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Orthogonalization with respect to the standard inner product

A= (a1,...,an) € R™", m >n = rank(A)

orthogonal basis Q) of span(A):
Q= (qla ce 7qn) € R"™", QTQ =1y

A=QR, R R™ upper triangular,
factorization uniqueness: positive diagonal entries

K(Q) =1, IR] = |l |R™[| = 1/on(A), (5(R) = r(4))

C=ATA=R'R



CLASSICAL AND MODIFIED GRAM-SCHMIDT ALGORITHMS

» classical and modified Gram-Schmidt are mathematically equivalent, but
they have " different” numerical properties

» classical Gram-Schmidt can be " quite unstable”, can " quickly” lose all
semblance of orthogonality



classical Gram-Schmidt process
forj=1,...,n

U; = ay

fori=1,...,7—1

uj = uj —Ti;q;
5,5 = |lugl]

qj = Uj/Tj,5

1,....n
U; = ay
fori=1,.

modified Gram-Schmidt process:
for j =

Li—1

uj = uj —Ti;q;
5,5 = |lugl]

qj = u;/7j;




GRAM-SCHMIDT PROCESS VERSUS ROUNDING ERRORS

» modified Gram-Schmidt (MGS):
assuming O(u)k(A) < 1
I7-Q7Q| < 25254

— 1-0(u)k(A)
Bjorck, 1967 , Bjorck, Paige, 1992
» classical Gram-Schmidt (CGS)?

AT A O(w)r"" (A
11 - QTQl < 12585

Kielbasinski, Schwettlik, 1994

Polish version of the book, 2nd edition



TRIANGULAR FACTOR FROM CLASSICAL GRAM-SCHMIDT VS.
CHOLESKY FACTOR OF THE CROSS-PRODUCT MATRIX

exact arithmetic:

i—1
@i = D e Thiik
T = (aj7qi) = <aj, 2 k=1 [

Tii

(aj,a;) — 22;11 Tk,iTk,j

Tii

The computation of R in the classical Gram-Schmidt is closely related to the
left-looking Cholesky factorization of the cross-product matrix
C=ATA=R"R

Cholesky QR algorithm: the triangular factor computed as the Cholesky factor
of the cross-product matrix C and the orthogonal vectors recovered from the
inverse of the triangular factor as @ = AR™!



CLASSICAL GRAM-SCHMIDT PROCESS: THE LOSS OF
ORTHOGONALITY

ATA+ AE, =RTR, A+ AE, = QR
RT(I - QTQ)R = —(AE)TA - ATAE, — (AE)TAE, + AE;
assuming O(u)k(A) < 1

)
u)k?(A)
I1-QTQ| < Zu=t

Giraud, van den Eshof, Langou, R, 2005
Barlow, Smoktunowicz, Langou, 2006



ITERATED GRAM SCHMIDT OR GRAM-SCHMIDT PROCESS WITH
REORTHOGONALIZATION

> lterated Gram-Schmidt algorithm: Gram-Schmidt process can be applied
iteratively to improve the orthogonality between the computed vectors

> Gram-Schmidt with reorthogonalization: " two-steps are enough” to
preserve the orthogonality to working accuracy



classical Gram-Schmidt:
forj=1,...,n

Uj = aj

_ Jj—=1,2
i =/l =322 7,
Q= uj/Tj;

classical Gram-Schmidt with reorthogonalization
forj=1,....n

U; = aj

fork=1,2

ajk = Uy

i = llugl]

a4 =u;/7j;




GRAM-SCHMIDT WITH THE REORTHOGONALIZATION

uj = (I - ijlQ}ll)aj' v = (I - ijngll)Qaj
rer < (A i =1 Q- 1(||vj||) =0
A+ AE; = QR, |AE:|| < O(u)| A

. 197051 _
S TowR@ gl =

assuming O(u)k(A) < 1
11— Q"Q| < 5 (1(L L(A)

Giraud, van den Eshof, Langou, R, 2005



STANDARD INNER PRODUCT: ROUNDING ERRORS

» modified Gram-Schmidt:
assuming O(u)k(A) < 1
AT A O(u)k(A
I - QTQ| < (oLxe
Bjorck, 1967, Bjorck, Paige, 1992
» classical Gram-Schmidt:
assuming O(u)k(A) < 1
AT A O(u)k? (A
I - QTQ| < et
Giraud, van den Eshof, Langou, R, 2005
Barlow, Smoktunowicz, Langou, 2006

