,t)) C F(Bz,t]). Letting ¢ T 1/k, we conclude that lopen F(z,y) > 1/k > 0, that is,
k > 1/lopen F(z,y). Letting x | semireg F'(z,y), we get semireg F(z,y) > 1/lopen F(z,y). The
first equality in (12) is proved. The latter statement in (12) is obvious from the definitions (B1)
and (B3). O

Proposition 2.2. Consider a mapping F : X =Y between metric spaces (X,d) and (Y, ) and
a point (Z,y) € X x Y. Then

(i) lopen F(z,y) > lim inf lopen F(z,y) > sur F(z, 7).

T (zy)—(29), yeF (z)



(11) Suppose that X andY are normed spaces and that F' has a locally star-shaped graph at (Z,7),
that is, there is a € (0,1] such that (1 —t)(z,y) + tgph F' C gph I for each t € [0,a]. If
there are positive constants o and B such that
(23) Bly,p] € F(Blz,a]),
then lopen F(z,y) > /.

(11i) If X and Y are normed spaces and F has a convex graph then lopen F(Z,y) = sur F(Z, 7).

(w) If X andY are Banach spaces and F is a closed convex process, that is, gph F' is a closed
convex cone in X XY, then

lopen F'(0,0) = sur F'(0,0) = sup{o > 0: F(Bx) D 0By} = inf{||z*|| : z* € F*(Sy+)},
where F* : Y* — X* is the adjoint process to F defined by

Fr*(y") ={a" € X" : (z",x) < (y",y) for each (x,y) € gph F'}.

Proof. Statement (i) follows immediately from the definitions of sur F'(zZ,§) and the limes inferior,
while (iv) is [18, Theorem 7.9]. Assume without any loss of generality that z =0 and § = 0.
(ii) By assumption, there is a € (0, 1] such that 7 gph F' C gph F' for each 7 € [0, a]. Then (23)
implies that
T8By C F(raByx) foreach 7 €]/0,qa).

Indeed, fix any such 7. Pick an arbitrary y € 75By. Then v := y/7 € fBy. By (23), there is
u € X such that v € F(u) and ||u|| < a. Then = := 7u € TalBx. Moreover, (z,y) = 7(u,v) €
Tgph F' C gph F. Thus y € F(x).

Set ¢ := f/a and € := aa. Fix any t € (0,¢). Then 7 :=t/a € (0,a), and consequently,

F(tBx) = F(raBx) D 76By = ctBy.

(iii) By (i), it suffices to show that lopen F'(0,0) < sur F'(0,0). Fix arbitrary ¢, ¢ € (0,lopen F(0,0))
with ¢ < ¢ Find a € (0, 1) such that caBy C F(aBx), and then r > 0 such that c(a+r)+r < ¢a.
Fix any (z,y) € gph F' with ||z|| < r and ||y|| < r. Then

Bly,c(a+r1)] C (cla+71)+7r)By C éalBy C F(aBx) C F(Blz,a+r]).

As in the proof of (ii), with a := 1, § := ¢(a + r), and (Z, ¥y, «) replaced by (z,y,a + r), we
conclude that for any ¢t € (0, « + ) we have Bly, ct] C F(B[z,t]). Since a and 7 are independent
of (x,y), we obtain that sur F'(0,0) > c. Letting ¢ 1 lopen F'(0,0) we get the desired estimate.

]

To illustrate the difference between the regularity properties we provide the following examples.

Example 2.3. Consider a function f : R — R defined by

B x+x}s1n(1)‘ if x#0,
f(m)_{o : it =0
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Then f is locally Lipschitz around 0, Fréchet differentiable at 0 (and almost everywhere) but
not strictly differentiable at 0, and there is no neighborhood U of 0 such that f is differen-
tiable on U. Moreover, f is semiregular (not strongly), strongly subregular at 0, and sur f(0) =
hgn_)iéqf lopen f(x) = 0, while f’(0) = lopen f(0) = popen f(0) = 1. In particular, the first inequal-

ity in Proposition 2.2 (i) is strict.
Example 2.4. Consider a function f : R = R given by

x, if x <0,
f(l'): 'T_%’ lf%<$§n_i1> n:3747"'7
x—%, ifx>%,

and its epigraphical mapping F'(z) := {y € R : y > f(x)}, v € R. It is easy to check that
lopen F'(z,y) = oo if y > f(x) and lopen F(z,y) = 1 if y = f(z). Hence,

lilrglinf {lopen F(z,y) : (z,y) € gph F' N (B(0,7) x B(0,r))} = 1.

Take any » > 0 and € > 0, and choose an index n € N such that x,, := }L—F % <randt,:=
Then y, := f(z,) = & <r and

<e.

sup{c > 0: Bly,,ct,| C F(B|x,,t,])} = %

Hence,

inf inf sup{c > 0: Bly,ct] C F(Bz,t])} =0,
(x,y)€gph F'N (B(O,T) ><B(O,r)) te(0,¢)

and therefore sur F'(0,0) = 0. Consequently, the second inequality in Proposition 2.2 (i) is strict.

3 Primal and dual conditions

It follows directly from Definition 1.2(B1) that a mapping F' : X = Y is metrically semiregular
at (Z,y) € gph F' if and only if the quantity

- oy, 9)
24 SeR|F|(z,y) := liminf -
( ) [ ]( y) y—7, y¢F(T) dist (.%’ l(y))
is positive (with the convention that the limit in (24) is co when y € int F'(Z)). It is easy to check
that SeR[F|(z,y) coincides with the reciprocal of the exact lower bound of all £ > 0 such that (9)
holds true for some neighborhood V' of g, and hence, SeR[F|(z,y) = lopen F(z, 7).

