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1. Introduction. Main results

Let (Xo, |- llo), (X1,]l-]l1) be two Banach spaces contained continuously in a Hausdorff topological vector
space (that is (X, X1) is a compatible couple).
For g € Xy + X1, t > 0 one defines the so called K functional K(g,t; X0, X1)=K(g,t) by setting
K(g,t)= _inf (llgollo +tllgallr)- (1)
9=go+91
For0<6<1, 1<p<+oo, a € R we shall consider

_p_1 « . .
(X0, X1)o,pia = {g € Xo+ X1, llgllo,pa = It 0—3 (1 — Logt) K(g,t)”Lp(O’l) is ﬁmte}.
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Here || - ||y denotes the norm in a Banach space V. The weighted Lebesgue space L?(0,1;w), 0 < p < +oo
is endowed with the usual norm or quasinorm, where w is a weight function on (0, 1).

Our definition of the interpolation space is different from the usual one (see [5,21]) since we restrict the
norms on the interval (0, 1).

If we consider ordered couple, i.e. X7 — Xp and oo = 0, (Xo, X1)9:0 = (Xo,X1)e,p is the interpolation
space as it is defined by J. Peetre (see [5,6,21]).

A particular attention will be brought to the so-called Grand Lebesgue space LP)*(£2), with £ a bounded
(open) set of R™ whose measure is 1, 1 < p < +00, a > 0 defined as

-

LP)e(Q)= {f : £2 — R measurable || f[|,y o= sup (1 — Logt)™ / fPlo)do | < —l—oo}
Too<t<1 t

and its associated spaces L(p/""(ﬁ), L4+

! =1 defined as (see [11])

1
p
1

/

’ 1 Qs t, " dt
LP2 (D)= { f: 2—R measurable, ||f|\(p/7a:/ (1- Logt) A 1</ 1P (a)do) ?<—|-oo
0 0
Here, f, is the decreasing rearrangement of |f], say it is the generalized inverse of the distribution function
Dy¢(t) = measure{x € 2,|f(z)| > t},t € Ry.
Many works related to Grand and small Lebesgue spaces have been recently done (see for instance

[2,10,11,14,15]).
We will show in particular, the

Theorem 1.1. Let 1 <p<gq, a > 0. Then

L9 — (Lp)7a7Lq)1yoo;7%_

An explicit equivalent of K(f,t; LP)®, L9) is given in Theorem 3.2.

For convenience, we will sometimes drop the dependence with respect to the domain 2 or (0,1) and we
shall write LP(2) = LP. . . etc.

More, we will write sometimes [, fI*(¢)dt = [, fi*.

Definition 1.1 (Lorentz—Zygmund Space). For 1 < p, ¢ < oo, — 00 < a < 400, the Lorentz—Zygmund
space LP%(Log L)* cousists of all functions f measurable such that

(/01 [t%’%(l —Logt)o‘f*(t)rdt>; if 1< q< +oo,

| fllp.gia = is finite.
1
sup tP(1 — Logt)“ f.(¢) if ¢ =400
0<t<1
One of the major theorems of the first section will be
Theorem 1.2. Let0< <1, 1<r<+4oo,a>0,1<p<gq. Then

_a 1 1-60 6
(LP)’O‘,Lq)’O‘) = LPo" (Log L) Po where — = —— 4 —.
0,r Do p q
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We will also use the following extension of Generalized Gamma space (see [17]).

Definition 1.2 (of a Generalized Gamma Space with Double Weights). Let wq, ws be two weights on (0, 1),
m € [1,400], 1 < p < +00. We assume the following conditions:

(c1) There exists K12 > 0 such that ws(2t) < Kiaws(t) Vit € (0,1/2). The space LP(0, 1;ws) is continuously
embedded in L'(0,1).
(¢2) The function fot ws(0)do belongs to L%(O, 1;w1).

A generalized Gamma space with double weights is the set:

¢
GI'(p,m;wy,wy) = {v : 2 = R measurable / vl (o)wy(o)do is in L%(O7 l;wl)} .
0

Property 1.1. Let GI'(p, m;wy,ws) be a Generalized Gamma space with double weights and let us define

for v € G (p,m:wr, ws)
p(v) = [ / Cun 1) ( / t vf(am(a)da) ngt]

with the obvious change for m = +o0.
Then,

3=

1. p is a quasinorm.
2. GI'(p, m; w1, ws) endowed with p is a quasi-Banach function space.

3. If Wo = 1
GF(pvm;wlv]-) = Gr(p7mawl)

Proof.

1. Due to the property of the monotone rearrangement we have p(v) = 0 if and only if v = 0 and for
A € R p(Av) = |A|p(v). Let us show that

p(vr +v3) < (2K12)% (p(vl) + p(w)) for v; and vy in GI'(p, m;wy,ws).
We have for all 0 € (0,1), v =01 + v2

(01 + v2).(0) < V1. (g) + v, (g) .

Therefore, we have (using the triangle inequality)

(/Ot vf(o)w2(0)do—>l10 < (/Ot ob, (%) u@(a)da) ;J1+ (/Ot vh, (%) w2(a)da) | (2)

D=

A/~
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=

Using condition (c1), we have

Sl

(/ | Uﬁ(S)Wz(S)ds); o / vg*(sm(s)ds);

Using again the triangle inequality with the space L™ (0, 1;w;) we derive that:

(/Ot vf(a)wﬂa)da)é < (2K12)

plor + va) < (2K12)7 | plvn) + plu2)].
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2. The function p satisfies:
If 0 < v1 < vg then v1, < va, everywhere on (0, 1) so that

p(v1) < p(vz).

If 0 < v v almost-everywhere then by the Beppo—Levi’s theorem we have for all ¢ € [0, 1]

i </0t Uf’“*(a)ww)d"> . ( /0 t Uf(a)w(a)da) %,

since vk« " v« everywhere on [0, 1].
Because L™(0,1;w;) is a Banach function space, we deduce that

lim p(v1) = p(0v).

k—4o00

The condition (c2) implies that

p(xe) < p(1) < +oo

for any F C {2, xg denoting its characteristic function.
To conclude that it is a complete space, we shall prove the inequality in Proposition 1.1, which has
been already given in the frame of GI'(p,m;w;) (with one weight (see [14,16,17])). ¢

Proposition 1.1 (Inequality for GI'). Let v € GI'(p,m; w1, ws), E C 2, |E| > 0. Then

v \E\w p 0-% ’
o( )|: 0 2(0)d :| N [/O|E| Uf(a)w2(a)d01 .

R

3

Proof. Let us set
fo v* da
fo w2( )dU

Then V is decreasing since v% is decreasing. Therefore, we have for 1 < m < 400
1

/01 VE #wn (t) (/Ot wg(a)da) ngt] T VH(E|) VolEl wi (1) (/Ot wg(o)da) ngt]

This gives the inequality m < +oc.
For m = +o00, the argument is the same, since

sapuno ([ tiorwaton) > sup V3@ [ uslo)io %

> VF(|E]) sup wl(t)(/otw2(0)d0>;~ %

t<| E|

V(t) =

3

p(v) =

One of our results which motivates the introduction of Generalized Gamma space with double weights is

Theorem 1.3. Let 1 <p < +oo, 0<0<1, 1 <r<+oo. Then
(LP), LP)g . = GT'(p,r;wy, wy) with wy(t) = t~*(1 — Logt)?" =1, wy(t) = (1 — Logt)™t, t € (0,1).