» classical or modified Gram-Schmidt with reorthogonalization:
assuming O(u)k(A) < 1
I - Q7Qll < Ow)
Giraud, van den Eshof, Langou, R, 2005
Barlow, Smoktunowicz, 2011



T
T Qll

loss of orthgonality || 1 = Q

CGS x CHOL QR x MGS x CGS2
T T

ok
5]

107 L L L L L L
3 4 5

logarithm of the condition number k(A,)

Stewart, " Matrix algorithms” book, p. 284, 1998



Orthogonalization with respect to a non-standard inner product

B € R™™ symmetric positive definite, inner product (-, )p

A= (a1,...,an) € R™", m >n = rank(A)

B-orthonormal basis of span(A):
Q=(q1,--,q2) € R™", Q"BQ = I,
A=QR, R R™ upper triangular with positive diagonal entries

BU/2A = (BV2Q)R, |B'2Q| = 0,(BY2Q) = 1 ((Q) < xV/%(B)))
IRl = [ BY2Al|, |1 = 1/0u(BY2A) (x(R) = n(BY24)

C=ATBA=R'R



forj=1

classical Gram-Schmidt

Uj; = aj

1
rra=/llaslls — S5 2,
4G =u;/ri;
classical Gram-Schmidt with reorthogonalization
forj=1,....n
U; = aj
fork=1,2
aj = Uy

i = lluille
a4 =u;/7j;




LOSS OF B-ORTHOGONALITY IN GRAM-SCHMIDT
modified Gram-Schmidt:
O(u)k(B)k(BY?A) < 1

O(u)||B[|QI*+(B'/2A)
— O(u)|| Bl[[|QIIPx(B/2A)

I71- Q"B < -
classical Gram-Schmidt and AINV algorithm:
O(u)k(B)k(BY?A)k(A) < 1
T o O(w)||B||V2|Q||x(BY2 A)k/?(B)k(A

= 1- 0(w)|[BI[2[Ql(BY2A)x1/2(B)r(A)
classical Gram-Schmidt with reorthogonalization:
O(u)s'?(B)rk(BY?A) < 1
IT - Q" BQ| < o) B]IQIQM]



THE LOCAL ERRORS IN A NON-STANDARD INNER PRODUCTS

general positive definite B :

8[(@i, gj) 5] — (@i, @) B < O(w)[| B[]l
11— lgliEl < o) Blllg

diagonal positive (weight matrix) B :

|{(wi, g5) B] — (@i, @) Bl < O(u)l|uil| 51175l 5
1= Ngl5] < Ou)



DIAGONAL CASE IS SIMILAR TO STANDARD CASE

modified Gram-Schmidt:

O(u)k(B?4) <1

O(u)k(BY2A)
— O(u)k(B1/2A)
classical Gram-Schmidt and AINV algorithm

I1-Q"Bql < -

O(w)r*(B?A) <1

O(u)k2(BY2A)
— O(u)k?(B'Y2A)

classical Gram-Schmidt with reorthogonalization:

I1-Q7BQ| < -

O(u)k(BY?4) < 1
11— Q"BQ| < O(u)
Gulliksson, Wedin 1992, Gulliksson 1995



Orthogonalization with respect to a symmetric bilinear form

B € R™™ symmetric indefinite and nonsingular
A= (ar,...,an) € R™", m >n = rank(A)
B-orthonormal basis of span(A):

Q=(q1,....qn) € R™", QTBQ = Q € diag(£1)
A= QR, R R™™ upper triangular with positive diagonal

if no principal minor of C' vanishes (if C' is strongly nonsingular)

C =ATBA = RTQR

Bunch 1971, Bunch-Parlett 1971
Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981
Slapnicar 1999, Singer and Singer 2000, Singer 2006



classical Gram-Schmidt
forj=1

Uu; = aj

wj —51gn[<Ba],aJ) Z Wﬂ"z,g 75,4 —\/‘ (Baj,a;) — > wi .
4 = uj/Tj;
classical Gram-Schmidt with reorthogonalization
forj=1,...,n
Uj; = aj
fork=1,2
(k
CLJ- = Uy

wj = sign[(Buy, u;)], 75,5 =

i =/ [(Buj, uj)|
qj = u;j/r,;