Theorem 3.1. Let (X,d) be a metric space, (Y, 0) a complete metric space, and let F: X =Y
be a set-valued mapping such that (Z,y) € gph F and the function y — dist (z, F~(y)) is upper
semicontinuous near 1. Set

oy, 9) . ;
(25) o(y) = < dist (z, F~(y))’ ity # 9,
0, otherwise,

11



ply) — plv)

26 FlSx(Z,y) := liminf su

(26) VF[Ser(7,9) = liminf o(y,9) L
Then

(27) —|VF|seR( y) < SeR[F|(Z,9) < |[VF[3r(Z, 7).

In particular, if numbers ¢ > 0 and r > 0 are such that, for any y € Bly,r] \ F(Z), there is
a vector v € Y satisfying

0(y,9) (p(y) — p(v)) > coly,v),
then SeR[F|(z,y) > ¢/2.

Proof. In view of (24),
(28) SeR[F|(z,y) = liminf o(y).

y—=7, y¢F(7)

We prove the first inequality in (27). If SeR[F](7,7) = oo, the inequality holds trivially. Let
SeR[F|(z,y) < v < oo. We are going to show that |VF|{.z(Z,7) < 2vy. Note that ¢ is lower
semicontinuous near § and ¢(y) > 0 for all y € Y. Choose a number ¢ > 0 such that ¢ is lower
semicontinuous on B[y, 3d]. By (28), there exists a point ¢’ € B[y, d| such that y ¢ F(z) and
o(y') <. Set & := o(y',y). Then 0 < ¢ <. Employing the Ekeland variational principle, we
find a point § € B(y',d") such that ¢(y) < ¢(y') and

(29) e(9) < p(v) + 5,9(1/, v)

for all v € By, 3d]. Since ¢(7) < ¢(y') < oo, in view of (25), we have either § ¢ F(Z) or § = 4.

At the same time,
0(9,9) = o(y',5) — 05, y') > 0.
Thus, ¢ # y, and consequently, y ¢ F(z). Note that

0(5,7) < oG, y') + oy, §) < 2"
If v ¢ Bly, 3], then

o) < ply) <7 < 3:(35 = 28) < L(e(v.7) = 0(3:9)) < 50(5:v) < p(v) + L oG v).

Hence, inequality (29) holds true for all v € Y, and consequently,

o w(@)—w(v) Y
o(9,y) sup ———+—— < 20 -
( )v;ﬁ@ o(y,v) &
Thus,
. _ — v
inf o(y, ) sup #ly) = olv)

< 27.
y€B(9,20)\F (Z) v#y Q(ya U) !

Passing to the limit as § | 0, we obtain |V F|$.z(Z,y) < 2v. Since v > SeR[F](z,y) is arbitrary,
the first inequality in (27) is proved. Given any y # 7, we have

o(y) — p(v) o(y) — »()

o(y,y)sup = o0y, Yy ~ = ¢
:9) vty 0y, 0) w.9) oy, 9) 0
In view of the representations (26) and (28), this proves the second inequality in (27). O
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Remark 3.2. The second inequality in (27) is valid without the assumptions of the completeness
of Y and upper semicontinuity of the function y — dist (z, F~!(y)). The last property holds, for
example, if F~1 is lower semicontinuous, that is, when £ is open at the corresponding reference
point.

Let X and Y be normed spaces. Given a set {2 C X and a point T € (2, the Fréchet normal
cone to Q at , denoted by Ng(Z), is the set of all #* € X* such that for every € > 0 there exists
0 > 0 such that

(", — ) <e|lxr — x| whenever xe€ QN B(z,0J).

For a mapping F': X = Y with (z,y) € gph F, the Fréchet coderivative of F at (z,y) acts from
Y™ to the subsets of X* and is defined as

-~

V' sy DF@ ) = {o" € X1 (0, —y") € Nmr(@,9)}
We have the following dual necessary condition for semiregularity [29, Theorem 6 (iv)].

Theorem 3.3. Consider a mapping F' : X =Y between normed spaces X and Y and a point
(z,y) € gph F. Then

SeR[F](z,9) < inf {||la"]|: 2" € D*F(z,9)(y")}.

y*egy*
Hence, if F is semireqular at (Z,y) then
DF(5,5)(0) = {0},
In finite dimensions, using Brouwer’s fixed point theorem, we get:

Theorem 3.4. Consider a point & € R™ along with a mapping f : R™ — R™ which is both defined
and continuous in a vicinity of . Suppose that there is a surjective linear mapping A : R* — R™
such that calm(f — A)(z) < sur A. Thenn > m and

lopen f(z) > sur A — calm(f — A)(z) > 0.