The proof is given in the last theorem of this paper.

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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2. Notations. Preliminary Lemmas

For two positive quantities A and B depending on some parameters like functions (real number as a
function on (0, 1)) we shall write A < B if there exists a constant ¢ > 0 independent of the parameters such
that A< cB,and A~ Bif BS Aand A< B.

Proposition 2.1. Let a > 0, b € R, &(t) = t*(1 — Logt)®, t € (0,1). Then, there exists an invertible
function ¢ from [0,1] into [0,1] such that

Lt~ (p(t)) = o(t)*(1 — Log o(t))"
2. 1+ |Loge(t)| = 1+ |Logt| for t € (0,1).

a—b

e Z:f @ <b Then & is strictly increasing on [0, .
1 if a>b.

Define ¢(t) = q;f :OO)) for ¢ € [0, 1]. Then g is continuous and strictly increasing from [0, 1] into itself, and
g(t) ~ t*(1 — Logt)? and then 1 — Logg(t) ~ 1 — Logt. Setting ¢(t) = g~'(¢) the inverse of g we have the
result. ¢

Proof. Let us set ty =

Proposition 2.2. Let 8 € R, —oo < o < 1. Then, there exists cog > 0:
/ t=%(1 — Logt)?dt < capa’ (1 — Loga)” Vae0,1].
0
Moreover, if 5> 0 then

a'=*(1 — Loga)®.

“ 1
/ t=%(1 — Logt)’dt >
0 1—-
Proof. We start with the case 8 > 0.
Let kK € Nsuch k — 1 < 8 < k. Then by integration by parts, we have

k—1

/ t~%(1 — Logt)’dt = Cagk/ t=%(1 — Logt)?~*dt + a*= Z Capj(1 —Loga)’~/
0 0 -
7=0

using the fact that the function ¢t — (1 — Log t)?~* is increasing).
g g g

< capr(l — Log a)ﬁ_k/ t=dt + capra’ " (1 — Loga)?
0

< copa’™(1 — Loga)®.

If 3 < 0 the inequality is still true since the function t — (1 — Logt)? is increasing, we argue as in the last
line of the above proof. If 3 > 0 then ¢t — (1 — Logt)? is decreasing, then the last result follows directly. ¢

Using an argument of [4], we have:
Proposition 2.3. For any a < —1, 8 € R, we have

1
/ t*(1 — Logt)?dt < a®*1(1 — Loga)’.

Proof. Let ¢ > 0 such that a +¢ < —1. For N = 1 + @, t=¢(N — Logt)? is decreasing. So
fal t*(1 — Logt)?dt < a=¢(N — Loga)® fal totedt < (1 —Loga)Pa®tt. ¢

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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For convenience, we recall some of those Hardy type inequalities (see [4] Theorem 6.4, [18] Lemma 2.7,
Corollary 2.9) that we will use.

Theorem 2.1. Suppose A >0, 1 < b < +00, and —oc0 < f < 400, @ a nonnegative measurable function
n (0,1). Then

b

/01 [t_/\(l — Logt)” /Ot @(s)ds} Cit < 0/01 [tl—A(l —Logt)” q;(t)}b%

and
b

/01 [tx(l — Logt)” /tl @(s)ds} % < C/ol (A (1 — Logt)%(t)]b%

The constant c is independent of P.
If ®(t)=t*"101(t), p >0, &1 decreasing, then the above inequalities hold true for 0 < b < 1.

In the above formula when b = +o00, the integral is replaced by the supremum. In the case where A = 0
we use the following Hardy inequalities given in Bennett—Rudnick ([4] Theorem 6.5).

Theorem 2.2. Suppose 1 < a < oo, a € R and o+ % # 0. Let ¢ be a nonnegative measurable function on
(0,1). Then, if o+ 1 >0,

( / 1 0~ togo [ t w(s)is ' ﬂ <(/ - Logt)' (0] % | % (4)

Q=

anda+%<0,

( [ fa-rose [ w<s>ds]a Cff)

The constant c is independent of .

Q=

< ( / o1 - Log t>1+aw<t>}“‘ff> g (5)

Let (R, i) be a measure space and M (R, 1) be the set of all u measurable functions over R . A Banach
space X = X (R, u) of p-measurable complex-valued functions in M(R, ) (set of all 4 measurable functions
over R), equipped with the norm | - ||x, is said to be a rearrangement-invariant Banach function space

shortly r.i. space) over (R, p) (or over R with respect to ) if the following five axioms hold:

(

(P1) 0<g < f prac. implies gllx < [f]lx;

(P2) 0< fu 7 f prae. implies || fullx 71l fllx;

(P3) ||xellx < oo for every E C R of finite measure;

(P4) for every E C R with u(E) < oo there exists a constant Cg such that fE|f(x)| du(z) < Cgl|f|lx for
every f € X;

(P5) [[fllx = llgllx whenever f. = g..

0
0

Given an r.i. space X on (R, ), the set

X' = {f EM(R,p): /R\f(x)g(zﬂdu(z) < oo for every g € X},

equipped with the norm

K(R)
Iflxr = sup /R\f(w)g(x)ldu(w)= sup / Fo(D)g. (t) dt,

llgllx <1 llgllx <1

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
Nonlinear Analysis (2017), https://doi.org/10.1016/j.na.2017.09.005.
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is called the associate space of X. It turns out that X’ is again an r.i. space over R with respect to p and
that X" = X.

For every r.i. space X over (R, ), there exists a unique r.i. space X over (0,00) with respect to the
one-dimensional Lebesgue measure, satisfying

Ifllx = lf<l=
for every f € X. This space, equipped with the norm

k(R)
Iflx= sup / Fo(£)g. (2 dt,

llgll xr<1

is called the representation space of X.
The fundamental function of a r.i. Banach space, X, is defined by

‘Xv te (OMLL(R))

Dx (t) = [Ix70.4

There is no loss of generality if we assume ®@x to be positive, nondecreasing, absolutely continuous far from
the origin, concave and to satisfy

Ox(t)Px/(t) =t forall te (0,u(R)).

Details and further material on r.i. spaces can be found in [5, Chapter 2].
Note that (see [8]) grand Lebesgue spaces LP)®(£2) and small Lebesgue spaces L(P*(£2) are 1.i. spaces
over {2 and

B,y a(t) ~t7(1—Logt) 7 and &, .a(t) ~ 15 (1—Logt)?

(LP)ey = L@,
Let Ay and A; be two r.i. Banach spaces over [0,1] and let @;, ¢ be respectively their fundamental
functions. We suppose that the following conditions are satisfied:

(i) There exists a constant C such that, for ¢ = 0;1 and for all ¢ > 0

t o ds Ct
/0 P;(s) = P(t)’ (€0)

(ii) There exists a constant C such that, for all ¢ > 0

1 () HX[O {
J <, C.1
Bo(0) || 01 |4, = (1
Do(t) HX[t 1)
— <C. C.2
Pi(t) || o |4, — (€2

Lemma 2.1 (/3, Lemma 2.2]). Let Ay and A; be two r.i. Banach function spaces satisfied (C.0)—(C.2).
Then

Py (t Dot
K (1,905 A0. 40 ) = [ Fextoall, + 5 [Foxially, - 0<e<
Remarks on the choice of the method
We have chosen a direct method for the proof of our results by computing the K-functionals. In some part
of the manuscript (for instance Theorem 5.1) we can adopt an alternative proof as using limiting reiteration
theorems [1,9,12,13]. Although, we observe that it is not possible to get the result without computations.
The feature of our method is that, as a byproduct, we make explicit the behavior of the K-functional.

