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Let p be a monotone quasinorm defined on 9+, the set of all non-negative
measurable functions on [0, 00). Let 7' be a monotone quasilinear operator on 9t*.
We show that the following inequality restricted on the cone of A-quasiconcave

functions
00 1/p
p(TF) < Cr ( / fpv> ,
0

where 1 < p < oo and v is a weighted function, is equivalent to slightly different
inequalities considered for all non-negative measurable functions. The case 0 < p < 1
is also studied for quasinorms and operators with additional properties. These
results in turn enable us to establish necessary and sufficient conditions on the
weights (u,v,w) for which the three weighted Hardy-type inequality

</ooc (/OI fu)qw(x)dx>1/q <C (/Ooc f%) vr

holds for all A-quasiconcave functions and all 0 < p,q < co.
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1. Introduction

Many papers were recently devoted to the study of weighted inequalities of classical
operators restricted on the cones of quasi-monotone and quasiconcave functions. For
the cone of quasi-monotone functions, which plays an important role in the study of
Lorentz spaces, see for instance [1, 8,33] and the recent survey [13], as well as the
literature given there. The weighted inequalities restricted on the cones of quasi-
concave functions were considered in the papers [9-11,18,19, 23,2528, 31, 32,
34], but some answers are not always satisfactory. Quasiconcave functions play an
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2 A. Gogatishvili and J. S. Neves

important role in real interpolation theory (see, for instance, the recent survey [30]
and the literature given there). The weighted inequalities restricted on the cone of
quasiconcave functions are closely related to the problems on optimal spaces in the
embedding theory for Sobolev, Besov, and Calderén spaces, and Bessel and Riesz
potentials, etc. (see, for example, [6,7,14,16,17,20-22, 24|).

Almost from the beginning, the method of reduction has been a fundamental tool
in the study of the weighed inequalities in Lebesgue spaces. In this approach, a given
inequality on monotone functions is reduced to some inequality on non-negative
functions, which is more easily characterized than the original one. The Sawyer
duality principle [33], which applies for 0 < p < oo and p(f) = || f|lq,w (weighted
Lebesgue norm), 1 < g < oo, is one of the universal tools in the method of reduc-
tion for positive linear operators. The Sawyers duality theorem was extended for the
first time to the cone of quasiconcave functions in [23, 36], but this result was not
satisfactory and more explicit formulas were obtained in [10,11] (see also [9, 39]).
Using this duality argument, weighted inequalities restricted on the cone of quasi-
concave functions were reduced to some inequality on non-negative functions (see
[9,31]). This duality principle only applies to a linear operator T', p(f) = || fllg.w
and 1 < ¢ < co. Recently, in [32], the weighted Hardy-type inequality, restricted on
the cone of quasiconcave functions, was characterized by reducing them to iterated
Hardy inequalities.

The main results of our paper are given in §§ 3, 4 and 5, where we propose a new
method of reduction of an inequality for monotone quasilinear operators and for
general monotone quasinorms, restricted on the cone of quasiconcave functions, to
some inequality on the cone of non-negative functions. Our approach is somehow
an extension of the ideas from the paper [13] to the setting of A-quasiconcave
functions, where the cone of monotone functions was considered. Due to the new
result of Kfepela [27], we can avoid the technical part, which was the main difficult
part in [13].

Using these reduction theorems we give in § 5.2, the complete characterization
of the three weighted Hardy-type inequality

</ooo (/Ow fu)qw(x)dx)l/q e </0°° f%)l/p’

restricted on the cone of A\-quasiconcave functions for all 0 < p,q < co. Our char-
acterizations, in some cases, are more easily verifiable than the ones in the existing
literature.

2. Preliminaries

We denote the set of all non-negative measurable functions on [0, 00) by 9.
Throughout the paper, u, v and w are weights, which are non-negative measurable
functions on [0, 00). || - ||4.w stands for the weighted Lebesgue quasinorm of measur-
able functions on [0,00). That is, || f|lg.w = (fy~ |f(2)[9w(z) dz)!/4, if 0 < ¢ < o0,
and || f{|q,w = esssup,efo o0y | f(@)|w(z), if ¢ = oo, for any measurable function f
on [0,00). When the weight w is the constant function equal to 1, we write || - ||,
instead of || - ||q,w- If p = 00, the expression (fooo fPo)t/P. f € M*, is understood as

€SS SUPe(0,00) S (2)0(2).
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Weighted norm inequalities on the cone of A-quasiconcave functions 3

Expressions like 0 - co are taken to be 0. The notation A < B means the inequality
A < ¢B with a constant ¢ depending only on insignificant parameters. We shall write
A~ Binplaceof A < B S Aor A= cB. We let Z denote the set of all integers and
let xg denote the characteristic function (indicator) of a subset E of [0, 00). New
quantities are defined using the symbols := and =: . We also set p' :=p/(p — 1)
for l<p<oo, p:=1for p=oo, p' :=00 for p=1, and r := pq/(p — q) for 0 <
q < p < o0. By letters A, B, C with indices (say, C1, Ca, ...) we denote constants,
which may differ in different assertions even if they have the same indices.

