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ABSTRACT. The paper studies the Dirichlet problem for the Stokes resolvent
system for bounded boundary data on bounded and unbounded domains with
compact Ljapunov boundary. (The boundary might be disconnected.) For
a bounded domain we prove the existence of a unique solution (u,p) of the
problem such that the velocity part u is bounded. For an unbounded domain
we prove the existence of a such solution. But this solution is not unique. We
characterize all solutions of the problem. Then we study bounded solutions of
the nonlinear Dirichlet problem —Au(z)+Au(z)+Vp(z) = F(z,u(z)), V-u =
0in ©, u(z) = G(z,u(x)) on 09, where F is bounded. As a consequence we
study bounded solutions of the Dirichlet problem for the Darcy-Forchheimer-
Brinkman system —Au+ Au+ Blulu+ Vp =1f, V-u = 0. At last we prove
a generalized maximum modulus principle for a solution (u,p) of the Stokes
resolvent system such that the velocity part u is bounded.

1. INTRODUCTION

This paper studies the Dirichlet problem for the Stokes resolvent system

(1.1) —Au+Au+Vp=0, V:-u=0 inQ
with
(1.2) AeC\{z<0}.

This system is important in two situations. If A is a positive constant then the
system (1.1) (so called Brinkman system) is a model of a porous medium (see [26]).
The system (1.1) for A\ = ¢7 with 7 > 0 is utilized for a study of boundary value
problems for the nonsteady Stokes system (see [3], [17]).

R. Farwig and H. Sohr studied the Dirichlet problem for the Stokes resolvent sys-
tem (1.1) in homogeneous Sobolev spaces D:9(£2) and in weighted Sobolev spaces
Wh4(Q, p) on domains with compact boundary of class C'! (see [0], [10]). This
problem was studied on bounded domains also by K. Schumacher in [12]. M. Geis-
sert, M. Hess, C. Schwarz and K. Stavrakidis and also P. Deuring studied in [13], [5]
the Dirichlet problem for the Stokes resolvent system (1.1) in homogeneous Sobolev
spaces D?4(Q) on domains with smooth compact boundary. M. Kohr, M. Lanza
de Cristoforis and W. L. Wendland studied the Dirichlet problem for the Brinkman
system and also for a nonlinear Brinkman system in H*(Q, R™) x H*~1(Q) for
s € (1/2,3/2) in bounded domains  C R™ with connected Lipschitz boundary
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(see [24]). A classical solution of the Dirichlet problem for the Brinkman system
was studied on domains with compact connected boundary of class C? by W. Varn-
horn ([47], [48]). He proved the unique solvability of the classical Dirichlet problem

on bounded domains for a continuous boundary condition g satisfying the compat-
ibility condition

(1.3) /g-nQ do = 0.

o0

For an unbounded domain €2 C R™ he proved the unique solvability of a classical
solution (u,p) under the assumption |[u(z)| |Vu(z)| + [u(z)| |p(z)| = o(|z|}~™) as
|z| — oco. M. Kohr proved in [21] the existence of a classical solution for open sets
with compact boundary of class C1'® (without assumption that 99 is connected).
The behaviour of solutions at infinity is the same like in the papers of W. Varnhorn.

We study the problem whether for a given boundary condition g € L> (99, C™)
there exists a solution (u,p) of (1.1) such that u is bounded in  and u = g on
01 in some sense. This problem is motivated by the same problem for the Laplace
equation. For the Laplace equation a generalised solution of the Dirichlet problem
is constructed as the infimum of the class of supersolutions of this problem - so
called PWB-solution (see for example [2]). The value of a solution at a fixed point
is given by the integral of the boundary condition with respect to the harmonic
measure. Since the harmonic measure is a probabilistic measure, we obtain that
the solution is bounded. The Dirichlet problem for the Laplace equation with
boundary condition f € L(9f) was studied by the integral equation method on
domains with compact Lipschitz boundary ([16], [17], [19], [50]). It was studied so
called L9-solution of the Dirichlet problem, i.e. Au = 0 in €2, the nontangential
maximal function of w is in L7(02) and the boundary condition is fulfilled in the
sense of a nontangential limit at almost all points of the boundary. For € bounded
it was shown that L?-solution is also a PWB-solution (see [4]). So, the L%-solution
of the Dirichlet problem corresponding to a boundary condition f € L*(Q) is
bounded. R. Hunt and R. L. Wheeden proved that each bounded solution of the
Laplace equation in a bounded domain with Lipschitz boundary has nontangential
limit at almost all points of the boundary, i.e. it is an L*°-solution of a Dirichlet
problem for the Laplace equation (see [15]).

In hydrodynamics (u,p) is an L-solution of the Dirichlet problem if (u,p) is a
solution of the corresponding system (Stokes system or Stokes resolvent system),
the nontangential maximal function of u is in L? on the boundary, and the bound-
ary condition is fulfilled at almost all points of the boundary in the sense of a
nontangential limit. L2-solutions of the Dirichlet problem for the Stokes system on
domains with compact Lipschitz boundary were studied by E. B. Fabes, C. E. Kenig
and G. C. Verchota (see [3]). L?-solutions of the Dirichlet problem for the Stokes
system for g close to 2 on domains with compact Lipschitz boundary were studied
by J. Kilty, M. Mitrea, Z. Shen and M. Wright ([20], [10], [13]). L%-solutions of the
Dirichlet problem for the Stokes system for 2 < ¢ < oo on domains with compact
Lipschitz boundary in R? or R were studied by M. Mitrea and M. Wright ([10]).
L2%-solutions of the Dirichlet problem for the Stokes resolvent system on bounded
domains 2 C R?® with connected Lipschitz boundary has been studied by H. J.
Choe and H. Kozono in [3]. The same problem for a general Euclidean space was
studied by Z. Shen in [14].
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We study an L>°-solution of the Dirichlet problem for the Stokes resolvent system
on bounded domains with boundary of class C1'® (and general geometry). For a
boundary condition g € L>(992, C™) satisfying the compatibility condition (1.3)
we show the existence of an L*-solution (u,p). A velocity u is unique, a pressure p
is unique up to an additive constant. We show moreover that u is bounded. For 2
unbounded we show that there exist infinitely many L°°-solutions of the Dirichlet
problem for the Stokes resolvent system for all g € L (99, C™). We describe all
these solutions. We prove that if (u, p) is an L°-solution of the Dirichlet problem for
the Stokes resolvent system then u is bounded. To be able to describe all solutions
of the Dirichlet problem on unbounded domains, we study the behaviour at infinity
of solutions (u, p) of the Stokes resolvent system with u bounded. Moreover we show
that if (u,p) is a solution of the Stokes resolvent system such that u is bounded,
then there exists a nontangential limit of u at almost all points of the boundary, i.e.
(u,p) is an L*-solution of the Dirichlet problem for the Stokes resolvent system.
Then we study an L*-solutions of the nonlinear Dirichlet problem for the Stokes
resolvent system

—Au(z) + Au(z) + Vp(z) = F(z,u(z)), V-u=0 inQ,

u(x) = G(z,u(z)) on ON.
Here F' is bounded for €2 bounded and F' = 0 for €2 unbounded. For ) bounded

we study also L°°-solutions of the Dirichlet problem for the Darcy-Forchheimer-
Brinkman system

—Au+Au+f[luju+Vp=£f, V.-u=0 inQ.

M. Kohr, M. Lanza de Cristoforis and W. L. Wendland studied the Robin prob-
lem for the Darcy-Forchheimer-Brinkman system in H*(2,R™) x H*~1(Q), the
mixed Dirichlet-Robin problem for the Darcy-Forchheimer-Brinkman system in
H32(Q,R™) x H'/?(Q) and the Navier problem in H'(,R™) x L?(Q) for the
Darcy-Forchheimer-Brinkman system on a bounded domain with connected Lip-
schitz boundary ([23]). We prove a similar result for L*-solutions of the Dirichlet
problem for the Darcy-Forchheimer-Brinkman system.