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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3. Computation of some K-functionals and characterization of the interpolation spaces (Lp)"", LQ)’a)g,r
We shall need few lemmas before reaching the proof of Theorems 1.1 and 1.2.

Lemma 3.1. Let o = ppj, 1<p<+oo,a>0. Then

sup t~ 1(1 —Logt)™ / fu(s < ¢op sup (1 —Logt) —% (/ fP(s )
0<t<1 0<t<1
0 <t <1, for some constant cqp > 0.

Proof. We have

Nl_

I
w
=1
ho)
~
—
—
—_
|
—
o
o
~
=
|
SR

Applying Proposition 2.2, we have

t7 a
/ s‘%(l — Log %)pds Ca to(1 7)(1 — Logt)?" (7)
0

From the two last inequalities, we have:

1
ey 1 P
Ny < cap sup <1—Logt>—p(/ ff) ~ e O
t

0<t<1

The next lemma has been already proved (see Theorem 4.1 [15]) for a characterization of grand Lebesgue
spaces as interpolation spaces between Lebesgue spaces, obtained using the Holmstedt’s formula as well.

Lemma 3.2. For 1 <p < +o00, a> 0 we have
P = (Ll,LP)Lw,%.

Proof. According to the Holmstedt’s formula (see [5]), we have for all f € L' + LP, and for all ¢ € (0,1)

K(f,t;Ll,Lp)z/Ot f*(s)ds+t(/ ff(s)ds> =K1, (f, 1) withoz}%.
tU

Making use of the definition of the norm in (L?, LP)100i-

Hf”l,oo-,—% = sup t_l(l — Logt)™ » Kip(f, 1)
o<t<1

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
Nonlinear Analysis (2017), https://doi.org/10.1016/j.na.2017.09.005.
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=

0<t<1 0<t<1

~ sup t (1 —Logt)~ / f«(s)ds+ sup (1—L0gt)_1’(/ ff(s)ds) .
to'

From Lemma 3.1, we deduce that

D=

1
g = sup (1= Log0) 3 ([ g20a5) " = o
0<t<1 ¢
Noticing 1 — Logt ~ 1 — Logt%. O
Lemma 3.3. Let 1 <p<gq, a>0. Then
1_1 _a _a

sup ta 7 (1 — Logt) q(/ fP(s > < Capg sup (1 —Logt) Q</ fis > (8)

0<t<1 0<t<1
for some constant cqpq > 0.
Proof. The relation (8) is equivalent to

sup t~'(1 — Logt)~ (/ fe(s 8) < sup (1 —Logt)™ (/ fe(s pds)
o<t<1 0<t<1

with 0 = £ r:%>1.

r—17
So we deduce Lemma 3.3 from Lemma 3.1, replacing p by r. ¢

Theorem 3.1. Let 1 <p<gq, a>0. Then
L92(2) = (LP(2), L9(2)), ., _a -

1,00;—5

Proof of Theorem 3.1. According to Holmstedt’s formula [5] we have for all f € LP + L9, all t € (0,1)
with o = 2L

K(f,8:17,19) (/ 265 s)é+t(/t:ff(s)ds)éifqu(f,t) )

Accordlng to the norm of f in (LP, Lq)l,oo;,% we have:

Hf”l,oo;f% ~ sup t71(1 —Logt)iHqu(f,t)
o<t<1

~ sup t‘1<1—Logt3</ (s s) + sup (1—Logt3‘(/ s )
0<t<1 o<1
=1, + Iy (10)

The first term I; of relation (10) is equivalent to

sup Téf%(l—LogT (/ fP(s ) ,
0<r<1

(making use of the change of variables 7 = t° and knowing as for I, 1 — Log Tl — Log ).
According Lemma 3.3, this last term is dominated by I5.
Therefore we have

Iflhoeis # i+ B~ L= [ flga O

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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Theorem 3.2 (Computation of the K -functional for the Couple (LP»*,L9)). Let 1 < p < q, a > 0. Then

1
o @(t) P 1 q
K271 ~ s (1-Logs) 3 [ e el [ sis)ds
0<s<p(t) s w(t)
:qu(fat)

where @ is the inverse of the increasing function ¥(t) =t

t=(t)7 (1~ Log (1)) 7.

Q=

_%(1—L0gt)_%, t€(0,1). Thus

D=

Proof of Theorem 3.2. To apply LLIIHIld 2.1, we need to check that the conditions (C.0)—(C.2) are
satisfied. Let ®y(t) = HXOt]HLP) o and @ (t) = HX[Ot HLq As we have

1

Bo(t) ~ t7 (1 — Logt)™ ¥, & (1) ~t1,

we have that ¢(t) = %Et; The conditions (C.0)—(C.2) easily follow by using Propositions 2.2 and 2.3. and

using Lemma 2.1 we get desired result. ¢

By same way we can obtain following theorem.

Theorem 3.3 (Computation of the K -functional for the Couple (LP)>* L9*)). Let 1 < p < q, a > 0.
Then

o

©(t) P
K(f,t;I7° 19) ~ sup (1—Logs) ¢ / f2(2)dz

0<s<p(t)

+t sup (1-—Logs)” </ fi(x dx)7
p(t)<s<1

where @ is the inverse of the increasing function ¥(t) = téf%(l — Log t)f% a, te€(0,1). Thus

Proof of Theorem 1.1. Let f be in (LP), L), .. a. Then, its norm is
1/l11.00i-g = sup 27 1(17Logt) T K(f,t; LV, LY).

Following Theorem 3.2, this expression gives:

o 0 g
| fll100;—2 ~ sup ¢t *(1 —Logt)@ sup (1—Logs)? / P(r)dr
7 o<t<1 s

0<s<p(t)

+ sup (1 — Logt) f(/ fr ) =Ji+ Jo. (11)
0<t<1
But we have by the definition of ¢,
1 a
t71 = (1) (1+ [Logp(t))¥, 1+ [Loge| ~ 1+ |Logt|.