Throughout the paper, we sometimes refer to f(¢) as the function f itself and
not to the image of ¢ by f.

DEFINITION 2.1. Let A > 0. We say that a non-negative function h is A-quasiconcave
if h is equivalent to a non-decreasing function on (0,00) and % is equivalent to
a non-increasing function on (0, co). We denote by Q2 the family of A-quasiconcave

functions. We say that h is quasiconcave when A = 1 and we write that h € .

A-quasiconcave functions have been treated, in one way or another, by several
authors (cf. e.g. [3,28] or [4]).

REMARK 2.2. (i) It will be useful to note that

A

t
h € Q, if, and only if, WEQX

(ii) Some authors add the restriction h(t) = 0 if, and only if, ¢ = 0 to the definition
of a quasiconcave function. However, the only difference is that our definition
recognizes the zero function as quasiconcave.

(iii) Note that any A-quasiconcave function is necessarily equivalent to a continu-
ous function on (0, c0).

ExaMPLE 2.3. (i) Given a compatible couple (Xp,X;) of Banach spaces and
any f € Xo+ X1, K(f,-;Xo0,X1)€Q, where K(-,-; X0, X1) is the Peetre
K —functional defined for each f € Xy + X; and ¢t > 0 by

K(f7t;XOaX1) = Hlf{HfoHXU +t||f1||X1 : f = fO +f1}a

where the infimum is taken over all representations f = fo+ f1 of f with
fo € Xp and f € X;.

(ii) Particular cases of the previous example are K(f,t; L1, Ls) = fot f*(s)ds,
t > 0, where f* is the non-increasing rearrangement of the measurable func-
tion f € Ly + Log, and K (f,t; Ly, W) ~ min{1, t"/5}| f|l, + wi(f, t'/%),,
t > 0, where wi(f,-)p is the k order p—modulus of smoothness of f.

(iii) For a given f € L, and k € N, wi(f,-)p € Q.
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(iv) Let 0 < po < p1 < 00, 0 < gp < q1 < oo. Then the Calderén operator (cf. [2,
Chapter 3, definition 5.1])

gl/po g1/P1Y) (s
/ A mm{tl/qo Ve } 5 t>0,
where f* is the non-increasing rearrangement of the measurable function f,

satisfies for any fixed (appropriate) f, (Sf*)(t)t'/% € Q) with A =1/qp —
.

Now we are going to define the Stieltjes transform which plays an important role
throughout the paper.
The Stieltjes transform Sy, X > 0, is defined for any f € 9™ by

SAf(z)/OOO(mffg)Adt, x> 0.

Let A > 0 and let f € 9M™ be a fixed function. The function Sy f is non-increasing
and the function 22 Sy f(z) is non-decreasing, this means that the function 2 S f(x)
is A-quasiconcave. We also have, for any x € (0, c0),

Sy f(z / min{a—, £} (1) dt

—A/ f(t dt+/ A f() dt
w**/o t**l/t y M fly) dydt
:/\/:ot_’\_l/otf(y) dy dt. (2.1)

To prove our results, we need some useful identities for the Stieltjes transform.
This is given in the following lemma, which is of independent interest.

LEMMA 2.4. Let A\ and « be positive numbers and let f be a measurable function
positive a.e. in (0,00) Then, for all z > 0,

(Snf@)* & Sha ((S1FO) T FOPD) (@), (2:2)

x—)\a T —a o —a—2;—2—1 i o -\ T
(Saf(x)~ ~ 5y ((&f(t)) t / ray [y f(y)dy)()
1

T U e TREm

Proof. [LHS (2.2) SRHS (2.2)] As function (-)*S,f(+) is non-decreasing and
function S f(+) is non-increasing, we have, for any = > 0,

Sra (B2 O (@)

(2.3)

Downloaded from https://www.cambridge.org/core. Matematicky Ustav AV CR, on 23 Jan 2019 at 11:22:03, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms. https://doi.org/10.1017/prm.2018.85


https://www.cambridge.org/core/terms
https://doi.org/10.1017/prm.2018.85
https://www.cambridge.org/core

Weighted norm inequalities on the cone of A-quasiconcave functions )

2 @8 f(@) e | C( 53 F(1))* (1) e

0

- (Saf(@) / TS S0 () dt

2 (Saf(w)) oAt / ( / £y dy> F(t)dt
s [T ([T Croa

T (Sa () ( / T W) dy) o

~ (Sif(x)) 7 (Saf()* ™
= (Sxf(x))™ (2.4)
[RHS (2.2) S LHS (2.2)] Let 0 < € < min(a, 1). Then, for any = > 0,

Sra (AL BPCY) @)
< (P8 f(2) / (1S5 f(1)= 1 £ (1)t
0
T (Saf(a)e / (Saf()= A £ (1)t

-1

S (Saf(z ‘”‘AE/ (/f dy) f(t)dt
s [T f()dyf_ A F( i

sy ([ )

T (Saf (@) ( / ) dy)s

~ (Saf ()7 (Snf (2))°
= (Saf(x))”. (2.5)
Therefore, (2.2) it now follows from (2.4) and (2.5).
[RHS (2.3) <LHS (2.3)] Again, as function (-)*S)f(-) is non-decreasing and
function Sy f() is non-increasing, we have, for any x > 0,
1 . 1