As a consequence of these results we prove the generalized maximum modulus
principle. If w is a solution of the Laplace equation on a bounded domain 2 and
u € C(Q) then the classical maximum modulus principle holds:

ngluwf)l = max [u(z)].

(See [2].) A similar result holds for elliptic partial differential equations of the
second order (see [14]). It is well known that this result does not hold for hy-
drodynamical partial differential systems (see [19]). But a generalized maximum
modulus principle has been studied. Maremonti and Russo proved in [33] a gener-
alized maximum modulus principle for the Stokes system in the plane: Let Q C R?
be a bounded domain with boundary of class C2. Then there exists a constant C
such that if (u,p) is a solution of the Stokes system

Au=Vp, V-u=0 in{Q
with u € C(Q,R?), then

1.4 <C .
(1.4) r;lgglu(w)l_ gég)élu(w)l
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Then Kratz investigated the best constant in the generalized maximum modulus
estimate (1.4) for the Stokes system in balls (see [28], [29], [30]).) Maremonti ([32])
proved the generalized maximum modulus principle (1.4) for the Stokes system for
bounded domains with boundary of class C? in R™. We show a similar (and more
general) results for the Stokes resolvent system.

2. DEFINITION OF AN L?-SOLUTION OF THE DIRICHLET PROBLEM

We now define an L?-solution of the Dirichlet problem for the Stokes resolvent
system.

Let Q C R™ be an open set with compact Lipschitz boundary. If x € 992, a > 0,
denote the non-tangential approach region of opening a at the point x by

I(z) == {y € O |z — y| < (1 + a) dist(y, 0Q)}.

If now v is a vector function defined in 2 we denote the non-tangential maximal
function of v on 02 by

v (@) = sup{|v(y)|;y € TE ()}
If € 0Q, I'(z) = T} (z) then
viz)= lim v
(@) =, Jim V()

is the non-tangential limit of v with respect to € at x.

Let © C R™ be an open set with compact Lipschitz boundary, A € C\ {z < 0},
1<q<o0,ge LI0N,C™). We say that (u,p) is an L1-solution of the Dirichlet
problem for the Stokes resolvent system

(2.1) —Au+ A u+Vp=0, V-u=0 in Q, u=g on 02,

if (u,p) is a classical solution of the Stokes resolvent system (1.1) in Q, uf €
L1(0R), there exists the nontangential limit of uw at almost all points of 092, and
the Dirichlet boundary condition u = g on 0N is fulfilled in the sense of the non-
tangential limit at almost all points of OS).

3. AUXILIARY LEMMAS

We shall look for an L°°-solution of the Dirichlet problem for the Stokes re-
solvent system using the integral equation method. We shall study properties of
corresponding boundary layer potentials. For these reasons we need the following
technical auxiliary lemmas.

Lemma 3.1. Let A, D be Borel subsets of R™, u be a nonnegative Radon measure
on D, K be a Borel-measurable function on A x D, and o, > 0. Fiz x € A. Let
|K(z,y)| < Cilz —y|~® for y € D. Denote B(z;r) = {y € R™; |z —y| < r}. If
B> a and u(B(z;r)) < Cor? for 0 < r < p, then

/ K(z,y) du( )’051025 f-a

If B < o and p,(B(iC;?“)) < Cgrﬁ for p <r, then

OlCQOé ﬁ Ot
P

18—«

K(z,y) duly >\
D\B(w;p)
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Proof.
t ¢
a/r_o‘_lu(B(x;r) \ B(z;s))dr = a/r_a_l / dp(y)dr
s s B(a;r)\B(;s)
t
=« / r= e du(y)
B(2;t)\B(x;s) |[z—y|
= —uB@O\Ba) [ -l duty)
B(z;t)\B(w;s)
Thus

Kay)duw) < [ Cile=3l duty)
(z;)\B(z;s) B(a;t)\B(;s)
¢
= Cla/rfo‘*lu(B(z; r)\ B(x;s))dr + Cit™“u(B(x;t) \ B(x;s)).

If u(B(z;7)) < CorP for 0 <r < p, 3—a >0, then for s =0 and t = p

C1CoB 4
100 5

p
/ K(z,y) du(y)’ < 010204/7"670‘71 dr + C1CypP ™ = 3-a

B(z;p)

If u(B(x;7)) < CorP for p <7, B —a <0, then for s = p and t — oo

Cnga B—a
B=al”

/ K(z,y) du(y)‘ < C1Cza/rﬁ_o‘_1 dr =

D\B(x:p) P

O

Lemma 3.2. Let Q C R™ be an open set with compact Lipschitz boundary. Let
K(z,y) be a function defined on {[z,y] € R™ x 0Q;x # y} such that K(z,-) is
Borel-measurable for each x € R™. For f € L>(9) define

(3.1) Kf(z) = / K(2,9) () do(y).
oN

Suppose that there exist positive constants p, C1 and « € (0,1) such that |K(z,y)| <
Cy for y € 09, dist(z,09) > p, and |K(z,y)| < Cilz — y|*T=™ for y € 09,
dist(x, 0Q) < p. Then there ezists a constant C such that

(3:2) Kf| < Cllflima) onR™, Ve L®9).
Proof. Clearly, we can suppose that p > diam(92). Let |f]| < c¢. If dist(z,08) > p
then

|Kf(x)] < Clc/l do.

o0
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Since 99 is Lipschitz, there exists a constant Cy such that o(B(x;7)NIQ) < Cor™=1
for any x € R™ and r > 0. If dist(z, Q) < p then

60102
2 «
o (20)

by Lemma 3.1. g

(K f(z)] <

Lemma 3.3. Let Q C R™ be an open set with compact Lipschitz boundary. Let
K(z,y) be a function defined on {[z,y] € R™x0Q; x # y} such that K (z,-) is Borel-
measurable for each x € R™. For f € L™ (00Q) define K f(x) by (3.1). Suppose
that there exist positive constants p and Cy such that |K(z,y)| < Cy for y € 00
and |z| > p. Suppose that there exists a constant Cy such that

|z — 2|

_ <O, =~
K (z,y) — K(z,y)| < Cq P
for all z,z € B(0;p) and y € 9Q with |z — y| > 2|z — z|. Suppose that there
exist constants C3 € (0,00) and a € (0,1) such that |K(z,y)| < Cs|z — y|oT1—™
for each z,y € 0. Suppose that there exists a constant Cy such that |K(x,y)| <
Cylz —y|*=™ for all z € B(0;p) and y € 0. Then there exists a constant C' such
that (3.2) holds.

Proof. We can suppose that 9Q C B(0;p). Let |f| < ¢. According to Lemma 3.2
there exists a constant Cj such that |K f(z)] < Csc for © € 0Q U (R™ \ B(0; p)).

Let now x € B(0; p) \ 09. Since 02 is Lipschitz, there exists a constant Cg such
that o(B(x;7) N 9N) < Cer™~! for any x € R™ and r > 0. Put r = dist(x, ).
Choose z € 9 such that |z — x| = r. Then

K f(2)] < [ / K (z,9)| do(y) + / K (2,y) - K(29)| do(y)
OQNB(z;2r) OQ\ B(z;2r)

+/ K (2, )] da(y)] < Cl/ Cyr'™™ do(y)
N\ B(z;2r) OQNB(z;2r)

Xr — z
+f ol R | el =y aoty)|.
O\ B(z;2r) |z — | a0

By virtue of Lemma 3.1

m—1

|Kf(x)| <c <C6O42m1 + OGCQTm(QT)il + CgC3 (2p)a>

(%

< cCs2™m <C4 + Cs + Cgpa> .