Conditioning of the factors R and Q)

IR;H1* < lIC7 | +2 > [lehul

i=1,...,j—1; wit17w;

C=R'OR = |R| < [ClIR™|

W(R) S NIC (IC71 4255, 1y 16571

IQI < AN, omin(Q) > Tminl)

R(Q) < K(A)K(R)

R, Okulicka-Dluzewska, Smoktunowicz, 2015
N. Higham, J-orthogonal matrices, SIAM Review 2003



Example with well-conditioned principal submatrix

(385 %)
() v=(3)

[|B]| = 1+ ¢ and omin(B) = 2¢



Example with ill-conditioned principal submatrix

1 0 e 1
A:(o 1)'B:<1 5)
1 1
— %_ e(14€2 _
QRl(O ng+>>, R=Q'=

\/g N 1+€2
+e2 _

0 NG 0 —1



Classical Gram-Schmidt computes a Cholesky-like factor of C

Cholesky-like factorization:
assuming O(u)||AlI*|| BI|(|C™"|| + max;, o420, [C5 ) < 1
C+ AC = RTOR,
|AC] < O@W)[[|R]I” + IBI[[|AlI7]

Bunch 1971, Bunch-Parlett 1971
Slapnicar, 1999

Classical Gram-Schmidt (B-CGS) process :

C+AC = RIQR,
IAC] < O)[IRIP+IBIIANQN R+ BIIAN



The loss of B-orthogonality between computed vectors

Cholesky-like B-QR factorization: () = fl(AR™!)
1QT BQ—-Q|| < O(u)[x*(R)+[|R™*[|AI?[ Bl +21 BRI Qllx(R)]
Classical Gram-Schmidt (B-CGS) process :

) 1QTBQ - Qf < ) -
O(u) [R*(R) + [|RHPI AP B + 3| BAIR || Qs (R)]



The loss of B-orthogonality between computed vectors

CGS with reorthogonalization (B-CGS2):
O AIPIBIICIICT | + max;j, o, 23, IC;1)? <1

1Q"BQ — Q| < O(u)|| B[ QI



Numerical experiments - model examples

C— Cu Cu )\ _ RE 0 I 0 Ri1 Rio
Coy1 O RL, RIL, 0 —I 0 Ry )’
1. k(C11) = 100 < K(C) = 10%, k(C12) = 10° for i = 0,...,8;

Ca2 =0 ([[C11]| = [|Cr2| = 1)

Co = —Cu1 ([ICnll =1/2)



The spectral properties of computed factors with respect to the
conditioning of the submatrix C1o for Problem 1.

[l Il [| S22l IRI=1Q7M | IR~ I =1lel

10° 1.6180e+00 | 1.0000e+02 1.4142e+01 1.4142e+01
10" 1.0099e+02 | 1.0000e+-02 1.4142e+01 1.4142e+401
10? 1.0001e+04 | 1.0000e+-02 1.4142e+01 1.0001e+02
10° 1.0000e+06 | 1.0000e+-02 1.4142e+01 1.0000e+03
10? 1.0000e+08 | 1.0000e+02 1.4142e+01 1.0000e+04
10° 1.0000e+10 | 1.0000e+02 1.4142e+01 1.0000e+05
10° 1.0000e+12 | 1.0000e+-02 1.4142e+01 1.0000e+06
107 9.9808e+13 | 1.0000e+02 1.4142e+01 1.0000e+07
10° 1.8925e+16 | 1.0000e+02 1.4142e+01 1.0000e+08




The loss of B-orthogonality || — QT BQ|| with respect to the conditioning
of the submatrix C'5 for Problem 1.