Thus the first term J; of (11), after a change of variables, gives

- )
J1 & sup thm (1 —TLogt) g sup (1 —Logs)? (/ P(r dT) . (12)

0<t<1 0<s<t

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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But we can bound the last term of ( 12) as:

- a(p—q)
sup (17Logs v (/ fP(r d’l’) gt% sup (1 — Logs) T sup (lfLogs T </ fir d’l’)

0<s<t 0<s<t 0<s<t
(using Holder inequality and introducing new factor).
Therefore, we can estimate J; (after simplifying):

0<s<1

5 < sup <1—Logsf(/ Jir dT) — 1l (13)

While for the second term .Jy, we have:

J2 ~ sup (1 — Logp(t) (/ fir ) (14)
0<t<1

which implies

Jy =~ sup (1—Logs) @ (/ fir dT) = Ifllg),a- (15)
0<s<1
We then have from relations (11) to (15)
J2 S fllts—a = J1 + o (16)
This shows the result. ¢

Next, we want to prove Theorem 1.2.
For this, we shall need the:

Lemma 3.4. Let1<p<gq, a>0,0<0<1,1<7r<+400. Then
<Lp),oc LQ),a) _ (LP),a Lq> )
’ 6,r ’ 0,7";7%9

Proof. From Theorem 1.1, we know that

(Lp)’a’Lq),a>97T — (Lp),oz’ (Lp)»a,LQ>1’OO;7Q>

q/0,r
In this case, we can apply the Holmstedt formula (see Theorem 3.1 in [18]) valid also for the extreme case
6 =1
K(f,t;L”)”% (LP*%L%l,m;J)éKa(t) ~t sup sT'(1—Logs) @ K(f,s; L"), L7) (17)
4 P(t)<s<1

where 1 is an invertible function from [0, 1] into itself according to Proposition 2.1 so that

t ~ (t)(1 — Log(t)) 7 for t € [0,1].
Considering the norm || f|s,» of f in (Lp)’a, L‘Z)’O‘)a , we have:

~ |lt7?K, t‘
Ilfllo.- alt) Lr(o,158)

=% sup 5*1(1fLogs)_TaK(f,s;Lp)’a,Lq)
’ll’(t)<3<1 L'r(071;ﬂ)
a(l—0) —a
~ ||o ) (1 - Log ()T sup 571 - Logs) T K (f,5 L7, L1
P(t)<s<1 Lr(%)

Q

1-6 a(=9) 1 =a
t7(1—Logt)” ¢ sup s (1—Logs)¢ K(f,s;Lp)’a,Lq)‘
t<s<1

Q

o)
The last line is obtained after the change of variables ¢ — ¥ (t). To control this last term, we need

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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Proposition 3.1. Let K4 be a decreasing nonnegative function on (0,1) and p, q, «, 6,7 are as in
Lemma 3.4. Then
"dt

1 e a(1-6) —a
ITé/ [t (1 -TLogt)” @ sup (1—Logs) Kd(s)] —
0 t<s<1 t

! 1—6 —ab .
z/ [t (1 —Logt) a Kd(t)] ?:Id.
0

Proof. Since sup, ,.1(1 — Log s)%aKd(s) > (1 —Log t)%aKd(t), we deduce

! ) rdt
I > / [t1—9(1 - Logt)TKd(t)} =l
0

—ar

For the reverse inequality, since K is decreasing and s — (1 — Log s) @

—ar s —ar d
(1-Logs) FKi(s) £ [ (1~ Loga) ¥ Kjle) .
s/2 T

increasing then,
=S (1-Log5) T s (3)- (18)

Setting

)
t<s<1 /2 x t

! ar(1-6) s —ar dr \ dt
L, = / tA=0"(1 —Logt)” 7 sup / (1 —Log m)TKg(a:)—x —
0 s

thus, we can bound, the integral I, by I1,:

1
ar(1—0) —ar dt
I. = / t1=0m(1 — Logt)” 4 sup (1—Logs) @ Kj(s)— < I, (19)
0 t<s<l 4
and
1
) ar(l1—0 —ar X dt
I, 5/ t(l_e)’(l —Logt)™ ¢ sup (1-— Logf) 7 K (f) — = Iy,
0 t<s<1 2 2/t

By a change of variables in the term I,, we have

Ly S 1. (20)
Therefore, relations (19) and (20) imply:

I, ~ Iq,.

We may bound I, as:

1
ar(1-0)
Iné/t“"’)r(lfLogt) a (
0

By Fubini’s Theorem, the upperbound in this inequality gives:

/2 x

1 —ar
[0 1o T a0 ) 4.
t

1 2x
Car ar(1-0) dt\ d
S / (1 - Logx) ™ Kj(x) (/ t=07(1 — Logt) ™ 3 ) =,
0 0

t x
From Proposition 2.2, we have

ar(1-0) ar(1-0)

2x
/ tA=0r=1(1 —TLogt)™ 7 dt < cogaz"I"(1 —Logz)” @ . (21)
0

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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From relation (21), the last estimate Iy, becomes

1 —arf d
hrs/‘ﬂ“mﬂl—L%x)q K@) = = 1.
0

With relation (19) we get:

End of proof of Lemma 3.4
We apply Proposition 3.1 with

Ka(t) = t 'K (f, t; LV, L9), t € (0,1)

to derive the:

1—0 a(1=6) —a
Ht (1—Logt)™ @ sup (1 —Logs)a Kd(s)’
t<s<1

Q

[1fllo.r

Lr(4)

1
zMZWhmszwWJ%.?.O

Proof of Theorem 1.2. Let

o)

V= (LPW,L@»@)H and LPo7"(LogL) %o =V,

with L =1=¢ 4 &
Po P q
We recall that, for f € V

1 . .
|f||§;:/ (7901 — Logt) & K(f, 8 L, 1) %. (22)
0

Applying Theorem 3.3, we have

1 e p(t) % dt
5= [ |0 s q-togs)F ([T ) | T
0 s

0<s<p(t)
! —a (! i a
+ / =% sup (1—Logs) @ (/ ff(T)dT) —
0 p(t)<s<1 s t
=1L+ 1.

From the first term I1;, we know that

e

t=p(t)» 1 (1-Logp(t) 7 *

and
1—TLogt~1—Logy(t).
Therefore, we have

—ab(p—q)

170 ~ ()" P (1~ Log (1))~ o . (23)

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
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Replacing the integrand in the integral by the I1; of (23) and making the change of variables x = ¢(t) or

equivalently ¢ = (), we have

1 —ab(p—a) '
In z/ [xe(é;)(l—Logm) T sup (1—Logs)® (/ fP(r dT) ] f
0

0<s<z

Thus the monotony of f, leads to:
! o(L-1 —a0(p—q) r,—o 1

15 2 x”'a"p’(1 —Logx)™ ar (17Log§) P a? fo(z)] —

0 x

—a(g(1-6)+6p)

1 Td ,
iz [P Loy = )| =161,

In particular, we have shown that
1fllv 2 1 fllvg-

For the reverse of relation (25), let us consider € > 0 small enough so that
1 1

o(2-3)+ <o

p p

q
! g(l_1 —ab(p—q) —a x % de
1L < / %@~ (1 — Loga)— sup (1 —Logs)™® </ taltlsff(t)dt> —.
0 0<s<z s T

Then
1 r
e d
Illgt/‘{ %G5 (1 — Logz) ™ sup fpﬁdw] &
0 o<t<z

We have the following

Proposition 3.2. Forall z >0
1l—e 1 r rl=e_4q
sup t7 fu(t) < 2(Log2)7 ( [ 877 N fl(s)ds)
0

o<t<z

with % + + = 1.

Proof. For any s € [%,t], we have

(s),

fu(t) < 31;

since - —1— = <0.
Integratmg between 1 and ¢, and using Holder inequality, we have

l—¢ t 1—¢ T 1
50 < 2< [ sp’"‘lfl'(s)d8> (Log2)?