4. BOUNDARY LAYER POTENTIALS

We shall look for an L°°-solution of the Dirichlet problem in the form of a Stokes
resolvent double layer potential with density from L (99, C™). For this reason we
need to know properties of boundary layer potentials.
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Let A € C\{z < 0}. Then there exists a unique fundamental solution E* = (EJ}),
Q= (Q;‘) of the system (1.1) such that E*(z) = o(|z]), Q*(z) = o(|z]) as || — oo.
Remember that for i, € {1,...,m} we have

(4.1) — AE} + \E)y 4+ 8,Q) = 65500, OEY +...0mE,,; =0,

(42) —AE}, 1 +AE) 1 +0:Qp 1 =0, OE}, 1 +...0mEp iy = 6o
If j € {1,...,m} then

1 =z
Aoy — A _ J
Qj (z) = Ej,m+1(x) = EW?
o do(@) + (Nwm) In |z, m =2,
LT Go() + (Mwm)(m = 2)THaPTT om > 2,
where wy, is the area of the unit sphere in R™. (See [17, p. 60]. The expressions of

E* can be found in the book [17, Chapter 2]. We omit them for the sake of brevity.
For A = 0 we obtain the fundamental solution of the Stokes system. If 7,5 €

{1,...,m}, the components of E° are given by
1 04 Tix
4.3 EY(z) = u o >3
3 V0= p G ) ™
1 1 TiTp

4.4 EY(z) = — <4 6;jln — + ~L2 =2
-y Yo = g {om g+ i} mea
(see, e.g., [17, p. 16]).

If i,57 < m then
(4.5) |E () — E)(x)] = O(1)  as |z| — 0.
(See [17], p. 66.)

If A0 and 7,5 < m then

A . —-m A _ —m

(4.6) Ef(x) = O(lz[™™), VEG(x) = O(|lz|™™)  as |z| — o0

by [17, Chapter 2].

We denote Q(z) = (QY(x),..., Q% (x)) = (Q}(x),...,Q)\ (z)). By E* we denote
the matrix of the type m x m, where E’f} (z) = El’\](m) for i,j < m.

Let now 2 C R™ be an open set with compact Lipschitz boundary. If 1 < ¢ < oo
and g € L1(09,C™) then the single-layer potential for the Stokes resolvent system
Eég and its associated pressure potential Qg are given by

Bag(x) = - EMNa —y)g(y) do(y),

Qag(z) := /m Qxr —y)g(y) do(y).

Remark that (E3g, Qag) is a solution of the Stokes resolvent system (1.1) in the
set R™ \ 9Q.

We summarize boundary behaviour of single layer potentials. If g € L?(92, C™)
then Edg(x) is the nontangential limit of Fdg at z with respect to Q4 = Q and

with respect to Q_ = R\Q at almost all z € IQ (see [18, Lemma 2.1.4], [22,
Lemma 3.1]). If A # 0 then (Edg)*, (VE)g)* € L?(0Q) (see [18, Lemma 2.1.4]),
and

|Eag(2)| +|VEgg(2)| = O(lz|™™)  as |a] — oo
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Denote

Ej(y.x) = ~To(ENz — y), Q(z — y))n® (2),
where )

T(u,p) =2Vu—pl, Vu= i[Vu + (Vu)T]
is the stress tensor corresponding to a velocity u and a pressure p. For ¥ €
L?(09Q,C™) define

Kl ®(z) = lim / KAy, 2)¥(y) do(y),

where B(z;€) = {y;|lz — y| < €}. Then K, , is a bounded linear operator on
L2(0Q,R™). If ¥ € L?(9N,C™), there are the non-tangential limits [VEJY ()],
[QA)(2)]+ of VEJP, QAW with respect to Q4 at almost all z € 992, and

1
(4.7) [T(E5®,Qq¥)]Ln® = iiqf — K, .

(For A = 0 see [10, Corollary 4.3.2], for A # 0 see for example [23, Lemma 3.1]. See
also [39, Theorem 3.1].)
Now we define a double layer potential. For ¥ € L2?(9Q, C™) define in R™ \ 99

(4.8) /KQ x,y)¥(y) do(y),

and the corresponding pressure by

(49) M) (@) = [ W)W () doly)

o0
If m > 2 then
1 2m(y — =) n"(y)  2%(y) ey g
H)\ — _— ) _ _ -\ .
Q(mvy) Win { (y I) |y—$‘m+2 + |y—$|m m—2 n (y)

If m = 2 then
1
(o) = 5 { (-
71'
Remark that DJW® € C®(R™ \ 9Q,R™), TI{¥ € C®(R™ \ 9Q,R!) and VII{W¥ —

ADS)-‘Z\II + /\DéllIl =0,V Dg\)\Il =0in R™\ 0Q.
Define

4(y—x)-nﬂ(y)+ 2n(y) _/\(lnl L )n“(y)}-
-y

ly — x| ly — x|™

Ko ¥ (z) = 1{1% / K(x,y)®(y) do(y), =€ 0N
99\ B(a:e)

Then Kg » is a bounded linear operator on L?(92; C™) (adjoint to K, ,). There

exists the nontangential limit [D)W](z) of DAW with respect to O, and the

nontangential limit [D3W¥]_(z) of DJ¥ with respect to Q_ for almost all z € 90

and

1
(4.10) (DAL (2) = 15\11(2) + Ko ¥ (2).
At infinity we have the estimate

D{® (x) = O(|z|*~™) as |z| — oo.
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Lemma 4.1. Let p € C\ {z < 0}. Ifi,j < m then |VE};(z) — VE};(z)| =
O(|z|>=™) as |z| — 0.
Proof. For m > 2 see [11, Theorem 2.5]. Let now m = 2. Since Q!' = Q?, we obtain
subtracting (4.1) for A=p and A =0
0 0 _ 0
—A(E; — EZ) + (B — EZMJ) = k.
Fix ¢ € (2,00). Since /LE% € L} (R?), regularity results for elliptic equations yields

loc
that (B, —E};) € W29 (R?).(See for example [31, Chapter 2, Théoréme 3.2] and [38,
Proposition 2.7].) Sobolev’s embedding theorem gives that (E}; — E};) € C'(R?)
(see for example [1, Theorem 4.12]). O
Lemma 4.2. Let Q C R™ be an open set with compact Lipschitz boundary. If
A€ C\{z <0} then Kq — Kay is a compact linear operator on L*(92, R™).

(See [25, Theorem 3.3].)

Proposition 4.3. Let Q C R™ be an open set with compact boundary of class C*®,
m>20<a<1 XAeC\{z<0}. Then Kqx is a compact linear operator on
L>®(09Q,C™) and on L?(9),C™).

Proof. According to [47] and [0, Chapter III, Lemma 2.1] there is a constant C
such that |KJ(z,y)| < Clz — y|*t1=™ for each x,y € Q. So, Kq  is a compact
linear operator on L>(9§2,C™) by [11, § 4.5.2, Satz 2] and on L?(952,C™) by [16,
Satz 12.1]. O

Now we show that the double layer potential Dg\) is a bounded operator from
L>(08),C™) to L>*(R™\ 09, C™). To use Lemma 3.3 we need the following lemma:

Lemma 4.4. Let Q@ C R™ be an open set with compact Lipschitz boundary. Let
r € (0,00) be such that 9Q C B(0;r). Then there exists a constant C such that
(11) K3a0) ~ K ()] < O
z—=ym
for all z,z € B(0;r), y € 00 with |z —y| > 2|z — z|.
Proof. There exists a constant Cy such that
IV2E)(z — )| +[VQ)(x —y)| < Cilz —y|™™, i,j <m.