[ ICE | Cholesky B-QR | Cholesky B-QR2 | B-CGS | B-CGS2 |

10° 6.9767e-15 3.1373e-15 4.5838e-15 | 3.1956e-15
10" 8.5940e-14 6.6516e-15 5.1740e-14 | 7.1550e-15
107 1.8989e-12 5.6400e-14 4.4021e-12 | 5.1951e-14
10° 4.8268e-10 3.2421e-13 1.5760e-10 | 4.4188e-13
107 2.9594e-08 4.9631e-12 1.1656e-08 | 2.6936e-12
10° 1.5621e-06 3.7820e-11 1.8274e-06 | 2.9007e-11
10° 2.4082e-05 2.0335e-10 2.3673e-04 | 2.8010e-10
107 3.7036e-02 2.5207e-09 9.6352e-03 | 2.9913e-09
10 6.5241e-01 2.0603e-08 4.1306e-01 | 2.4907e-08




The spectral properties of computed factors with respect to the
conditioning of the submatrix C1; for Problem 2.

len'l e (| S22l IRI=1Q7 | IR~ I =1Ql

10° 1.0000e+00 | 2.0000e+00 | 1.9319e+00 1.9319e+00
10! 1.0000e+00 | 2.0000e+01 | 6.3226e+00 6.3226e+00
10 1.0000e+00 | 2.0000e+02 | 2.0000e+01 2.0000e+01
103 1.0000e+-00 | 2.0000e+03 | 6.3246e+01 6.3246e+01
10% 1.0000e+00 | 2.0000e+04 | 2.0000e+02 2.0000e+02
10° 1.0000e+00 | 2.0000e+05 | 6.3246e+02 6.3246e+02
10° 1.0000e+-00 | 2.0000e+06 | 2.0000e+03 2.0000e+03
107 1.0000e+-00 | 2.0000e+07 | 6.3246e+03 6.3246e+03
108 1.0000e+00 | 2.0000e+08 | 2.0000e+04 2.0000e-+04
10° 1.0000e+00 | 2.0000e+09 | 6.3246e+04 6.3246e-+04
10™ | 1.0000e+00 | 2.0000e+10 | 2.0000e+05 2.0000e+05
10 | 1.0000e+00 | 2.0000e+11 | 6.3246e+05 6.3246e+05
102 | 1.0000e+00 | 2.0000e+12 | 2.0000e+06 2.0000e+06
10" | 1.0000e+00 | 1.9999e+13 | 6.3245¢+06 6.3245e+06
10™ | 1.0000e+00 | 2.0004e+14 | 2.0188e+07 2.0520e+07
10™ | 1.0000e+00 | 2.0011e+15 | 6.6349e+07 5.2040e+07




The loss of B-orthogonality || — QT BQ|| with respect to the conditioning
of the principal submatrix C'1; for Problem 2.

‘ ICHI ‘ Cholesky B-QR ‘ Cholesky B-QR2 ‘ B-CGS ‘ B-CGS2 ‘
10° 5.0322¢-16 3.2067e-16 5.3413e-16 | 3.9373e-16
107 1.2883e-15 8.7715e-16 1.5521e-15 | 1.2610e-15
107 4.5583e-15 3.5957e-15 4.6097e-15 | 3.2657e-15
10° 1.9874e-14 1.6704e-14 2.6765e-14 | 2.2026e-14
107 1.5159e-13 1.2480e-13 1.4222e-13 | 1.3054e-13
10° 1.0447e-12 8.1751e-13 1.1241e-12 | 1.2374e-12
10° 1.0511e-11 7.1311e-12 1.6597e-11 | 6.4763e-12
107 5.8440e-11 5.0812e-11 2.1037e-10 | 5.1101e-11
10 3.5174e-10 2.3857¢-10 6.4724e-10 | 5.8383e-10
10° 5.6336e-09 4.7359e-09 8.5080e-09 | 3.2390e-09
100 6.4206e-08 4.7271e-08 1.8162e-07 | 4.7073e-08
10™ 3.3127e-07 2.8293e-07 1.0061e-06 | 4.2164e-07
10%? 3.4508¢-06 2.6920e-06 7.6409¢-06 | 6.0936e-06
10 2.2361e-05 5.5208e-05 1.3357e-04 | 4.7861e-03
10 5.4077e-04 3.6470e-04 6.8111e-04 | 2.1676e+00
10% 5.4339¢-03 2.9211e-03 1.0174e-02 | 4.1463e+00