£ L) < 2 (/Ot slps’”lf:(s)ds) ’ (Log2)+

From which, we derive the result. ¢
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Using this Proposition 3.2, setting m = 0 (7 — 7> + £ <0,

1 —ar x e
1L < / mr=(] — Logx) Po </ slﬁrlf:(s)ds> dx. (26)
0 0

Applying Hardy type inequality (see Theorem 2.1 and [4], Theorem 6.4), relation (26) becomes

1 1 —a
ms | [swl—Logs)pef*(s)] © | (27)

LP6 " (Log L) 6

It remains to show that the second term satisfies:

; a2
IIQ:/O 10 supp(t) < s < 1(1 — Logs) ¢ </ fi(r)d > %<||f||v9

1

For this, we recall that ¢ is the inverse of the function ¢ (z) = xP %(1 — Log x)7a+%, x €[0,1] so we
have the following relations:

QR

t= ()77 (1 Logep(t) 7 1,

1 —Logey(t) = 1 —Logt,

and

Therefore, we rewrite 115 as:

1 —a(1-0) |, a(1-6) dt
ugm/ p() OGO ~Logp(t) " 7 T 7 sup (1-Logs) T (/ i ch) =

0 p(t)<s<1

Making the change of variables, t = ¢(z) <= = = ¢(t)

1 —a(1-6) |, a(1—6) d
Il ~ / x(l_e)(%_%)(l —Logz)” 7 T @ sup (1—Logt) @ (/ (s > @ (28)
0 x

r<t<1l

Applying Proposition 3.1, we have:
1
1_1 —a(1-6)  a(1-6) d
/ 210G é)(l —Logz)” » T @ sup (1—Logt) @ (/ fi(s ) b
0 r<t<l €T
oo —a dx
<o o - Logn) T ()| T el 0
0

From the preceding results, we can characterize the interpolation spaces for small Lebesgue spaces.

Theorem 3.4. Let 0 <0< 1, 1<r<-4oo, 1<p<gq, a>0. Then

(L(p’a,L(W)o = Lo (Log L)%

Il
=

i Lo 1=0 0
wzthpef + 5

- +

=

1
Po
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Proof. By the duality result on interpolation spaces, (see [7,21]), we have,
[(L(p,a L(qya) }/ — (Lpl)ya Lq’),a) — (Lq')ya LP')@) (29)
’ 0,r ’ 0,r' ’ 1-0,r'

, !
and noticing (LP)*) = Lo, L>(£2) is in LN L& and dense in each of these spaces.

From Theorem 1.2, since ¢’ < p’, we have

(qu)’a,Lp/)’a) _ qul—G’T/(LOg L) E’ (30)

1-6,r’

: 1 0 , 1-9 1 1
with =7 =1—===.
q] 7T po P

1-6
Thus taking the associate space in Eq. (30) gives, taking into account (29),

" <
(L(p,a’L(q’a)e — [(L(P,Q’L(qva)em} = LP9" (Log L)"e

i1 _1-60 0 1
Wlthpe_ P +q’ p9+

=1 ¢

=

A main consequence of Theorems 1.2 and 3.4 is the

Theorem 3.5. Let 1 < a < 400, B € R, B # 0, 1 < r < +oo. Then the Lorentz—Zygmund space
L%"(Log L)? is an interpolation space in the sense of Peetre of two Grand Lebesgue spaces if 8 < 0 and of
two small Lebesgue spaces if 5 > 0.

Remark 3.1. If 8 = 0, it is already known that the Lorentz space L*"({2) is an interpolation space of two
classical Lebesgue spaces.

4. Small Lebesgue space as interpolation of usual Lebesgue spaces
The next proposition has been already proved on [9], we drop its proofs:

Proposition 4.1 (/9]). Let 1 < p < +oo, a > 0. Then

e = (1r,0%)

O,l;—%-&-(x—l.
Proposition 4.2. Let 1 <p <q, a > 0. Then

Lo — (Lp,Lq>

0,1;—14+a— % ’
Proof. It is similar to Proposition 4.1. Indeed, let us set W), the space on the RHS, then for f € W),

1
a dt
£l = [ (= Logt) - $ 4K (g 627,20 F.
0

By the Holmstedt formula, we have

1

q 1 _

with — = u
a pq

K(f t;LP, L) ~ ( t ff(s)ds) ’ +t( 1f$(s)ds>
10

0
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Then, we deduce the equivalent expression of the norm:

! 7 at
o R A O (31)

Let us show that the last term in relation (31) is less or equal to the norm of f in L(P®_ Let us temporarily
setﬁz—l—i—a—%,let 1 <e< 241, then

! q ! @ dt
Oy = / {(1 _ Logt)ﬁqt?’e“te’l/ ff(x)dx} £
0 ¢ l
! q ! ¢ dt
< / {(1 — Logt)Pato —=+1 / aflffg(x)dx} e (32)
0 ¢
Applying Hardy inequality (see Theorem 2.1 and [4] Theorem 6.4), we obtain from the relation (32)

dt
e

015 [ [0 tostyitin] %

1

But%—i—%:%thentf’ qf* (fo (= ) . So we derive

1 t % d
o5 [ |a-tow?( [ mi) | § =1l (34

Thus, we have from relations (31) to (34):

”f”L(na /S ”f”qu ,S ||f||L(p,a~ O

(33)

5. Interpolation between small, Grand Lebesgue spaces and the associated K-functional

In this section, we want to determine the interpolation space (L(p*o‘, LB ) o0 Due to the technical aspect
of the proof, we shall only consider the case where a = § = 1, the argument remains the same in the general
case.

We want to show the following theorem:

Theorem 5.1. Let 0< 0 <1, 1 <r<+o0, p<gq. Then
(L(p,LQ))H L= LPo:T (Log L)"‘0

1 _1-6 , ¢
wheT@E—T+E7 049—1797%
We shall need the following K-functional.

Theorem 5.2. Let 1 < p < q < +oco. Then for all t >0, f € L& 4+ L9

(t) By g
K(f,t;L(p,LQ))z/owt(l—Logs 5 (/ e dT) “ (- Logt)'T </OW ff(T)dT>

+t sup (17L0g5 T (/ fi(r d7'>
p(t)<s<1

3
= ZKi(t)
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where @ is an invertible function from [0,1] into itself satisfying the equivalence

q+pg

p(t)7 (1 — Logp(t) 7" ~t.

Proof. We can apply Lemma 2.1 for A9 = L® and A; = L9. Let $y(t) = HX[Ot ||L(p and @y(1) —
||X[0,t] ||Lq). As we have

1
Bo(t) ~ t7(1 — Logt)?, & (t) ~ti(1— Logt) 4,

we have that ¢ (t) = go(g As p < ¢ the conditions (C.0)—(C.2) easily follow by using Propositions 2.2 and

2.3. and from Lemma 2.1 we obtain the result. ¢

Next, we want to prove Theorem 5.1. We need to show that the norm of f in W=(L® L)), . is equivalent
to its norm in V = LPo-"(Log L)®¢.
For commodity, we set

A—H(—;),agzl—H—l,a:/\—H, )\1:1—1:(1—0)<1—1>.

p Po pPe g p q
According to Theorem 5.2, the expression of the norm of f in W is composed with 3 terms:

1
T — T dt
I = [ (ORI L) N+ Nt N
0

with NV; corresponding to the function K; and which reads as follows after a change of variables

1[ t 1 s % "
N, :/0 t_’\(l—Logt)“/O (1—Logs)P</0 ff(x)dx) C'l:] %,
il t 17
Mo = [ |- voses ([ )|
0 0

— 1 T

s 41 71 a1 dt
N3 :/ t" (1 — Logt)*"4 sup (1 — Logs) ™ (/ fix dm) -
0

t<s<1

We start with a lower bound for || f||w.