Let 4, j, k be given. If z,z € B(0;r), y € 09, then there exists Z in the interval Tz
such that

Op By (x —y) — Ok Ejy(z — y)| = (x = 2) - VOE; (2 — y)| < Cilz —2[ly — 2 7™
If |z — y| > 2|x — 2| then |2 —y| > |z — y|/2. Thus
Ok By (2w —y) — Ok By (2 —y)| < 2" Cilz — 2[|z —y| ™™
By the same way we prove
Qi(z —y) —Qi(z —y)| <2"Chlz — 2|[z —y|™™.
By the definition of K we obtain (4.11). |

Proposition 4.5. Let 2 C R™ be an open set with compact boundary of class C**,
0<a<l, and A € C\{z <0}. Then there exists a constant C' such that

(4.12) IDM| < C|f|lL=a0) on R™\ 09, v € L°°(05,C™).
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Proof. Suppose first that A = 0. Fix p > 0 such that 9Q C B(0;p). According to
Lemma 4.4 there exists a constant C'; such that
K (e,y) — K(2p)] < Cri— 2L

|z —y|™
for all z, z € B(0; p), y € 0Q with |z —y| > 2|z —z|. According to [17] or [6, Chapter
I, Lemma 2.1] there is a constant Cy such that |K3(z,y)| < Calz — yloTi—™
for each z,y € 9Q. Clearly, there exists a constant C3 such that |KQ(x,y)| <
Cslz — y[1=™ for all x € B(0;p) and y € 9. Lemma 3.3 gives that there exists a
constant C' such that (4.12) holds.

Suppose now that A # 0.

According to Lemma 4.1 and the definition of K} there exists a constant Cy
such that

|K§>\2(’Jl,y) - ng(fr,y” S C4|IL’ - y|3/27m’ Vz € B(Ovp)ay € 897

and |K)(z,y) — K3(x,y)| < Cy for |z| > p and y € 9. Lemma 3.2 gives that there
exists a constant C5 such that

|DME — DYF| < Cs||f|| (o) on R™\ 99, Ve L®(09,C™).
0

5. BEHAVIOUR OF BOUNDED SOLUTIONS OF THE STOKES RESOLVENT SYSTEM
AT INFINITY

In this section we study a behaviour of a solution (u,p) of the Stokes resolvent
system at infinity, under assumption that u is bounded. It was shown in [36] that
if (u,p) is a solution of the Brinkman system and both u and p are bounded, then
u(z) — 0 as |z| — oo. It does not hold if we suppose only that u is bounded. (If ¢
is a constant vector then u = ¢, p = —A(c - x) is a solution of the Stokes resolvent
system (1.1).) To describe a behaviour of u and p at infinity we find an integral
representation formula for (u, p).

First we prove Liouville’s theorem.

Proposition 5.1. Let A € C\ {z < 0}, p be a distribution, uy, ..., u,, be tempered
distributions, u = (U1, ..., Up). If —Au+Au+Vp =0, V-u=0 in R™ in the
sense of distribution, then uy, ..., Uy, p are polynomials.

Proof. Suppose first that p is a tempered distribution. The proof is literally the
same like the proof of [36, Proposition 4.1] for A > 0.

Let now p be general. Since u; is a tempered distribution, also Opu;, Au;
are tempered distributions. Since 9;p = Awu; — Auj, we deduce that 9;p is a
tempered distribution. Since —A(9;u)+A(9;u)+V(9;p) = 0in R™, we deduce that
0ju1, . ..,0um, 0;p are polynomials. This forces that uy, ..., u,, p are polynomials,
too. O

Proposition 5.2. Let A € C\ {z < 0}, Q C R™ be an unbounded open set with
compact boundary. Let —Au+ A u+ Vp =0 in Q. If u is bounded then there exists
Uy € C™ such that u(z) — Uy as|z| — oo, If X # 0 then [u(z)—us| = O(|z|™™)
as |z| — oo.
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Proof. Choose r > 0 such that 99 C B(0;7). Denote w = B(0;2r) \ B(0;r). Then
(5.1) u= E)T(u,p)n] +Diu, p=Qu[T(u,p)n]+Ilu inw
by [17, p. 60]. Define

v u(z) + B3 B0 1w, p)nj(z) + D]’\B(O;T)u(a:), z € R™\ B(0;r),
E%(O;Qr) [T(u7p)n]( ) + D>\ B(0; Qr)u(x); T e B(O7 27“)7

L { p(2) + Qoo [T, p)n)() + 1L ), & € B\ BO:T)

QB2 [T'(u, p)n](z) + HB(og,) u(z), z € B(0;2r).
Then v, g are well defined by (5.1). Clearly, —Av+Av+Vg=0,V-v=0in R™.
Proposition 5.1 gives that vy, ..., v, are polynomials. Since v is bounded, there
exists U € C™ such that v = uy. Since u = U + ENT(u,p)n] + D)u in Q, we
infer that u(z) — uy as |z| — oc. O

Now we prove an integral representation formula for a solution (u,p) of the
Stokes resolvent system with u bounded. We need the following lemma:

Lemma 5.3. If Q C R™ is a bounded open set with Lipschitz boundary then there
is a sequence of bounded open sets Q; with boundaries of class C* such that

° ﬁj C Q.

o There are a > 0 and homeomorphisms A; : 0Q — 0, such that A;(y) €
T2 (y) for each j and each y € 02 and sup{|ly — A,;(y)|;y € 9Q} — 0 as
j — oo.

o There are positive functions w; on 0§) bounded away from zero and infinity
uniformly in j such that for any measurable set E C 0f, fE w; do =
o(A;(E)), and so that w; — 1 pointwise a.e. and in every L°(02), 1 < s <
0.

o The normal vectors to Q;, n(A;(y)), converge pointwise a.e. and in every
L#(09Q), 1 < s < 00, to n(y).
(See [50, Theorem 1.12].)
Proposition 5.4. Let ) C R™ be an unbounded open set with Lipschitz boundary,
AeC\{z<0},1<qg<oo. Let —Au+Iu+Vp=0,V-u=0 in Q. Suppose
that there exists nontangential limits of u, Vu and p at almost all points of ON).
Fiz v > 0 such that 002 C B(0;r). Denote w = QN B(0;7). Suppose that the

nontangential mazimal functions with respect to w: u¥, (Vu)’,p, € LI(0w). If
u(xz) — 0 as |x| — oo, then there exists a constant po such that

(5.2) u= E)[T(u,p)n] + Dju, p= Qq[T(u,p)n] +I{u+ps in Q.

Proof. Approximate w from inside by open sets w(k) as in Lemma 5.3. Then
u= B}, [T(u,p)n] + DYgyu,  p = Quu[T(a,p)n] + I u  in w(k).

by [47, p. 60]. Letting k — oo we obtain by Lebesgue’s lemma

(5.3) u=ENT(u,p)n] + DXu, p=Q,[T(u,p)n]+Ilu inw.

Define
v = { —EBQ[T(u,p)n)(z) — Dszu( )+u(z), zeQ,
E} o[ T(w,p)n](z) + Dy g, yu(z), € B(0;r),
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o { —Qqo[T(u,p)n)(z) — Mgu(z) + p(z), = €Q,

~ | @pon[T(up)n](z) + My, yulz), =€ BO;r).
The functions v, s are well defined by (5.3). Clearly, —Av+Av+Vs=0,V-v=0
in R™. Proposition 5.1 gives that vy,...,v,, are polynomials. Since v(z) — 0 as
|z| — oo, we deduce that v = 0. Thus Vs = Av — Av = 0. So, there exists a
constant po, such that s = p. The definition of v, s in Q gives (5.2) . O

6. UNIQUENESS OF AN L°°-SOLUTION OF THE DIRICHLET PROBLEM

In this section we study the uniqueness of a solution of the Dirichlet problem for
the Stokes resolvent system (2.1). For this reason we need the following regularity
result:

Lemma 6.1. Let Q@ C R™ be a bounded open set with Lipschitz boundary, A €
C\{z < 0}. Let (u,p) be an L*-solution of the Dirichlet problem (2.1). If g €
Wh2(9Q,C™), then (Vu)y,ps € L*(0Q) (and therefore u € WH2(Q,C™), p €
L2(2)), and there exist nontangential limits of Vu and p at almost all points of
on.