Proof. Clearly, if n < m, there is no chance to have a linear surjection from R"™ onto R". Therefore
n > m. Without any loss of generality assume that z = 0 and f(z) = 0. Let us identify
a linear mapping A with its matrix representation in the canonical bases of R” and R™. Then
A € R™™ has a full rank m. Hence the (symmetric) matrix AAT € R™™ is non-singular. Let
B = AT(AAT)~! € R™™. Note that sur A is equal to the smallest singular value of A and || B||
is equal to the largest singular value of B. As

BTB = (AT(AAT)™) AT(AAT) T = (AAT) ™))" = ((AAT)T) ™ = (4AT),

the singular values of A and B are reciprocal. Therefore ||B|| = 1/sur A. Pick any ¢ € (0,sur A —
calm(f — A)(0)). Let v > 0 be such that calm(f — A)(0) + ¢+ v < sur A. By the assumptions,
there is € > 0 such that f is continuous on IB(0, 2¢) and

(30) | f(x) — Az|| < (calm(f — A)(0) + ) ||z|| whenever z € IB(0,2¢).
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Fix any ¢ € (0,¢). Pick an arbitrary y € B0, ct]. Define the mapping h, : Bg» — R™ by
1
(31) hy(u) = ZB (A(tu) — f(tu) +y), u € Bgn.

Note that, for every v € IB|0,2], we have tu € IB(0,2¢). In particular, h, is well defined and
continuous on Bgn. Given u € Bgn, inequality (30) with z := tu implies that

Iyl < HIBI () — F(ru)) + 9]

< B (ot — )0) +9) el + ) < P2V (Gcatmn(r — )0) + )1 +-t)

= ||B]|(calm(f — A)(0) + ¢ +~) < || B]| sur A = 1.

Therefore h, maps Bg- into itself. Using Brouwer’s fixed point theorem, we find u, € Bg» such
that h,(u,) = u,. Hence Ah,(u,) = Au,. As AB = Igm, the definition of h, implies that

Altuy) — f(tuy) +y = tA(uy) = A(tuy).

Then z, := tu, is such that f(z,) = y and ||z,|| < t. Hence y € f(BJ0,t]). Since y € B[O, ct]
was chosen arbitrarily, we have B[0,ct] C f(B]0,t]). Therefore lopen f(z) > c. Letting ¢ 1
(sur A — calm(f — A)(0)), we finish the proof. O

The above statement is quite similar to Theorem 1.4 with one important difference. If, in
addition to the assumptions of Theorem 3.4, the mapping A is invertible, then n = m and
sur A = 1/]|A7Y|. Consequently,

lopen f(z) > 1/[| A" - calm(f — A)(2).

However, Example 2.3 shows that one cannot conclude that f is strongly semiregular at x, that is,
that the mapping f~! has a single-valued localization around (7, f(Z)). This example also shows
that we can have sur f(z) = 0 although all the assumptions of Theorem 3.4 hold.

We immediately obtain that the surjectivity of the Fréchet derivative at the reference point
implies the openness with a linear rate of the mapping in question at this point. The following
result improves [13, Corollary 1G.6] where a weaker property of openness is shown. This statement
was motivated by a discussion of the second author with V. Kaluza, who suggested a proof using
Borsuk-Ulam theorem.

Corollary 3.5. Consider a point x € R™ along with a mapping f : R™ — R™ which is both defined
and continuous in a vicinity of & and Fréchet differentiable at z. If f'(Z) is surjective, then n > m
and lopen f(z) > sur f'(z) > 0.

We also obtain an extension of [13, Theorem 1G.3].

Theorem 3.6. Suppose that the assumptions of Theorem 3.4 hold and denote by X' the set of all
selections for f~1 defined in a vicinity of y := f(Z). Then

inf calm o(7) < L
oz (RO = sur A — calm(f — A)(x)
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and

: T T\=1\(7 calm(f — A)(z)
;Ielg calm(e — AH(AAT) (@) < sur A (sur A — calm(f — A)(z))

In particular, iof f is Fréchet differentiable at T, then there is o € X which is Fréchet differentiable
at iy and
o'(y) = [f (@ (f @) [f@)])7).
Proof. Let B, ¢, v, €, and t be as in the proof of Theorem 3.4. Consider the mapping
V= B[0,ct] >y — o(y) :=x, € B[0,t] =: U,

where z, is such that h,(z,/t) = x,/t with h, defined in (31). We already know that f(o(y)) =y
for each y € V. Moreover, given y € V', we have by (31) and (30)

lo@)ll = lIthy(a(w)/DI = 1B (Alo(y)) = f(a(y)) +y) |
< |IBl[((calm(f = A)(0) + ) o)l + llyll)-
As ||B]| = 1/sur A and calm(f — A)(0) + v < sur A, the above estimate implies that

1
sur A — calm(f — A)(0) — v lyl|

(32) llo(y)]| < whenever y € V.

Moreover, for a fixed y € V| we have by (31) and (30)

lo(y) = Byl = llthy(a(y)/t) = Byl = [[B (Ala(y)) — fla(m) |
< |IBll(calm(f = A)(0) +7) lo ()]l

Using (32), we get

calm(f — A)(0) + v
sur A (sur A — calm(f — A)(0) — )

(33) lo(y) — Byl| < |yl whenever y € V.

As v > 0 can be arbitrarily small, (32) and (33), respectively, imply the desired estimates.
To prove the second part, it suffices to observe that if f is Fréchet differentiable at z then

calm(f — f'(z))(z) = 0. O

A similar approach as in the proof of Theorem 3.4, but applying Kakutani’s fixed point theorem
instead of Brouwer’s theorem, yields a sufficient condition for openness with a linear rate of a set-
valued mapping satisfying certain “strong monotonicity/ellipticity” assumptions.