Orthogonalization with respect to a skew-symmetric bilinear form

A= (a1,...,a2,) € R*™™ m >n=rank(A)/2
J = ( _OI é ) € R?¥™:2m skew-symmetric and orthogonal

J-orthonormal basis of span(A): Q = (qi,...,q2n) € R>™2"

QTJQ:diag(< _01 (1] >,...,< _01 (1) )) € R2n2n

A=QR, R & R™ upper triangular with positive diagonal

if no minor of C' with even dimension vanishes

. 0 1 0 1
C:ATJA:Rleag(< 1 0),...,(_1 0>)R

Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981
Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986
Benner, Byers, Fassbender, Mehrmann, Watkins 2000



Orthogonalization with respect to a skew-symmetric bilinear form

classical Gram-Schmidt (CGS)
forj=1,...,n

[uzj—1,u2;] = [az;-1, az;]

711 0 0 1 i1 Ti12 _ . RES . .

( e ) ( 10 ) ( 0 1o ) = [ugj—1,u2;]" J[ugj—1,uz;]
11 T2 -t
0

T22

N



Uniqueness of the Cholesky-like factorization?

0 x[|C| > T
( FlC| 0

_ (7 O 0 1 i T2\ _ 0 711722
T12 T22 -1 0 0 7o —T11722 0

. rior
How to compute the (normalization) factor R = ( (1)1 TIQ )?
22

Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986
Fassbender 2000, Benner 2003

Salam 2005

Ferng, Lin, Wang 1997

Bhatia 1994, Chang, 1998



Local minimization of the condition number of R

2( ): HRH%WL ||R||%*4T%1T§2
IRI%—/IIRI}—4r3,r3,

As ri11722 = d is fixed and k(R) is an increasing function of ||R||F, it is
minimized if T12 = 0 and |7“11| = |7"22|. Then

RTR:|d|<(1) ‘f) K(R) =1

Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986



Local minimization of the condition number of @)

(Ao (A)2

19U+ 1@l —a WALomp,

Q=ART, Q) = Al d~ (4))2
QI Il ~4 U417

As ||Al|omin(A)/d is fixed and k(Q) is an increasing function of ||Q| 7, it is

minimized if 712 is chosen so that g1 L g2 with ||q1]| = ||g2]]. Then
7o _ [Allomin(4) (10 _

Fassbender, R 2016



Conditioning of the factors R and Q)

IR < |lC™ 1||+\fz: 1051y Cot—nyill + 12 Ry

IRl < IClllR]

1QI < TAIEM, omin(Q) > i)

R(Q) < Rr(A)K(R)

Xu 2003



Example with k(R) > k(A) = k(C) = 1
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Conditioning of factors in the SR decomposition

C skew-symmetric, Bunch decomposition of C'
L € R?>™2" block unit lower triangular, D € R?*™?" block diagonal

0 1
i 5o)
C=LDL" D=
0 1
w(5o)
UeR>? U=AL"T UTJU =D

R =diag(R1,,...,Rnn) LT, Q= Udiag(R;1,...,R,})

s Hlnn

Bunch 1982, Benner, Byers, Fassbender, Mehrmann, Watkins 2000, Singer, Singer 2003



Towards the global minimization of the condition number of R

I ... L}, Ly

1. For each n minimize ||Rn7nLnH% subject to r11722 = d:
||Rn,nLnH% = 2|dn|\/H£n,1H2H£n,2H2 - (gn,lvgnﬂ)g = 2@21
and [ (1 0)RunLn|=[(0 1)RyunLn| = 08n.

2. Set 3 = max,, 3,. For each n compute R,, ,, so that
”Rn,nLnH% = 2/62 and r117m22 = dp.

We can find a block scaling such that all rows of the matrix

R = diag(Ry 1, ..., Rnn) LT have the same norm equal to 3.

Optimality of block scaling? 2n3% = ||RY, Ly |13 < ||RpnLnl%
Van der Sluis 1969, Shapiro 1982, 1985



Towards the global minimization of the condition number of Q)

U:(Ul,...,Un), Un:(un,l,un,g).