Proof. For A = 0 see [40, Theorem 9.2.2, Theorem 9.2.5].
Let now A # 0. Fix ¢ € (m,00). Since uf € L*®(9Q) C LI(0N), we have
u € L1(Q,C™) (see [37, Lemma 4.1]). Define u=0on R™\ Q,

v = E% % \u, ™=@ * A\u.
Then —Av 4+ Vr = Au, Vv = 0 in R™. Since Au € LI(R™,C™), we have v €
W24(Q,C™), = € Wh4(Q) (see [12, Chapter IV, Theorem 2.1]). The Sobolev

embedding theorem [I, Theorem 4.12] gives that v € C}(Q,C™), 7 € C(Q). So,
(u+v,p+7) is an L>-solution of the Dirichlet problem for the Stokes system

Alu+v)=V(p+m), V-(u+v)=0 on,
v+u=g on 0§,

where g = g +v € WH2(9Q,C™). So, (Vu+ Vv)§, (p + m)§ € L*(99), and
there exist nontangential limits of Vu + Vv and p + 7w at almost all points of 9.
Since v € CY(Q,C™), © € C(Q), we deduce (Vu)§,ps € L2(09), and there exist
nontangential limits of Vu and p at almost all points of 9. According to [37,
Lemma 4.1] we have u € W12(Q,C™), p € L*(Q). O

We prove the uniqueness of a solution of the Dirichlet problem using Green’s
formula:

Lemma 6.2. Let Q@ C R™ be a bounded open set with Lipschitz boundary, A €
C\{z < 0}. If (u,p) is a solution of the Stokes resolvent system (1.1) in Q such
that uyy, (Vu)g, ph, € L2(09), and there exist nontangential limits of u, Vu and p
at almost all points of OS2, then

(6.1) / - T(u,p)n? do = /(zwu\? + Auf?) da.
o0 Q

Proof. Let ; be open sets from Lemma 5.3. Then Green’s formula gives (6.1) for
Q; (see [47, p. 14] or [26], Theorem 1.5.1). Letting j — oo we obtain (6.1) for Q
by virtue of Lebesgue’s Lemma. (I
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Proposition 6.3. Let Q@ C R™ be a bounded domain with Lipschitz boundary,
A€ C\{z <0}. Let (u,p) be an L?-solution of the Dirichlet problem for the Stokes
resolvent system (2.1) such that (Vu)§,pfy, € L*(0€) and there exist nontangential
limits of Vu, p at almost all points of 0. If g =0, then u =0 and p is constant.

Proof. According to Lemma 6.2
0= / u-T(u,p)n® do = / (2|Vul? + A|ul?) dz.
oQ Q
Thus u = 0. Hence Vp = Au — Au = 0. This forces that p is constant. O

Proposition 6.4. Let Q C R™ be an unbounded domain with compact Lipschitz
boundary, X € C\{z < 0}. Let (u,p) be an L?-solution of the Dirichlet problem for
the Stokes resolvent system (2.1) such that u(x) — 0 as |z| — co. Fixz r > 0 such
that 0Q C B(0;1) and setw(r) = QNB(0;r). Suppose that (VU)Z(r)ap:(r) € L?(0w)
and there exist nontangential limits of Vu, p at almost all points of 0. If g =0,
then u =0 and p is constant.

Proof. Put f = T(u,p)n‘’. According to Proposition 5.4
u = E) + Dig = E)f.

Lemma 6.2 gives

/ (E)f) - T(E)f, Qof)n do = / (2|VEXM|? + N EM|?) da.

dw(r) w(r)

Since EJf(x) = O(|z|™™), T(EM(x), Qof(z))n(z) = O(|z|'™™) as |x| — oo, we
have

0= / (E)f) - T(E)f, Qof)n do
o

= lim (Ef) - T(E), Qaf)n do = / (2|VEXM|? + N Ef|?) da.
=0 Jow(r) Q

Thus u = E}f = 0 in Q. Hence Vp = Au — Au = 0. This forces that p is

constant. O

Corollary 6.5. Let Q C R™ be a domain with compact Lipschitz boundary, \ €
C\{z < 0}, (u,p) be an L>-solution of the Dirichlet problem for the Stokes resolvent
system (2.1). If Q is unbounded suppose moreover that u(z) — 0 as |x| — co. If
g =0, then u=0 and p is constant.

Proof. Fix r > 0 such that 9Q C B(0;7) and put w = QN B(0;r). Lemma 6.1
gives that (Vu)?,p?, € L?(dw), and there exist nontangential limits of Vu and p
at almost all points of dw. So, u = 0 and p is constant by Proposition 6.3 and
Proposition 6.4. ([l

7. L°°-SOLUTIONS OF THE DIRICHLET PROBLEM

In this section we prove the existence of a bounded solution of the Dirichlet
problem (2.1) for the Stokes resolvent system and a bounded boundary condition.
We look for a particular solution of the problem in the form of a double layer
potential

u= D), p=TI)f
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with f € L>(99,C™). Then (u,p) is an L*-solution of the Dirichlet problem (2.1)
if and only if

1
§f + KQ,Af =g.

Proposition 7.1. Let Q@ C R™ be an unbounded domain with compact Lipschitz
boundary, A € C\ {z < 0}. Then I + Kq, is an isomorphism on L?*(99,C™).
If 0Q is of class CY* with 0 < o < 1 then %I + Kq,\ is an isomorphism on
L>(0Q,C™).

Proof. The operator %I—’—KQ’O is a Fredholm operator with index 0 on L?(92, C™)
by [10, Proposition 5.3.5]. Since Kq o — Kq. ) is a compact operator on L?(9£2, C™)
by Lemma 4.2, the operator %I + Kgq, is a Fredholm operator with index 0 on
L?(99Q,C™). Tts adjoint operator %I + Kgm is a Fredholm operator with index 0
on L*(9Q,C™), too. Let now f € L?(8Q, C™) be such that 5f + K, ,f = 0. Define
u= E)}M, p=Qqaf onw=R"\Q Then T(u,p)n® = %f + Kéw\f =0 by (4.7).
Let now G be a component of w. Then G is bounded. Properties of single layer
potentials and Lemma 6.2 give

0:/ u~T(u,p)nG dU:/(2|@u|2+/\|u‘2) dz.
oG G

Thus u = 0 in G. Therefore Vp = Au — Au = 0 in G and p is constant in G.
Since 0 = T'(u, p)n® = —pn%, we infer that p = 0 in G. Hence E)f = 0, Qof =0
in R™ \ Q. Using a nontangential limit we get EQf = 0 on 9Q. So, (EJf, Qaf)
is an L2-solution of the Dirichlet problem —Av + Av + V7 =0, V-v = 0 in ,
v = 0 on 0. Using properties of single layer potentials and Proposition 6.4 we
obtain that v := E}f = 0, 7 := Qof = 0in Q. So, 0 = T(v,7)n" = %f — Kgl’/\f
by (4.7). Therefore, 0 = [1f — KA f] + [Af + K Af] = f. Since T+ Ky is an
injective Fredholm operator with index 0, it is an isomorphism on L?(9€, C™). So,
%I + Kq,» is an isomorphism on L?(09,C™).

We have proved that %I+KQ,>\ is an injective operator on L (92, C™). If 09 is
of class C®, then Kq ) is a compact operator on L> (9, C™) by Proposition 4.3.
The Riesz theorem gives that %I + Kgq, is an isomorphism on L*(0Q,C™). O

Proposition 7.2. Let Q@ C R™ be a bounded domain with Lipschitz boundary,
AeC\{z <0}. For1<q< oo denote LE(9Q;C™) = {f € LI(9Q;C™); [,,n® -
f do = 0}. Then LI+ Kq . is a Fredholm operator with index 0 on L*(9Q,C™)
and [1I + Kqa\J(L*(09,C™)) = LA(0Q,C™). If 9Q is of class CH* with 0 <
a < 1, then %I + Ko, is a Fredholm operator with index 0 on L>(9Q,C™) and
(L1 + Kol (L<(092,C) = L (90,C™).

Proof. The operator %I+KQ7O is a Fredholm operator with index 0 on L?(9Q, C™)
by [40, Proposition 5.3.5]. Since Kq o — Kq x is a compact operator on L?(9£2, C™)
by Lemma 4.2, the operator %I + Kgq  is a Fredholm operator with index 0 on
L2(09,C™).