Theorem 3.7. Consider positive constants { and r, a point (z,y) € R* x R, and a mapping
F :R" = R™ with (z,y) € gph F. Assume that F' has a closed graph and convex values, the set
F(B|z,r]) is bounded, and that one of the following conditions holds:

(C1) for each x € B[z,r| there isy € F(x) such that (y —j,x — ) > l||lx — Z||*;

(C2) for each x € B[z, r| there is y € F(x) such that (j —y,x — ) > l||z — 7||*.
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Then lopen F(Z,y) > {; more precisely,
(34) By, (t] C F(B|z,t]) for each te€ (0,r].

Proof. Note that (34) for F' satisfying (C2) follows by considering the reference point (z, —y) and
the mapping —F', which necessarily satisfies (C1). Suppose that (C1) holds. Assume without any
loss of generality that (z,y) = (0,0). Find m > 0 such that F(B[0,r]) C IB[0,m].

First, we show that

(35) B0, ct] C F(B[0,t]) foreach c¢e€ (0,¢) andeach t¢€ (0,r].
Let ¢ and t be as in (35). Fix an arbitrary (non-zero) y € IB[0, ct]. Pick o > 0 such that
200 <1 and a(m+er)? < 2(0—co)t?
Define the mapping H : IB[0,t] = IB|0, t], depending on the choice of (y, ¢, t, a), by
H(u) := (u+a(y — F(u))) N B[0,t], ue B,

Fix any u € B[0,t]. Using (C1), we find a point v € F(u) such that (v,u) > f||ul[?>. Let
z:=u+ aly —v). Then

217 = [lull® + 2a(u,y — v) + &®lly — o> = |Jul]* = 2a(v, w) + 2a(u, y) + o®[ly — v]|*
< (1 =2a0)[ull® + 2allulllly]] + > ([l + lyll)*
< (1 —2a0)t® + 2at(ct) + o (m + cr)® < (14 2a(c — 0))t* + 2a(l — o)t* = t°.

Hence z € H(u). Consequently, the domain of H is equal to IB[0, t], which is a non-empty compact
convex set. Since F' has closed graph and convex values, we conclude that H has the same
properties. Applying Kakutani’s fixed point theorem, we find v € BJ0,t] such that v € H(u).
This implies that y € F(u) C F(BI0,t]). As y € B[0,ct], and also (c,t) € (0,¢) x (0,r] are
arbitrary, (35) is proved.

To show (34), fix any ¢ € (0,7]. Pick an arbitrary y € B[0, ¢t]. Let y,, := (1 — 1/n)y for each
n € N. Then (y,,) converges to y. For each n > 2, using (35) with ¢ := (1 —1/n)¢, we find z,, € R"
such that y,, € F(z,) and ||z,| < t. Passing to a subsequence, if necessary, we may assume that
(x,,) converges to, say, x € R™. Then ||z|| <t and y € F(x) because gph F' is closed. So F(IB]0,1])
contains y, which is an arbitrary point in B]0, ¢¢]. O

The above statement implies [6, Theorem 1 and Corollary 1] under slightly weaker assumptions
and the above proof also shows that there is no need to extend the locally defined mapping under
consideration on the whole space.

Corollary 3.8. Consider positive constants { and r, a point T € R™, and a mapping F : R" = R"
with dom F' = B[z, r]. Assume that F' is upper semicontinuous, has compact convex values, and

(36) VaeBEr|Vye F() e F): (y—yz—1) >z

Then, for each y € R™ such that dist (y, F(z)) < rl, there is x € B[Z,r] satisfying

yeF(z) and |o— 7| < %dist (v, F(2)).
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Proof. Since F' is upper semicontinuous and has compact values, using a standard compactness
argument we conclude that the set F'(IB[z,r]) is bounded. Moreover, gph F' is closed since F is
upper semicontinuous with closed values, closed domain, and bounded range. Fix any y € R"
with 7 > dist (y, F'(z)) (> 0). As F(Z) is a compact set, there is y € R™ such that ||y — g|| =
dist (y, F'(z)). Now (36) implies that (C2) is satisfied. By (34) with ¢ := ||y — g||/¢ < r, there is
x € Blz,||ly — yl||/¢] = B[z, dist (y, F'(z))/f] C B[z, r] such that y € F(z). ]

We also get:

Corollary 3.9. Consider positive constants { and r, a point T € R™, and a mapping F : R" = R"
with dom F' = Bz, 2r]. Assume that F' is upper semicontinuous, has compact convexr values, and

(37) Vo, o' € B[z,2r]| Vy € F(z) 3y € F(z') : (y — ¢/, 2’ — x) > ||z’ — =|*.
Then sur F'(z,y) > {; more precisely,
(38)  Bly,lt] C F(Blz,t]) whenever (z,y)¢€ (B[z,r] x Bly,r])NgphF andt € (0,r].

Proof. Fix any (z,y) and ¢ as in (38). Then Blz,r] C B[z,2r]|. Hence, (37) implies that for each
z' € Blz,r] there is y' € F(2') such that (y—v/, 2’ —z) > (|2’ — z||*, which is (C2) with (z,y,z,y)
replaced by (z,y,2’,y"). As in the proof of Corollary 3.8, we conclude that all the assumptions of
Theorem 3.7 with (z,y) := (x,y) are satisfied. O

Remark 3.10. Given ¢ > 0, condition (36) holds, in particular, if F' is relaxed one-sided Lipschitz
(ROSL) on Bz, r] with the constant —¢ in the sense of [6, Definition 1], that is,

Vo, o' € Blz,r|Vy € F(z) 3y € F(2'): (y— 9, v —2') < ~L|lz — 2||%.