1. For each n minimize ||UannHF subject to r11729 = dy:

\/”Un 1”2||Un,2||2_(un,17un,2)2 2
HU R F—2 [dn] :2571

_ _ 0
ond 10,73 (g ) 1= 10attad () 1=

2. Set 3 = max,, 3,. For each n compute R, ,, so that
|UnR;, L I1% = 26% and 111792 = dy,

7

We can find a block scaling such that all collumns of the matrix
Q= Udiag(Rf%, cee R;}l) have the same norm equal to 5.
ST 2 _ —T(pC \—1|2 -T 1|2
Optlmallty? 2”5 - ||ALn (Rn,n) HF < ||ALn (Rn,n) HF
Van der Sluis 1969, Shapiro 1982, 1985
Dopico, Johnson 2009



Example with k(A) ~ x(C)

O HlwO —

O — O

LDLT

o — O O

_ - o oo
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- T&l 761 Fl
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Example: triangular factor local minimization vs. equilibration

0 0 101 o0 Ve 0
0 010 L) [ 0o 2 0
1 0 0 0 1 0 o 0 0 1
0 1 00 0 1 0 0 0
[[Ra | ~ Dl g R(R) & s
I 0 0 0 )
01 0 0 10 ¢ 0
0 NG (14€2)2—¢2 0 1 0 €
vy e 00 1 0
Vit 00 0 1
0 0 0 Vite?
NG
\/1172 0 V1+e? 0
V1+e? 0 \/H—Q 0 V1+e?
Ve 0 0 c V(22—
e v
0 0 0 1
\/1+E
[ Ra| ~ AR~ 5 k(Re) ~ L



Example: semi-symplectic factor local minimization vs. equilibration

1 1
01 0 1 = 0 00 0 2 0 1
Q=| 10 -0 0 & o |_[ & o Lo
"“loo -1 0 o 0 1 0 5 0 1 o
0 0 0 o 0 o0 1 0 V£ 0 0
Qi ~ L QT | = L, k(@) ~ &
Vit
01 0 1 v L 0 8
Qs = 10 L0 Vi e .
B 00 -1 0 0 0 : 0
0 ¢ 0 O V142
V/1+e2
0 0 0 =
1
0 — 0 1
Viye | ! 0 —\/1—2 0
= = - 1+4¢
ve |00 s 0
0O Az 0 0
41+52 - € V24y/1+4€2 24/1422
Q2 ~ \C\/ﬁ Q7 ~ 4f2#,,£(@2)z ﬁ



Thank you for your attention!!!
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Orthogonalization with respect to a skew-symmetric bilinear form

B € R?™2m skew-symmetric and nonsingular

A= (ay,...,az,) € R¥™2" m >n = rank(A)/2
A = QR, R € R*2" upper triangular with positive diagonal

B-orthonormal basis of span(A): Q = (q1,...,qo,) € R*™?"

QTBQ:diag(< _01 é),,( _01 (1)>)€R2n,2n

. 0 1 0 1
C:ATBA:RTd1ag(< ) 0),...,<_1 0>)R



Orthogonalization with respect to a skew-symmetric bilinear form

Schur-like factorization of skew-symmetric and nonsingular B

_ 0 ¥\ r
pav( %)y

V € R?™2™m orthogonal with VIV = VVT =1
Y = diag(o1,...,0m) € R™™ with positive entries

_ ¥ 0 0 I ¥ 0 T
B_V<o 2><—I o><o 2)V
¥ 0 T4 o
0w V+* Ais a J-orthogonal matrix with
0 I
0

) € R?™2m skew-symmetric and orthogonal



Example with k(R) =~ k(A4) > k(C) = 1
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Local minimization of the condition number of R

2( ): HR“%+ ||RH}1:_4T%1T§2
HR||%—\/||RH%—47"%1T§2

As ri11722 = d is fixed and k(R) is an increasing function of ||R||F, it is
minimized if r12 = 0 and |r11]| = |r22]. Then

RTR:|d|<(1) ?) K(R) =1

1 1/ye
Q=AR! = 1/6@ 0
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Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986



Orthogonal factor Q7
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Local minimization of the condition number of @)
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As ||Al|omin(A)/d is fixed and k(Q) is an increasing function of ||Q||F, it is

minimized if r12 is chosen so that g1 L g2 with ||q1|| = ||g2||. Then
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