If f € L2(0,C™) then u = DJf, p = II)Hf is a solution of the Dirichlet problem
for the Stokes resolvent system (2.1) with g = (31 + Kq,z)f. Since V- u = 0,
the Divergence theorem gives g € L2(9, C™). Thus [3I + Ko a](L?*(09,C™)) C
L2(09,C™).
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We now prove that the dimension of the kernel of the operator 31 + K,  in
L2(09,C™) is at most 1. Let £ € L?(9Q, C™) be such that %f—i—K{l/\f = 0. Define
u=E) p=Qaof onw=Rm"\Q. Then T(u,p)n* = %f + Ko, f = 0 by (4.7).
Let now G be a component of w. Choose r > 0 such that 9Q C B(0;r) and denote
G(r) = GN B(0;r). Properties of single layer potentials and Lemma 6.2 give

/ u-T(u,p)n do = / (2|Vu)? + Auf?) dz.
8G(r) G(r)
Since EJf(x) = O(|z|™™), T(EM(x), Qaf(z))n(z) = O(|z|'™™) as |x| — oo, we

get for r — oo

0:/ u-T(u,p)n® daz/(2|@u|2+/\|u\2) dx.
oG G

Thus u =0 in G. Hence Vp = Au — Au = 0 in G and p is constant in G. Since
0 = T(u,p)n® = —pn®, we infer that p = 0 in G. Thus EJ}f = 0, Qof = 0 in
R™ \ Q. Using a nontangential limit we get E3f = 0 on 9Q. So, (E3f, Qof) is an
L2-solution of the Dirichlet problem —Av +Av+Vr=0,V-v=0inQ, v=0on
0f). Using properties of single layer potentials and Proposition 6.3 we obtain that
there exists a constant ¢ such that v := E}f = 0, 7 := Qqf = ¢ in . Therefore
3f—K§ ,\f = T(v,m)n? = —en® by (4.7). Hence f = [3f — K{, \f]+[3f+ K(, \f] =
—cn®. So, the dimension of the kernel of the operator 31 -+ Kg y in L2(09Q,C™) is
at most 1.

The codimension of the range [$1+ Kq 1](L?(9,C™)) is equal to the dimension
of the kernel of the operator %I+Ks/2,>\ by [7, Satz 8.26] or [41, §5.4]. Thus the codi-
mension of [£+ Kq »](L?(052, C™)) is at most 1. Since [31+ Ko \](L?(9Q,C™)) C
L2(9Q,C™), we infer that [1T + Kq \](L?(8Q,C™)) = L2(59,C™).

Suppose now that 9§ is of class C»*. Then Kgq , is a compact operator on
L (0, C™) by Proposition 4.3. Therefore, %I + Kq  is a Fredholm operator
with index 0 on L*(99Q,C™). Since Kq  is a compact operator on L?(9Q, C™) by
Proposition 4.3, we have [$1 + Ko a](L>®(9Q,C™)) = [1] + Ko \](L*(99,C™)) N
L>(09,C™) = L2 (09, C™) by [35, Lemma 5]. O

Theorem 7.3. Let Q C R™ be a bounded domain with boundary of class C1 with
0<a<l, and e C\{z<0}, ge L>®(002,C™).
o Then there exists an L°°-solution of the Dirichlet problem for the Stokes
resolvent system (2.1) if and only ifg € L (092, C™), i.e. [, gn® do = 0.
e If (u,p), (v,m) are two L -solutions of the Dirichlet problem (2.1), then
v =u, p—mis constant.
e If (u,p) is an L*>°-solution of the Dirichlet problem (2.1), then u is bounded
on 1 and

(7.1) Sug lu(z)| < CllgllL=(a0,cm)
(A
where a constant C depends only on Q.

Proof. Suppose that (u,p) is an L>°-solution of the Dirichlet problem for the Stokes
resolvent system (2.1). Since V - u = 0, the Divergence theorem gives that g €
L (09, R™). If (v, ) is another L*-solution of the Dirichlet problem (2.1), then
v =u and p — 7 is constant by Corollary 6.5.



16 DAGMAR MEDKOVA

Proposition 7.2 says that %I + Kq, is a Fredholm operator with index 0 on
L>°(09,C™) and [3] + Ko \](L>(09,C™)) = L (82, C™). The kernel Ker[1] +
Kq )] is a one-dimensional subspace of L>(9€Q,C™). So, there exists a closed
subspace X of L>°(9€,C™) such that L>(9Q,C™) = X & Ker[3] + Kq,»] (see [11,
Lemma 5.1]). Define Uf = [2] + Kq )] for f € X. Then U : X — L (09Q,C™) is
an isomorphism. According to Proposition 4.5 there exists a constant C; such that

IDME| < Chlf||l (o) on R™\0Q,  Vfe L®(09,C™).

Let now g € LX(99,C™). Put u= DJ(U~'g), p=11}(U"'g). Then (u,p) is an
L*°-solution of the Dirichlet problem (2.1). Clearly,

sup [u(z)] < CillU™H gz o0,cm)-
xTE
([l

Theorem 7.4. Let Q) C R™ be an unbounded domain with compact boundary of
class CH* with 0 < a < 1, and A € C\ {z < 0}, g € L>®(99,C™).

e If(u,p) is an L>-solution of the Dirichlet problem for the Stokes resolvent
system (2.1), then there exists Use € C™ such that u(z) — us as|z| — oco.
o Let uy, € C™ be given. Then

(7.2) u(z) = Dy [(1/2)T + Kol ™" (8 — teo) + U,

(7.3) ple) = T [(1/2)1 + Koal ™' (g - ux) — M -

is an L>°-solution (u,p) of the Dirichlet problem (2.1) such that u(z) — U
as |x| — oo. If (v, m) is another L™ -solutions of the Dirichlet problem (2.1)
such that v(z) — U as |x| — 0o, then v =u, p—m is constant. Moreover,
u is bounded on Q0 and

(7.4) Sug lu(z)] < C|llgllL=@a,cm) + lusl]
S

with a constant C depending only on €.

Proof. Suppose that (u,p) is an L*>*-solution of the Dirichlet problem for the Stokes
resolvent system (2.1). Proposition 5.2 gives that there exists us, € C™ such that
u(x) — U as || — oo. If (v, 7) is another L*-solution of the Dirichlet problem
(2.1) such that v(z) — uy as x| — oo, then v = u and p — 7 is constant by
Corollary 6.5.

Proposition 7.1 says that %I‘i’KQ,A is an isomorphism on L (92, C™). Clearly,
(u,p) given by (7.2), (7.3) is an L*-solution (u,p) of the Dirichlet problem (2.1)
such that u(z) — us as || — oco. According to Proposition 4.5 there exists a
constant C'7 such that

IDM| < 1|l (o) on R™\0Q,  Vfe L*(09,C™).
Thus

sup (@) < Coll[(1/2)] + Ko7' [llgllz=(on,cm) + [usol] + [ts]-
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8. NONLINEAR DIRICHLET PROBLEM

Theorem 8.1. Let Q C R™ be an unbounded domain with compact boundary of
class CY® with 0 < a < 1, and A € C\{z < 0}. Let G : 92 x C™ — C™ be a locally
bounded measurable mapping. Suppose that there exists a constant ¢ € (0,1) such
that |G(x,u) — G(z,v)| < qlu —v| for all x € OQ and u,v € C™. If us € C™ then
there exists an L -solution (u,p) of the nonlinear Dirichlet problem for the Stokes
resolvent system

(8.1) —Au+Au+Vp=0, V-u=01inQ, u(z) = G(z,u(x)) on ON.

such that u(x) — uy as |z| — oo. If (v, 7) is another solution of this problem then
v =u and ® — p is constant. Moreover,

sup [u(z)| < C

1
— sup [G(y,0)] + e
€N — 4 yeoQ

where a constant C depends only on Q.