Condition (37) means that F' is ROSL on B[z, 2r| with the constant —¢. Up to minor changes
in notation, Corollary 3.9 seems to be the statement which the authors tried to formulate and
prove in [6, Corollary 2 (ii)] under an additional assumption that F' is (Hausdorff) continuous.
However, their formulation seems to be not completely correct, since (local) metric regularity
at (z,y) presumes the reference point to lie in gph F. So the assumption in [6, Corollary 2
(i)] that dist (y, F(z)) is small enough holds trivially. Also note that “a slightly generalized
definition of metric regularity” in [6] is nothing else but the wusual definition of this property
because F' : R" =2 R" in [13] means neither that dom F' = R™ nor that z is an interior point of
dom F'.

Remark 3.11. A sufficient condition for semiregularity of a continuous (possibly nonsmooth)
mapping f : R" — R" by using equi-invertibility of a pseudo-Jacobian can be found in [21,
Theorem 3.2.1].

4 Semiregularity of the sum

In this section, we prove that the sum of two set-valued mappings is metrically semiregular provided
that one is metrically regular while the other is pseudo-Lipschitz. This statement, in Banach
spaces, was published in [1] but without a detailed proof. We present an essentially simplified
proof here. Note that the proof can be easily modified for X being a metric space and Y being a
linear metric space with a shift-invariant metric.
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Theorem 4.1. Consider normed spaces X and Y, points T € X and y, Z € Y, and set-valued
mappings F, G : X =Y such that (Z,y) € gph F' and (z,2) € gph G. Suppose that a, b, k, and ¢
are positive real numbers such that k¢ < 1, the set gph F' N (./B[i, al x Bly, 2a]) is closed, the set
gph G N (]B[i, al x Bz, a]) s complete,

(39) dist (z, F~'(y)) < wdist (y, F(z)) for all (z,y) € B(z,a) x B(y,a), and

(40) G(z1) N B(z,a) C G(xg) + l||z1 — x2||By  for all x1,19 € B(Z,a).

Then, for any > 0 such that 26 max{1,k} < a(l — kf), we have

K

(41) dist (z, (F + G)'(y)) < T dist (y, F(Z) + 2) for all y € B(y+ z,5).

— K
Proof. Fix any y € B(y+ z,0). If y — Z € F(z) then (41) holds trivially. Assume that
(42) y—Zz¢F(@2).
Set W := gph G N (B[z,a] x B[z,a]) and let g : W — [0,00) be defined by

o((w1, 21), (72, 22)) := max{||lz1 — of|, 5llz1 — 22|}, (21, 21), (22,22) €W
Then (W, p) is a complete metric space. Let ¢ : W — [0, 00| be defined by

(43) o(x,z) = liminf dist (y, F(u) +2), (z,z) € W.

u—x, u€B(T,a]

The function ¢ is lower semicontinuous. Indeed, fix any (z,z) € W. Let n < ¢(x,z) be an
arbitrary number. Pick £ > 0 such that n + £ < ¢(z, 2). Using (43), we find r € (0, k§) such that

+Eé< inf dist (y, F'(u) + 2).
n+E uEB(r,IQI:)ﬂB[:i,a} ist (y, F(u) +2)

Fix any (2/, 2') € W with o((2, '), (z,2)) < r. Then B(2',r) C B(z,2r) and ||z’ —z|| <r/k <.
Hence,

< inf dist (y, F < inf dist (y. F
N8 < e g Wt W P +2) sl g St P +2)
= inf - dist (y, F(u) +2) + ||z = 2 < 9@, ) + €

ueB(x',r)NB|Z,a]

We showed that n < ¢(a/, 2') for each (2, 2) € W with o((2/, ), (x, z)) < r. Therefore ¢ is lower
semicontinuous at (z, z), which is an arbitrary point in W.
Set S := ¢ 1(0). Then

(44) S ={(z,2) € Blz,a] x Blz,a]: z€ G(x) and y — z € F(x)}.

Indeed, for every (z,z) € BIZ,a] x B[z, a] such that z € G(z) and y — z € F(z) (if there is
any) we have (z,z) € W and 0 < ¢(x, z) < dist (y, F(x) + z) = 0; thus (x,z) € S. Conversely,
fix an arbitrary (z,z) € S (if there is any). Then (z,z) € W, in particular, z € G(x), and
o(x,z) = 0. Let (u,) be a sequence in B[z, a] converging to x such that, for each n € N, we have
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dist (y, F'(u,) + 2) < 1/n. For each n € N, find v, € F(u,) with ||y — z — v,|| < 1/n. Then (v,)
converges to y —z. We have |ly —z —g|| < |ly — (7 +2)|| + |z — 2| < f+a < 2a. Hence, forn € N
large enough, we have (un,v,) € gph F' N (B [z,a] x Bly, 2a]). Since the latter set is closed, we
conclude that y — z € F(z). We have proved (44).