Lemma 5.1. One has

., bra o rd
1 2 3 2 161 = [ [i990 - Logte (o)) .

Proof. One has

T
1

2/; tAl(l—Logt)("F)(t £9(z)d ) 7

2/0% [45 (1 — Log ) £.(21)] %

Thus, we have, after a change of variables

1
N3>/ tM (1 — Logt)® (/ fi(x dx ]
0
1
q

Tdt

1
Aﬁﬁﬂﬁ%W%m}?S%§WW-o

For the upper bound, we start with the estimate of Ns.
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Lemma 5.2. One has
Ny SIfIy -

Proof. We set b= €]0, 400, 8 = pay, we note that 0 < Ap < 1 we can write

¢ b
Ny = /1 [t‘Ap(l —Logt)ﬁ/ ff(x)dx] ﬂ
0 0

t

r
p

We may apply the Hardy’s inequalities of Theorem 2.1 to derive

N2 S /01 [tl’Ap(l - Logf)ﬁff(t)r% (35)

The right hand side (RHS) of this inequality is equal to

1
Tdt
/ [t%’)‘(l —Logt)a"f*(t)} < (36)
0
el 120 , 0 _ 1
since - — A= -t = g We get the result. ¢
Next, we want to estimate Ny.
Lemma 5.3. One has:
Tra o1 rdt ,
M s [ [t7 0 -Logt) e L) T <A -
0
Proof. Let us set
R 1
_1 _1 p
H(s)=s (1 —Logs) 7 (/ fdx)
0
Then, from the Hardy’s inequality given in Theorem 2.1 and the expression of Nj:
Yraoa rdt
N g/ [t 1 —Logt)aH(t)] =. (37)
0
Replacing H, noticing that a — % =—0- % = ag — 1, we then have from relation (37)

”

1 t % dt
N 5/ t~*(1 — Logt)~~1 (/ ffda:) - (38)
0 0

Applying again the Hardy inequality as in Lemma 5.2 we have

1
T dt
N T P ) (39)
0
This gives the result. ¢

It remains to estimate the term N3. We have

Lemma 5.4. One has
Ny S I -

The key lemma to estimate N3 is the analogous of Proposition 3.1.

Please cite this article in press as: A. Fiorenza, et al., Characterization of interpolation between Grand, small or classical Lebesgue spaces,
Nonlinear Analysis (2017), https://doi.org/10.1016/j.na.2017.09.005.




20 A. Fiorenza et al. / Nonlinear Analysis 1 (1IIR) INN-2NR

Proposition 5.1. Let K, be a decreasing nonnegative function on (0,1), v > 0 and § two real numbers.

Then

rdt 1 1 rdt

} " %/ [t”(l—Logt)B_qu(t) —.
0

1
/ [t”(l — Logt)? sup (1 — Logs)_%Kd(s) ;
0

t<s<1

The proof follows the same argument as for Proposition 3.1.
Applying Proposition 5.1, we deduce

T

! 1 7
Mo [ togoe( [ raan) | (10)

1
(The function Kg4(t ( f L, flx dx) * is decreasing. )
Again applying Hardy inequalities (see Theorem 2.1) we have

1 s
Ngg/ [£721(1 — Log ) £.(1)] a@
0

-
But we have % + A= % so the RHS of (41) is the norm of f in V at the power r. ¢
We have shown

Ifllw < N+ N2+ N3 < £l

and

£l 2 Ns 2 [1£1ly -

This proves Theorem 5.1. ¢
6. The critical case p = q. The interpolation space (L"), L(”) and its K-functional

The preceding study can be extended to the case where p = ¢. In this case, the inverse function of
() = (1 — Logx) ™1, say p1(t) = el=1 will play the fundamental role to express the K-functional. Note
that in this case we cannot use Lemma 2.1. we should do it by direct calculation.

Theorem 6.1 (K -functional for (LP), L(P)). For 1 <p < +oo, 0<t <1, f € LP + L, one has

P 1 _ s 1
K(f,t L7, L") ~ sup (1 - Logs)7 7 / fp da +t/1<1—Logs>P1</l1ff<x>dx)”f.
-1 e t e 2

0<s<e

Proof. We only sketch it since the arguments are similar to the proof of Theorem 3.2.
We consider f =g+ h € LP) + L®. Then for t > 0, f.(t)<g (7) + Dy ( ) We derive

1
1-1 p

K =  sup (l—Logs)T/ Pa)de | < I+ I

11
0<s<e  t

with

S

1 e1(t) z
Is= sup (1—Logs)? / g (7) dx
0<s<p1(t) s 2
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p1(t)/2 %
/ @@z < gl (42)

With a change of variables, we have

s, =L
sup (1—Log§)P

Is <
0<s<¢q(t) s
While for the term
1
1 <p1(t) x P
Is= sup (1—Logs)? / h? (f) de |
0<s<pi(t) s 2
since 1 — Log ¢1 () = 1 and s — (1 — Log 3)771 is increasing, we have

1

a0 v ) 1) 5

I <th / W()de | = tx s / W (@)dz | . (43)
0 0
We replace the quantity t%_l by making an integration of the following integral:
! —1d 1
/ (1-Logs)? — = — [t%—1—1] (44)
e1(t) s 1-=7
Therefore, we have from (43) to (44)
1 s i
-1 P (s
st -tors) ([ ree) S il (45)
»1(t) 0 §
(46)

Is S t(I1hl o + 1Az ) S Al
(47)

Thus, we have
E°(t) S llgll o + tlAll Lo

Sl=
U
V2]

While for the second term in the expression of K, say

Kl(t)zt/ (t)(l—Logs)Pl</s(t) f(a:)dx) 2

One has
K (t) < Ir + Ig,
with
. 1
_ S pd
I7:t/ (1Logs)1)1</ g (f) d:c) —S,
1(t) pr() N2 s
and
. 1
_ S pd
Ig:t/ 1(1—Logs)71 / h? (f) dr | 2.
e!77 e1(t) 2 §
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To estimate I7, we use the relation 1 = 1 — Log 1 (t) to derive

1

' iy ION=Y e P

175t/ @ (e)dr | 1571 < (1 - Log P55 / P@dr) <lol.  (48)
01(t)/2 2 v1(t)/2

While for the second term Ig, we have after a change of variables

! S Ay b da
st [ 0-tog) T ([ nmar) 5 = dal (19)
0 0 z
Then, we deduce from (48) to (49)
ENt) S Mgl oy + Al - (50)
Therefore, we have for all f =g+ h
K°(t) + K1) S llgll oy + Al Lo
That is
KOt) + K'(t) S K(f,6: L9, L), (51)
For the reverse, we use the same decomposition as before f € LP) + L, say
9= (1M1= £.1®) = (1= £l )Xo h=1 =g,
so that h, + g. = f. and
g« = (f* - f*(‘Pl(t)>)+7 hy = f*(%"l(t))X(o,m(t)) + f*(S)X(m(t),l)'

With those expressions, we derive

+

1 e1(t) P
ol < sup (1~ Logs)? / P(a)de | = KO(t). (52)
t S

0<s<p1

While for the term in h,
»1(t) ~1 1ds
il <t| [ (1-Logn) T b ) £(r(e)
0

' —1ds 1
+t/¢1(t)(1 —Logs)™® ?gol(t)pf*(wl(t))