Proof. If (u,p) is an L°°-solution of the linear Dirichlet problem (2.1), then (u,p)
is an L*-solution of the nonlinear Dirichlet problem (8.1) if and only if g(z) =
G(z,9(z)). Define ®(g(r)) = G(x,g(x)). Then ® is a contractive operator on
L>(0€),C™). The fixed point theorem ([7, Satz 1.24]) gives that there exists a
unique g € L>(99, C™) such that g(z) = G(z, g(x)). Moreover,

1 1
gllreea) < ——||0 = ®(0)]| Lo (an) < sup |G(y,0)].
I8l o) < 75 10~ O~ < 7=, sup 1G(3,0)
According to Theorem 7.4 there exists an L°°-solution (u,p) of the linear Dirichlet
problem (2.1) such that u(z) — u as 2| — co. So, (u,p) is an L*-solution of the
nonlinear Dirichlet problem (8.1). Moreover, there exists a constant C' dependent
only on € such that

sup [u(z)] < Cl (8]l (o) + 1] -

Let now (v, ) be another L*-solution of the nonlinear Dirichlet problem (8.1)
such that v(z) — uy as || — oo. Then (v,7) is an L*-solution of the linear
Dirichlet problem (2.1). Theorem 7.4 forces that v = u and m — p is constant. O

In the case of a bounded domain we must add some condition on G but we can
study a nonhomogeneous system

(8.2) — Au(z) + Au(z) + Vp(z) = F(z,u(z)), V-u=0in £,

(8.3) u(z) = G(z,u(x)) on IN.

We say that (u,p) € C(2,C™) x C(Q) is an L*-solution of the problem (8.2), (8.3)
if the equations (8.2) are fulfilled in the sense of distributions, uf, € L>°(Q), there
exists the nontangential limit of u at almost all points of IQ and the boundary
condition (8.3) is fulfilled in the sense of a nontangential limit at almost all points
of the boundary.

The following auxiliary lemma is probably well known but we cannot find a
reference.
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Lemma 8.2. Let  C R™ be a bounded open set, A € C \( 00,0). For f €

L®(Q,C™) define f = fin Q, f =0 on R"\Q, Vf = E*«f. Then V :
L>®(Q,C™) — C(Q,C™) is a compact linear operator.

Proof. According to Lemma 4.1, (4.3), (4.4), (4.5) and (4.6) there exists a constant
Cy such that |EMNz)| + [VEMz)| < Cylz|*=™. So, f — V£, f s VV = (VE) «
f are bounded compact linear operators on L>(Q,C™). (See [27, Chapter II,
Theorem 8.1 and Theorem 8.6].) Thus V : L*°(£2,C™) — W1°°(Q2, C™) is compact.
The imbedding of W1°°(Q, C™) into C(Q, C™) is compact by the Sobolev imbedding
theorem [34, Chapter I, §1.10]. Hence V : L>(Q,C™) — C(©2,C™) is a compact
linear operator. 0

Theorem 8.3. Let Q C R™ be a bounded domain with boundary of class C1 with
0<a<l,and A€ C\{z <0}. Let G: 902 x C™ — C™ be a locally bounded
measurable mapping such that G(xz,u(x)) € LF(9Q,C™) for all u € LL (09, C™).
Suppose that there exists a constant g € (0,1) such that |G(z,u)—G(z,v)| < glu—v|
for all x € 92 and u,v € C™. Let F : Q@ x C™ — C™ be a bounded measurable
mapping. Then there exists an L™ -solution (u, p) of the nonlinear Dirichlet problem
for the Stokes resolvent system (8.2), (8.3). If (u,p) is an L -solution of the
problem (8.2), (8.3) then u is bounded and

sup [u(z)| < C

1
sup |G(y,0)| + sup |F]|
z€Q — 4 yeoQ QxCm

where a constant C depends only on Q. If F(x,y) does not depend ony and (v, w) is
another L -solution of the problem (8.1), (8.3), then v =u and m — p is constant.

Proof. If (u,p) is an L>-solution of (8.2),

(8.4) u=g on N

then (u,p) is an L*°-solution of (8.2), (8.3) if and only if g(x) = G(z,g(x)). The
Divergence theorem gives that g € L (9Q,C™). Define ®(g(z)) = G(x,g(x)).
Then ® is a contractive operator on L (9, C™). The fixed point theorem ([7, Satz
1.24]) gives that there exists a unique g € L (99, C™) such that g(z) = G(z, g(x)).

Moreover,

1 1
co < — O—¢ 0 oo < su G 70 .
lellz 89) > 1qu Oz 09) = 1fqyea%| (y,0)]

For v € L*>(Q,C™) define
fV(z) = F(z,v(x)).
Extend f¥ by 0 outside 2. Let
=E efY, 1V =Qxfv
be the volume potential corresponding to f¥. Then
—AWY +AwY +VrV=fY, V-wV=0 inQ
in the sense of distributions. We have w¥ € C(Q,C™) by Lemma 8.2 and

[W¥lle@) < Cillf¥ L= (0,
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where Cy depends only on Q. If u¥ =wY +wY, p =171+ 7Y, then (u’,p’) is an

L*°-solution of the problem

(8.5) —AuV 4+ vV 4+VpY=f", V.- u¥=0 inQ, u=g onQ,

and only if (WY, 7V) is an L°°-solution of the problem

(86) —AWYH+AIWY+VTV=0,V-w'=0 inQ), w=g—w" on{.

According to Theorem 7.3 there exists an L*-solution (WY, 7V) of (8.6) and

sup [w¥(z)| < Cs sup |g(y) — wY (y)]
e yeoN

where a constant Cy depends only on Q. So, uw¥ =wY +wVY, p =7+ 7V solve the
problem (8.5) and

(8.7) sup [u¥(z)| < Ci1(1+ Cy) sup |F|+ Cy

—— sup |G(y,0)].
z€EQ QxCm — 4 ycoQ

Let now (@1, p) be another L>-solution of the problem (8.5). Then
A’ —0)+A(u'—a)+VQp'—-p) =0,V-(u¥—1u)=0in Q,u’ —a=0on Q.

Theorem 7.3 forces that u¥ —ua = 0 and p¥ — p is constant. Define Uv = u¥. Then
U is an operator on L> (9, C™). According to (8.7) there exists a constant M such
that |[Uv| < M for all v e L>(Q,C™).

If u € L>°(Q,C™) then there exists p such that (u,p) is an L*-solution of the
problem (8.2), (8.3) if and only Uu = u. So, if (u,p) is an L*-solution of the
problem (8.2), (8.3) then (8.7) holds for u* = u.

{f¥;v € L>*(Q,C™)} is a bounded subset of L>°(£2,C™). Since f¥ — wV is a
compact mapping by Lemma 8.2, {w"¥;v € L>®(Q2,C™)} is a precompact subset of
C(€2,C™). Since the mapping g — w" — W is continuous, {u¥;v € L*(Q,C™)} is
a precompact subset of L>(Q,C™). So, U is a compact mapping on L>(§,C™).
IfueL*(Q,C"),0<a<1and u=aUu, then |u| < |a||Uu| < M. According
to [14, Theorem 11.3] there exists u € L>(§2,C™), such that Uu = u. So, (u“, p")
is an L*°-solution of the problem (8.2), (8.3). O

Next we study L°°-solutions of the Dirichlet problem for the Darcy-Forchheimer-
Brinkman system.

Theorem 8.4. Let Q C R™ be a bounded domain with boundary of class C® with
0<a<l,and A€ C\{z <0}, 8 €C. Then there exist d,¢ € (0,00) such that
the following holds: If g € L (9Q,C™) and £ € L>®(9Q,C™) such that

(8.8) lgllzee@on) + £l L) <o
then there exists an L™ -solution (u,p) of the problem
(8.9) —Au+du+fluju+Vp=1£f, V-u=0 inQ, u=g ondQ

such that lu| < e. If g € L2(8Q,C™) and f € L®(9Q,C™) satisfy (8.8) and (v, )
is an L -solution of the problem

(8.10) — AV WA Bvv+Vr=f, V-v=0 inQ, v=g ondQ
such that |v| < € then

[u=v] < C[lf = Fllzo) + llg = &l e | [l < C [l + gl on)]
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where a constant C' depends only on €. Iff' =f,g=g, thenv=uand ™ —p is
constant.