Taking into account (42) and (44), we have that (z,z) ¢ S, that is, p(z,z) > 0. And, as
y € F(x), we get that

(45) 0 <oz, 2) < dist (y, F(z) +2) < ly —g— 2| < 5.
In particular, the function ¢ is proper. Set 7 := k/(1 — k¢). By the assumptions, we have
(46) 27 <a and B(l+7/kK) < a.
We claim that, for every (u,v) € W satisfying
(47) o((u,v),(2,2)) < B and 0 < p(u,v) < ¢(T,2),
we have

o / / 1
T

(w o yew\{(uww)} 0((u,v), (W, v"))

To prove this, consider any pair (u,v) € W satisfying (47). Using (43), we find a sequence (u,,) in
Bz, a] converging to u such that

(49) lim dist (y, F'(u,) +v) = p(u,v) € (0,5) (by (45) and (47)).

n—oo

By (47) and (46), we have [[u — 7 < Br < a and |[(y — v) — 7| < ly— @G+ 2)| + 12 - oll <
B+ P1/k < a. In view of (49), we can assume without any loss of generality that, for each n € N,
up, € B(Z,a) Ndom F and y — v ¢ F(u,). For each n € N, we get from (39) with u,, and y — v in
place of x and y, respectively, that

dist (wn, F~(y —v)) < rdist (y — v, F(u,)) (< 00),
and consequently, there is a point u/, € F~*(y — v) such that
(50) un — || < (14 (nk) ™) dist (wn, F~ ' (y —v)) < (k4+n"")dist (y — v, Fuy)).

As a consequence, we have

(51) limsup |lu—u|| = limsup [Ju, —u,|| < lim (k+n"")dist (y—v, F(u,)) = ro(u,v) < KB
n—00 n—00 n—00
and
_ -, . . D6y (46)
limsup ||Z —u,,|| < ||z —ul +lmsup|u—u,| <  Br+r6<267 < a.

n—oo n—oo

As p(u,v) >0 and u € G(v), we have u € F~*(y — v) thanks to (44), and hence,

liminf lu — u), || = liminf [ju, — || > lim dist (u,, F~(y —v)) = dist (v, F~'(y — v)) > 0.
n—oo n—oo n—oo
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In view of the above consideration, neglecting several starting terms and relabeling, if necessary,
we may assume that, for each n € N, we have u # u/, € B(Z,a). For each n € N, using (40), with
x1 :=u and 29 := v/, we find v/, € G(u},) such that

(52) lo =l < llu = ]| < llu—ugl|/.

Hence,

(52)
all <l = 2] + &7 limsup [lu — |
n—00 n—00 n—o0

limsup |[v/, — z|]] < ||lv—2z| + limsup |jv — 2/

(47),(51) (46)

< Br/k+ Kk KB)=B(t/k+1) < a

For n € N sufficiently large, we have v}, € IB[z, a], hence (u,,v}) € W, and so

(53)  o(uy, ) < dist (y, Fup) +v,) < lly = (y —v) = vl = llo = v | < llu—w ]l

From (52) we get o((u,v), (u),,v})) = ||u — u,,|| for each n € N. Summarizing, we conclude that

nr - n

@(uvv) — @(u/ﬂ)l) gp(u,’l}) gp(un,vn)

sup > lim sup

(u' ") EWN{(u,v)} Q((u7 U)v (u,7 1]/)) n—00 Q(<u’ U) <u”7 U”))
(49),(53) i — — —u

O st = 0 Pla,)) — = i |
00 Ju — up, |

(50) —

> lim sup Hun tn H -/
noo (K +n)|lu—u

J— / —_ —
N A e et D SR
n—00 Kl|lu —ul | K T

Inequality (48) is proved and so is our claim.
Recall from (45) that ¢(z,2z) € (0, ). Take an arbitrary ¢ > 0 such that (7 + ¢)p(7, 2) < 75.
The Ekeland variational principle yields a point (u,v) € W, satisfying

(54) o((u,v), (7,2)) < (1 +e)p(z, 2)
and ¢(u,v) < ¢(Z, z), such that
(55) o(u' V') + %ﬁg((u,v), (u',0") > p(u,v) forall (u',0") € W.

Then v € G(u). Supposing that y — v ¢ F(u), we have ¢(u,v) > 0 by (44), and our claim would
imply that

(55) — o) (48)

L qp P so(/u ,/v) S

THe T wwew\iwoy o((uv), (W)
a contradiction. Hence y — v € F(u), which means that u € (F + G)~*(y). Therefore
L 4 (54) o
dist (2, (F+G) () < |17 —ull < o((z,2), (1) & (7 +e)plz,2)
<

(1 +¢e)dist (y, F(Z) + 2).

Letting € | 0 and noting that y € B(y + z, 5) is arbitrary, we conclude the proof. O

)

1
-
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We immediately get the following consequence of the above statement.

Theorem 4.2. Consider normed spaces (X, || -||) and (Y,||-||), points z € X and y, Zz€ Y, and
set-valued mappings F, G : X =Y. Suppose that F has a localization around (Z,y) with a closed
graph and G has a localization around (Z,Z) with a complete graph. Then

lopen(F + G)(z,y + z) > sur F(z,y) — lip G(7, Z).

Proof. 1f lip G(z, z) > sur F'(z,y), then the conclusion holds trivially. Assume that lip G(z, 2) <
sur F'(z,y). Take any ¢ > lip G(, z) and k > 1/sur F(Z,y) such that k¢ < 1. Apply Theorem 4.1
to get that lopen(F + G)(z,y + z) > 1/k — {. Letting ¢ | lipG(z,2) and & | 1/sur F(Z,y) we
finish the proof. ]

5 Convergence of the Newton-type methods
In this section, we study inexact iterative methods of Newton type for solving the generalized
equation (19). We focus on a local convergence analysis of (22) around a reference solution.