1
1 1 s Pds

+t/ (1—-Logs)™® / fP(x)dx | —. (53)
©1(t) ©1(t) S

For the first integral in (53), one can use Proposition 2.2 to derive

»1(t) -1 1
/ 5571(1—L0g8)7d5,§301(75)5(1_L0g901(t))7~ (54)
0

So we obtain

1(t)/2
L per® »
<t sup (1-—TLogs)? / P(z)dx

e1(t)
0<s< 2L

1(t) 11 1 1(t) ¥
' 1 —Logs) T 5P L h (o1 (1) < 41— Logpr (1) T ( / ’ f(w)dx>
0 ®

< tKO(t) < KO(t). (55)
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For the second integral, we use relation (44) to derive

RS

B=t] (-l Tah ) S et se0) (56)

Since fwjf) dx = <2, (t), we then have
e t

€

So that relations (56) and (57) imply

D=

1 1 . ) 10 v
B = t/ (1- LOgS)T@%(t)ﬁf*(wl(t)) S (1—Loge' %)~ /@; fL(x)dx | . (58)
e1(t) s 7%

Therefore, we obtain

BS sup (1—Logs)?
0<s<pq(t)

(59)

L
/N
m\

A
*3
&
U
8
N——
S
I
=
[}
—
Nt

The last term in relation (53) is equal to K(t).
Combining these last relations (52) to (59), we come to

lgll ey + tlBl Lo S KO(t) + K (1),
which implies that
K(f,t: LV, L®) < K°(t) + K'(t) S K(f,t: L7, L®). 0

We can now identify the interpolation space (L), L(p)g,,. as we state in

Theorem 6.2. Let 1 < p < 400, 0 < 6 <1, 1 <r < +oo. Then Zg,=(L?),L®)y,. has the following
equivalent norm:
For [ € Zpp, fp=0-1 -1

) z'f9<%then

I

1 1 i
Iz, = | [ <1_Logt>ﬂe(/t fff(S)ds> &

o if 6> % then Zg, = GI'(p,7,w),w(t) = t~1(1 — Logt)%" and

Sl

3=

T

1 : 1
Iz~ | [ (1—L0gt)ﬂ9</0 ff(S)ds> i

o if = %
k 17
+o0 gl—2 P
1z, = |30 | [ P2
k=0 \V2 "

In particular

(LP), LP), =1L and (LP),L®),,, = LP?(Log L)g,%'

1
5D
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Proof. According to Theorem 6.1, we have for f € Zy,,
1 —1 e1(t) P dt
1915, = [ |60 s (1-Logs) ( [ rwa) | §
? 0 0<s<pq(t) s

1 T

1 1 s P
- d dt
w1 acten T ([ pwa) T FeRR
0 e1t) e1t) st

Using the change of variables # = ¢ (t) so that ¢t = (1 — Logx) ™1,

! ' dx
P = 1 - Logz)’ 1-Logs)? / ?(y)d ) —_—
! /0 l( ogz)" sup (1 -TLogs) ( F2(y)dy 1 1~ TLoga)z

1 1 L 1 "
e [ [ v ([ ) 2]

Let us start with the upper bound of this norm.

we have

Proposition 6.1. One has

1
F1+F25/ [(1—L0g:c ii(/ 2(s > ] <.
0 X

Proof. For the term Fy, we have

(/wff(t)dt>p < (/Iff(t)dt>p for s < =z,
s 0

1 R
I3 </0 l(l—Logw i(/ fP(s > Oilslgz(l—Logs)p] d?x,

-1 -1
which gives the upper estimate since supg_,,(1 —Logs)® = (1 —Logx)? .

so, one deduces

For the term F5, we have

1 1 r
F2</ [(1Logx)911/ (1Log5pl</ 7y dy) ds] dz-
0 T S X

Since 6 < 1, one may apply the Hardy inequality Theorem 2.2 (see [4] Theorem 6.5) to derive

1 1 1 "
F2</0 [(1—Loga: - (/ 20y dy) ] oo

Proposition 6.2. For 0 < 0 < 1, we have

1 T
1 P
F1+F25/ (1 —Logz)’ e 11’(/ Py dy) d—x
0 x

D=

(61)

(62)
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Proof. We start with F5. Since

/ )y < / )y,

the expression of F5 can be estimated as:

Fgg/o1 (1 - Logz)’~ (/ Py dy) (/xl(l—Logs)ll’dsS> Ci—x. (63)

By integration as for relation (44), one has

/xl(l—Logs)_%’f:pl [(1—L0gx)1_%—1} . (64)

Therefore, we deduce from (63) and (64), the

1
1 1 7
s (1Logx>9%*( f(y)dy> z (65)
0 T

While for the second term Fj, we deduce from Bennett—Rudnick’s Lemma ( [4] Lemma 6.1)

x
sup (1 —Logs) ;(/ Py dy) <c/ (1 —TLogs) 5 (/ Py dy) %
0<s<z 0 S

1
Setting temporarily 1(s) = (1 — Log s) 5 (f Py )P, we then deduce

s [ fo-mor ([t %

By the Hardy inequality Theorem 2.2 (see [4] Theorem 6.5).

1 T
ms/ (1 - Logz)’ H(/ Py dy> dr oy
0 X

For the lower bound, we need few lemmas.
The first lemma is a consequence of a general lemma given in Goldman Heinig and Stepanov ([20], see
also [19, Lemma 3.1]).

Lemma 6.1. Lett, =2"2" Ve N, Ha nonnegative locally integrable function on (0,1), (g, \) €]0, +00[?.
Then

L Ve (fo H@yda) o0 = 5, o (22 i H(@)d)',
o S (L, )20 = 3, Ly (27 ftm )"

Here N = {O, 1,2,.. } the set of natural numbers.
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The next lemma can be obtained by straightforward computation.

Lemma 6.2. Let t, = 21_2k, k€N, X\#0. Then, one has

1. For any s € [tgy1,tk]

2% ~ 1 —Logs,

for all k € N.
As a corollary of the above lemmas we have:

Lemma 6.3. Let tp = 21_2k, ke N, XN#0, ¢ >0 and H a nonnegative locally integrable function on
(0,1). Then
o If A >0 then

3 (/Otk H(x)d:,;)qwq > /01 {(1 - Logt)’\/OtH(x)dxr u_iigm

keN

1
and one has the equivalence if fol H(x)dx S [? H(x)dx (for instance H decreasing).
e If A<O0

% ( HW”) o [ [ rosor [ s

Proof. If A > 0, we use statement (2.) of Lemma 6.2
e dt
AR / (1 — Logt) 11—, (66)
Tkt t
Thus, we have

% </Otk H(x)dz>q2>‘kq ~> (/Otk H(x)dx)q /tk (1—Log t)NH%. (67)

keN b1
Since for t < ty, fot H(z)dz < fgk H(z)dz, then we derive from relation (67)
te a te t q dt
Z (/ H(m)dm) 2 k> Z (/ H(m)dx) (1 —Logt)*1—, (68)
keN MO keNVte1 \JO t
and we have for any G nonnegative
tr 1
> / G(t)dt = / G(t)dt. (69)
keN 7 th+1 0

This ends the proof of the lower bound of the first statement.
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For the upper bound, we change the index of summation and use relation (66)

([ e [ )

jEN

< Z/ (/0 H(x)dx)q(l —Logt)AQ—l%

jEN

< /01(1 — Logt)M~! (/OtH(:c)dx>qit. (70)

1
Moreover, if fol H(z)dx < [? H(x)dr and since

(/0% H(x)dx>q < /11 (/OtH(x)dg;)q(l ~ Log ) 114t

1 t q dt
SA [(I—Logt)A ; H(z)dx} A~ TLog0)t’ (71)

then from the two relations (70) and (71), we obtain the upper bound for A > 0.
Same argument holds for A < 0 for having the second statement.