Proof. U F € L>(Q,C™), G € L (99), then there exists an L>-solution (u,p) of
the problem (8.2), (8.3). Moreover, u is determined uniquely and

(8.11) uf < Cy [[IF]|z= (@) + Gl (o0)]

where a constant C; € (1,00) depends only on 2. (See Theorem 8.3.)
Fix € and § such that

(8.12) 0<e<[C(IB|+ 1], 0<d<e/(4Ch).

Let now (u, p), (v, 7) be an L*-solution of the problem (8.9), (8.10), respectively.
Then (u—v,p — m) is an L*-solution of the problem (8.2), (8.3) with

G=g—-g F=f—f—puu+gv|v.
By virtue of (8.11)
(813) [u—-v[<Cy [Hf - ?”Lw(Q) + lg — &ll L~ 00) + |8]]l[ulu — |V‘VHL°°(Q)} .
We now estimate ||[ulu — [v|v|| e (q):
Vvl = Taluaf Lo @) < VIV =)L (o) + [l[v] = [ullufz @)
< v —ullz=(o) [[[ullz=@) + IVlL=@)] -
If |u| <e, |v|] <e, then
(8.14)  [[v[v] = [ujul L~ (q) < 2¢[lv = ullL=(0) < 2C1 (18] + V)] v = ull = (q)-
Substituting into (8.13)

~ N 1
sup u—v| < Cu [[[f = Fllzo) + 18— &ll = om | + 5 5up [ — .
So,

(8.15) sup fu —v| < 204 [[If ~ Flloeoy + g — &llzeom) -

Forv:07f'zO,QanndfT:Ovvehave

Slslzp lu| < 2C [[If]| ) + gl o0)] -
If f = f, g = g then (8.15) gives that v = u. Subtracting (8.9) and (8.10) we obtain
V(p — 7) = 0. Therefore p — 7 is constant.

Let now g € L (09, C™), £ € L9, C™) satisfying (8.8) be given. We show
the existence of an L*°-solution of the problem (8.9). Denote

Xe={ue L= (QC™);lul|pe ) <€}
For v € X, there exists an L*-solution (Uv,Vv) of the problem (8.2), (8.3) with
G=g, F =1 — g|v]v.

Moreover, Uv is determined uniquely. (See Theorem 8.3.) Remark that (v, Vv) is
an L*-solution of the problem (8.9) if and only if Uv = v. According to (8.11),
(8.8) and (8.12)

Uu| < Cy |[[fl| =) + 1BIIVIT~ () + ||gHL°C(BQ)] <Ci0+[ple*) <e.
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So, U(X,) C X.. If v,u € X, then (Uv — Uu,Vv — Vu) is an L>®-solution of the
problem (8.2), (8.3) with

G=0, F = Slulu — G|v]|v.
By virtue of (8.11) and (8.14)

1
U~ Ul < C8lIviv] = [aful o) < Slu—ul.

Since U is a contraction on X, the Fixed point theorem ([14, Corollary 11.2]) gives
that there exists a unique u € X, such that Uu = u. So, (u,Vu) is an L*-solution
of the problem (8.9). O

9. GENERALIZED MAXIMUM PRINCIPLE

In this section we prove the generalized maximum principle. We have proved
that if (u,p) is an L*-solution of the Dirichlet problem for the Stokes resolvent
system, then u is bounded. (Remark that p might be unbounded as the formula
(7.3) shows.) Now we prove that if (u, p) is a solution of the Stokes resolvent system
such that u is bounded, then (u,p) is an L*-solution of some Dirichlet problem for
the Stokes resolvent system.

Proposition 9.1. Let  C R™ be an open set with compact Lipschitz boundary,
A € C\{z <0}, (u,p) be a solution of the Stokes resolvent system (1.1) in Q. Ifu
is bounded then there exists a nontangential limit of u at almost all points of ON).

Proof. Suppose first that 2 is a bounded starshaped domain and A = 0. We can
suppose that € is starshaped with respect to 0. For r € (1/2,1) define u,(z) =

u(\/rz), pr(x) = /rp(y/rx). Easy calculation yields
V-u.(x) =/rV-u(yrz) =0,
Au,(z) + Vp,(x) = rAu(y/rz) + rVp(v/rz) = 0.
Thus u, € L2(952;C™) by the Divergence theorem. Denote by T the restriction
of %I + Kq onto L2(9Q;C™). Then T is an isomorphism by [10, Theorem 5.3.6].
Put f, = T7'u,. Since u, € W2(99Q,C™) we have f. € W12(9Q,C™) by [10,
Theorem 5.3.6]. So, v,, = Dqf,, ¢, = Ilgf,. is an L?-solution of the Dirichlet
problem
Av,+Vgqg. =0, V-v, =0 in Q, v, =u, on Jf.

Thus u, = Dqf, by [10, Theorem 8.2.1]. Since {u,} is a bounded subset of
L2(09,C™), the set {f.} is also bounded in L?(9Q,C™). According to [15, Chap-
ter 4, Theorem 4.61.A] there exists a sequence r(j) T 1 and f € L?(9Q, C™) such
that f,(;) — f weakly in L?(9Q,C™). If z € Q then

J—0o0 J—0o0

Behaviour of a Stokes double layer potential gives that there exists a nontangential
limit of u at almost all points of 9€).
Let now 2 be a bounded starshaped domain and A # 0. Define u = 0 on R\ €,

and
(7)-eon()

where * denotes the convolution. Then V-v =0, Av—Vg = Au. If 1 <t < co then
u e L{(R™,C™) and thus v € W2 (R™ C™) (see [12, Chapter IV, Theorem 4.1]).

loc
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Sobolev embedding theorem gives that v € C(Q,C™). Thus (u — v,p — q) is a
solution of the Stokes system in €2 and u—v is bounded. We have proved that there
exists a nontangential limit of u— v at almost all points of 9. Since v € C(Q,C™),
there exists a nontangential limit of u at almost all points of 9.

Let now §2 be general, A € C\{z < 0}. Choose r > 0 such that 9Q C B(0;r). Put
w=QNB(0;r). According to [34, Chapter I, § 1.3.2, § 1.3.3] there exist starshaped
domains 2, ..., with Lipschitz boundary such that w = £, U --- U Q. Since
there exist nontangential limits of u with respect to §2; at almost all points of 92,
there exists a nontangential limit of u with respect to Q at almost all points of
on. O

Theorem 9.2. Let Q C R™ be a bounded open set with boundary of class C1** with
0<a<l1,and A € C\{z <0}. Let (u,p) be a solution of the Stokes resolvent
system (1.1) in Q such that u is bounded. Then there exists g € L (9, C™) such
that g(z) is the nontangential limit of u for almost all z € Q. Moreover,

sup [u(z)| < Cllgl L= (a0,
zeN
where a constant C' depends only on (2.

Proof. According to Proposition 9.1 there exists g € L*(9€2, C™) such that g(z)
is the nontangential limit of u for almost all z € 9. So, (u,p) is an L*°-solution
of the Dirichlet problem (2.1). The rest is a consequence of Theorem 7.3. O

Theorem 9.3. Let Q C R™ be an unbounded open set with compact boundary
of class CY® with 0 < a < 1, and A € C\ {z < 0}. Let (u,p) be a solution of
the Stokes resolvent system (1.1) in Q such that u is bounded. Then there exists
g € L®(092,C™) and uy, € C™ such that g(z) is the nontangential limit of u for
almost all z € 0Q and u(z) — us as || — oco. Moreover,

Sup lu(z)] < C [llgllL=(a0) + lusl]
where a constant C depends only on 2.

Proof. According to Proposition 9.1 there exists g € L*°(9€2, C™) such that g(z)
is the nontangential limit of u for almost all z € 9. So, (u,p) is an L*°-solution
of the Dirichlet problem (2.1). The rest is a consequence of Theorem 7.4. (I
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