Theorem 5.1. Let (X, |- ||) and (Y,] - ||) be Banach spaces. Consider a point & € X along with
a continuous mapping f : X — Y and a set-valued mapping F : X =Y with closed graph such
that f(z) + F(z) > 0. Suppose that there is H : X = L(X,Y) which is upper semicontinuous at
T € int dom H with x(H(Z)) < oo, and such that, for each A € H(Z), the mapping G4 : X =Y
defined by

(56) Ga(z) = f(z)+ A(x — ) + F(z), z€X,

is reqular around (Z,0), and

= 0.

su x)— f(x)—Alx —
- i SPacnn 1) = 1) = Alx -~ 2)|
Let (Ry) be a sequence of mappings Ry : X x X = Y, k € Ny, with closed graphs such that

(z,7) € int (e, dom Ry) and 0 € Ry(Z,T) for each k € Ny, and assume that there are positive
constants a, v, and ¢ satisfying

(58) X(H(z)) + L+~ < inf surGu(z,0)
AceH ()
such that
dist (0, R T
(59) lim sup $Pery dist ( . #(2,7)) <7,
and that, for all x, u, u'" € B(Z,a) and all k € Ny, we have
(60) Ry(z,u) N B(0,a) C Ry(z,u') + l||u — || By.

Then there exist t € (0,1) and r > 0 such that, for any starting point xo € IB(Z,r), there exists a
sequence (xy) in B(z,r) generated by (22) such that

(61) k1 — Z|| < tllax — Z||  for each k € Ny,

that is, (xy) converges g-linearly to T.
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Proof. Shrink a, if necessary, to guarantee that
B(z,a) CdomH* and B(Z,a)x B(z,a) C dom R, for all k € Ny.

Let ¢ := x(H(z)) and m := sup 4e4z) reg Ga(z,0). By (58), there are pp > ¢, kK > m, ¢ > 0, and
t € (0,1) satisfying

(62) (+Ll+y+e)k<l, c+2e<p and k(y+e) <t(l—(u+L)K).

STEP 1. There exist b € (0,a) and 0 € (0,x/(1 — puk)) such that, for every A € H(IB(Z,b))
and for every (z,y) € B(z,b) x B(0,b), we have
dist (z, G (y)) < @dist (y, Ga(z)).
As H is upper semicontinuous at z, there is § € (0,a) such that
(63) H(x) C H(z) +eBrxy) foreach z € B(z,9).
From the definition of measure of noncompactness, we find a finite subset A of H(z) such that
H(zZ) C A+ (c+e)Brixy)-
Therefore, given = € IB(z,0), we have

(63)
H(IL’) c A+ (C + E)Bg()(,y) + 5BL(X,Y) =A+ (C + 26)B[;(X7y).

The second inequality in (62) implies that
(64) H(x) C A+ pBrxy)y forevery x e IB(Z,0).
Choose 0 to satisfy
m/(1—pm) <0 <rk/(1 - pk),
and then choose 7 € (m, k) with 7/(1 — u7) < 6. Pick any A € A and A € ulB(xy). There exists
a > 0 such that
dist (2, G ;' (y)) < rdist (y, Ga(z)) forall (z,y) € B(z,a)x B(0,aq).

The mapping Gz has closed graph, because so does F. Let g(z) := A(z — z), + € X; then
G iia = Gz + g. Observe that g is single-valued, Lipschitz continuous with the constant p such
that ur < 1, and ¢g(Z) = 0. We can apply [13, Theorem 5G.3] with F := G4, § =0, a =0 := «,
k := 7, and k' := 0, obtaining that there is f = B(A) > 0, independent of A, such that the
following claim holds: for each y, y' € IB|0, 5] and each x € (G;HA)_I(y’) N B[z, 205], there is
v € (Gaya) " (y) satisfying o — /|| < Olly - y'|.

We show that, for each (z,y) € B(z,05/3) x IB(0,3/3), we have

(65) dist (2, (Gasa) " (1)) < Odist (y, Gapa(x)).
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To see this, fix any such a pair (x,y). Pick an arbitrary v € G g, 4(x) (if there is any). If ||/|| < 5,
then the claim yields 2’ € (GAJFA)*l(y) with ||z — || < 0|ly — /||, and consequently,

: -1
dist (v, (Gara) () < =2 <0y =y

On the other hand, assuming that ||y/|| > £, we have ||y — y|| > f — /3 = 28/3. Then, using

the claim with (z,y") replaced by (z,0), we find 2/ € (GAJFA)*l(y) such that ||z — /|| < 0]y]|.

Consequently,

dist (z, (Gara) (1) < o= 2| + dist (7, (Gara) ) < o=+ |z —2/|
< 0B/3+08/3=0(28/3) <0lly— v/

Since y' € G g, 4() is arbitrary, (65) is proved. )
Summarizing, given A € A, there exists § := $(A) > 0 such that, for each A € B, (xy) and
each (z,y) € B(z,05/3) x IB(0,/3), inequality (65) holds. Taking into account (64), one has

H(B(Z,0)) C A+ plBr(xy). Letting b = min g 4{0, 3(A)/3,08(A)/3}, we finish the proof of this
step.

STEP 2. There exists r > 0 such that, for each x € IB(Z,r), each A € H(x), and each k € Ny,
there is ' € B(z,r) such that

(f(z)+ A2’ —2) + F(2')) N Re(z,2") #0  and |ja' — z|| < t]|lz — z|.