Lemma 6.3 holds for A = 0, noticing that j;lk+1 % ~ 1. Then under the same conditions as before,

</ H dw) %/ol UJHWTMZW
([ o) = [ ][ o] o

To obtain the lower bound for F}, we first show the

we have

and

Lemma 6.4. One has

1 . tr % k
P2y 20 ( t ff(s)ds) witht, = 2=, k € N.
k+1

keN
Proof. Let us set G(z) = supy,,(1 —Logs) %(f 2y )% = ; and write
d
Z (1 — Logx)g’"_l—x
keN tk+1 *

Then, we derive from Lemma 6.2 and the definition of G

2
F > ZG(tk)/ (1 —Logx)"~ 17 ~ > Gt)2br (72)

keN k1 keEN

But G(tr) = SUD; > SUDy, L | <ot (1 —TLogs)~ (ft’“ Py ) and Lemma 6.2 implies that for ¢;11 < s <
ti, (1 —Logs)™9 ~ 27%, so that

G(ty) =~sup2™  sup (/ Py dy),

ik ti11<s<t;
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that is
) tk I
G(tg) =sup2™" 2(y)dy (73)
izk tit1
and then
4 t q t q
G(ty) ~ sup 27" fPly)dy | =274 f2y)dy | (74)
ik tit1 o1

Combining relation (74) and (72), we deduce

, tr %
F@ZWT"%( fi’(y)dy) .

keEN tht1
This ends the proof. ¢

As a corollary of the above lemmas, one has

Theorem 6.3. On has for f € Zg
1. If 6 >

S =

then

1
1 t D

r > _ o—1 D
e R e Y A e

2. If 0 < ]% then

1 T

. 1 g1 1 P dt
||f||Z97T5/0 (1 —Logt) p(/t ff(x)dx) (1 —Togi)t’

P
If o — % > 0, we may apply statement (1) of Lemma 6.1 with H(z) = ff(z) to derive from Lemma 6.4

A2y (2”“ ! fi’(y)dy>q =3[ ] (75)

keN tet1 keN

Proof. Letusset ¢g=I2, A= ‘9 — %‘p.

So that relation (75) gives with the help of Lemma 6.3

ey (f ’ ff(x)drv>q2”“q 2/ 1 - Logt [ t ff(w)dxr e

keN

This last inequality implies the first statement of Theorem 6.3, noticing that

1£1z,, 2 Fi-

While for the second statement, we apply the statement (2) of Lemma 6.1 to derive from Lemma 6.4:

ty q q
Fzy. <2_M ff(y)dy> ~> l 1 ff(x)dx] 9= kg,

keN tht1 keN [V tk+1
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So that

q

mzZ( 1 ff(w)d:c>q2‘”"q2 / 1 - Log [ 1ff(m)dw} e

keN \7Tk+1

The last inequality comes from the second statement of Lemma 6.3 and this ends the proof of Theorem 6.3
since |y, 2 Fi. 0

It remains to investigate in the particular case § = %. The lower bound for || f||z, , comes from Lemma 6.4.
It is sufficient to show the

Lemma 6.5. For any 0 €]0,1[, we have

" :
max(Fy; Fp) < Z 2]”(011))< ff(s)ds) .

keN tet1

Proof. The estimates for F; and F5 follow the same argument, nevertheless we detail both estimates for
clarity reason.
Following the notation in the proof of Lemma 6.4, we have

tr d
F = Z/ G(z)(1— Logm)er_l—x.
keN Y tk+1 x

Following the above argument as in Lemma 6.4, we have
, tk !
P S Gtk)2M < 2 sup 2 Py)dy | (76)
keN keN izk tit1
Writing
t Lt
/ 2 (y)dy = 2232‘]/ 2 (y)dy,
tit1 =k tj+1

one deduces
q

t 4 i b q
sup 2% </ ' ff(y)dy) <sup2 ¥ ZQj sup 2794 (/ ’ ff(x)dx) .
ik tir1 ik et >k tjs1
Therefore, we have
tj q
F < Z 2k0T sup 2794 (/ ff(x)dx) .
keN jzk tit1

. q
So, setting Aji<ftt?+1 ff(y)dy) estimating the supremum term by a sum, one has
J

400 J
Fy S 2Ky tomaay =) " 2mi0A Y ok
keN j=k jEN k=0

t; g
By g Y20y = N ol 0 g ( / J ff(y)dy> :

jEN jEN tj+1
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T

1
For estimating Fs, we set Go(z) = [f (1—Logs)™ (f fP(y)dy)? 2| and write

tk d:c
F, = - L (0—1)r— 1G
=3 [ (- Loga) ()=
keN " tk+1
Then, using Lemma 6.2 and the fact that Go(z) < Go(tg+1) for tg41 < x < tg, one has
Fy S Goltryr)2070. (77)
keN
Writing Go(tg+1) as

%d
ff(y)dy> =l

S

tht1 §

Go(tkt1) = Z/ (1 —Logs) Pl (
z+1

and using Lemma 6.2, we then have

T

k t; % N
Golte) S Z( ff(y)dy> 2079 (78)

i=0 treaq

Using Lemma 6.1 with an adequate step function H, the RHS of relation (78) can be estimated as
1
k t; D L
3 ( y> (-3 _ 2(1_5)1 Z/ 7y
tit1

i=0 tet1
NZQ(1)1</ f2y dy)
1+1

1
P

=

Summarizing the above relations, we come to

1 T

Fy ) ok 22“")’ (/ fy dy) :
keN i=0 tit1
using the second statement of Lemma 6.1, by taking H a step function on [0, 1] such that f:_:l H(z)dx =
1
(1_1)’ ( f toy )dy) we deduce from this last inequality
o t; 5
Ry 2 [y
i€N tit1

This ends the proof. ¢

Corollary 6.1 (of Lemmas 6.4 and 6.5). One has for any 0 €]0,1[ and f € Zy, Hf||TZM ~

T

Shen2 0 ([, PP w)dy)”.

As a consequence of the above corollary, we have

Theorem 6.4. One has

1 t Poat -
~ _ Or _ —1lrp -
1£11z,, = VO (1 — Logt) </O (1 — Log ) 1f*(x)d:v> (1_L0gt>t] )
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Proof. From Lemma 6.2
tg tg
/ 275 f2(y)dy ~ / (1—Logy) " f2(y)dy,
tkt1 tht1

and from Corollary 6.1

r
p

2
115, =~ 327 ( [ (1~ Loga) ' f2(a)da

keN bt
12" b
R~ Z okt (/ (1 —Log x)lff(:r)d:c) (using Lemma 6.1)
keN 0
! ‘ Pt
~ /0 (1 — Logx)™ (/0 (1- Logt)_lff(:c)dx> A~ Togt)i (using Lemma 6.3). ¢
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