Let b and 6 be the constants found in STEP 1. Using (57) and (59), we find a constant
6 € (0,b/(1 + 1)) such that, for every x € IB(z,d) \ {Z} and every k € Ny, we have

(66)  sup [17() = F@) = Al =)l <elle 3l and - dist (0, Re(w, 1) < e - 2]

The first inequality in (62) implies that 6¢ < kf/(1 — pur) < 1. Let r € (0,0) be such that

5(1 = 60)
2(e + ) max{1,0}

r <

Fix an arbitrary = € IB(z,r). Choose any A € H(x) and k € Ny. If 2 = Z, then, setting ' := Z,
we are done because 0 € Ry(Z,z) and 0 € f(z) + F(z). Assume that « # z. By (66) we find
zZ € —Ry(x, x) such that ||z]| < v|[[z — Z||. Then

B(z,0) C B(0,(1+~)d) C B(0,b) C IB(0,a).
Consequently, for all u, v’ € B(%, §), we have
(~Ru(z,u)) N\ B(%,6) C (—Ry(z,u)) " B(0,a) = —(Re(x,u) N B0, a))
© (Rula, ) + tllu — | By) = Ry, ) + Ol — o | By.

From STEP 1 we get

dist (u, G3'(v)) < @dist (v,Ga(u)) forall (u,v) € B(z,8) x B(0,0).
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As 00 < 1, applying Theorem 4.1 with (F, G, 3, a, k, B) replaced by (G 4, —Ry(x,-),0,9,0, (s +~)r),
we get

(67) dist (a’c, (G4 — Ry(x, -))_1(2/)) < ﬁ”y —z|| forall ye B(zZ (e+7)r).
Set
(68) y = f(@) — f(z) + A(x — 2).

If y =2z, then f(z) + A(z —z) — f(Z) € Ri(x,2) N (f(z) + A(T — z) + F(Z)), and setting 2’ := &
we are done. Assume that y # z. The first inequality in (66) and the choice of z imply that

0 <lly =zl <[lf(x) = f(z) = Alz = D) + |[2]] < (e +y)lle = 7| < (e +)r.

Remembering that 0 < k/(1 — ux) and k€/(1 — uk) < 1, and using the last inequality in (62), we
get

0 1 _’L P K t

< = < :
1—600 11— "””fm 1—(p+0)Kr ~vy+e

1—
This and (67) imply that there is 2’ € (Ga — Rg(x,-))*(y) such that
t

-z < —|ly—z| <
I~ 2 < =l < o

(e +llz =2l =tz — z].

Hence, ||z' — Z|| < r because t € (0,1) and x € B(z, 7). The choice of y implies that
f(@) = f(x)+ Alx — ) € Ga(2") — Rp(z,2") = f(z) + A(2' — Z) + F(2') — Ry(z,2").

Therefore 0 € f(z)+ A(z' — z) + F(2') — Ry(x,2’), which means that (f(z)+ A(z' —z) + F(z')) N
Ry(z,2") # (0. The proof of STEP 2 is finished.

To conclude the proof, let » > 0 be the constant found in STEP 2. Consider the iteration (22)
and choose any k € Ny, xy € B(Z,r) and Ay € H(xy). Apply STEP 2 with A := Ay and = := xy,
and set xy4; := 2’. Then xj4; satisfies (22) and (61). It remains to choose any zy € B(Z,r) to
obtain this way an infinite sequence (xy) in B(Z,r) generated by (22) and satisfying (61) for all
k € Ny. Since t € (0,1), (z5) converges linearly to z. O

Remark 5.2. If (59) is replaced by a stronger condition

5 Suppey, dist (0, Ri(z,))
im -
T—T, THT ||1'—(I}||

then there is r > 0 such that, for any starting point xy € IB(Z,r), there exists a sequence (xy) in
B(z,r) generated by (22) such that (z;) converges g-super-linearly to z, that is, if there is kg € N
such that =y # 7 for all k > ko then limy_, ||zr1 — Z||/||zx — Z|]| = 0. Indeed, in (62) both the
constants € and ~y, and consequently, also ¢ can be chosen arbitrarily small.
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Suppose that X := R", Y := R™, and f is locally Lipschitz continuous. We can take, for
example, Clarke’s generalized Jacobian or Bouligand’s limiting Jacobian as H. Then H is upper
semicontinuous and condition (57) is satisfied when f is semismooth at z (with respect to the
corresponding Jacobian). Moreover, x(H(z)) = 0. If, in addition, F' = 0 and Ry = 0 for each
k € Ny, then the assumption of regularity of all mappings G4 in (56) is nothing else but the
requirement that all matrices in H(z) have full-rank m, and we arrive at the classical result for
semismooth Newton-type methods (see, for example, [5, 39, 20, 1, 8, 7]).

In [1], the following iterative process was studied: Choose a sequence of set-valued mappings
A X x X =Y and a starting point xo € X, and generate a sequence (i) in X by taking xgq
to be a solution to the auxiliary inclusion

(69) 0 € Ap(zps1, ) + F(xpy1) for each k € Ny.

Theorem 4.1 therein for iteration (69) is quite similar to Theorem 5.1 above with one important
difference. We assume that all the “partial linearizations” G4 in (56) are regular around (z,0),
while in [1] the mapping f + F' is assumed to be such. Clearly, our assumption is weaker. Indeed
take, for example, f(z) :=|z|, v € R, F =0, and H(z) := z/|z| if x # 0 and H(0) := {—1,1}.
Then f is not even semiregular at 0 while H satisfies all the assumptions in Theorem 5.1.
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