—_— = M x—)\a ) .
Ty e @S f@ye <° ) (2.6)
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—Aa

Sz M(Saf(x)™ ™ (2.7)

=27 lim

1
(o vy f(y)dy) €0 (Saf(£))"

sm(w Mt-“/f Ja [ <>dy><>

T A
zx_m/ t” tlfofy dyoj;t y~ (y)dzi+2 "
O (12 fy )y + J, y‘*f(y)dy)
S A— t oo
+/ A fy)dy [y )dy+2dt
x (fo

y)dy + [y ()dy)

- e T thflf f
' /O (t M Fy)dy + [ ‘*f(y)dy)a+1

dt

s} t/\ 1f yf)\f ) &
+/“/’ (fo y)dy + > [y f(y)d )+1

- 1.7)\0(
T S f ) dy + [Ty () dy)”
1
(fo y)dy + 2 [y f(y) dy)®
(S, f () (2:8)

From (2.6), (2.7) and (2.8) it now follows that RHS (2.3) < LHS (2.3).
[LHS (2.3) < RHS (2.3)] Let = € (0,00). Then,

TS f(a)
~ [t s, s@)
a2 [Ty ) aylsas)
— [t an [ @it = gim @]
0 o0
o [Ty )y [Sap) et - )
+ [y i (@)

e / v 1) dy fim (S5, (€))7
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[e'e) A—1 —A
f(y) dy/ e et oz dt
! © (o Fdy 2 [Ty G >dy)
00 T A—1
+9C_/\a/ y () dy/ L fo i a7 dt
e 0 (t‘A Iy fy)dy + [ y‘kf(y) dy)
— Ao

1 T

’ (J5° fly)dy)” " (v fy)dy)”
</°° A o Fw) dy 7y M () dy
< -

© (o Py + 6 [y f () dy)

e / t***lf(ff(y)dyft” Wy,

O (Ml F@dy [y ()dy)
1 xf)\a
+ s
(fo fly)d ) (fo y )
~ Sra ((&f(t))“t“ / fwa [ dy) (x)

1 x—/\a

U I S ) dy)”

S dt

3. Monotone quasilinear operators and Reduction Theorems
An operator T : M+ — M is called a monotone quasilinear operator if
(i) T(Af) = AT f for all A > 0 and f € MT;

(i) T(f+g) <c(Tf+Tg) for all f,g € MT, where ¢ is a positive constant
independent of f and g;

(i) Tf(z) < cTg(x) for almost every z € [0,00), if f(z) < g(x) for almost every
x € [0,00), where ¢ is a positive constant independent of f and g.

We refer to [12] for examples of such operators.
A mapping p : MM — [0,00) is called a monotone quasinorm if

(a) p(Af) = Ap(f) for all A > 0 and f € MT;

(b) p(f+g) <clp(f)+ pg)) for all f,g € M, where ¢ is a positive constant
independent of f and g;

(¢) p(f) < cp(g) for almost every z € [0,00), if f(x) < g(x) for almost every x €
[0, o), Where ¢ is a positive constant independent of f and g.
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8 A. Gogatishvili and J. S. Neves

In the next theorem and in what follows, 1 denotes the constant function equal
to 1 in [0, 00).

THEOREM 3.1. Let A >0 and 1 < p < co. Let p be any monotone quasinorm and
let T : M — IMT be a monotone quasilinear operator. Then the inequality

1/p

prn < ([T rana) e (3.1)

holds if, and only if, the following three inequalities are valid:

([ o)
0 x
1/p
00 Ap(1=p) ( (" 4Ap L=p (poo 1P
< Cy / hp(a:)x Uo 70) (" 0) dz hemt; (3.2)
0

x 00 1-2p ?
</ APy + sc)‘p/ U)
0 x

p(T'(1)) < Cs (/OOO v)l/p; (3.3)

1/p

p(T(2*?)) < Cy (/000 2 Po(x) dx) . (3.4)

Proof. Let 1 < p < co. Necessity. Let h € MT be such that [ (ﬂgxdx < 0.

Then f(-) = (-)*Sx\h(-) € Q. Using (3.1), (2.1), lemma 2.4 and Stieltjes inequalities
of [15, proposition 4.6], when 1 < p < oo, and Fubini’s Theorem, when p = 1, we

obtain
(e ([ )
<C (/OOO (/Owh+a:’\/:ot_’\h>pv(;v)dx>1/p

oo Ap(1=p) [ (% 4Ap, \ 1P (oo \1=P 1/p
<C</ @) 2 Uy ) () m) |
0

(foz APy + AP fzoo v) =2

Now, (3.2) and (3.3) follow from (3.1) with f = 1 and f(z) = 2*, respectively.
Sufficiency. Suppose that f € Q). Using lemma 2.4, we obtain

(@) = F(@)(Sxp () (2)) ¥ (Sxp (t3P0) (2)) 72/P
~ f(@)(Sxp(£P0) ()

x 22 8o ((S,\p(t’\pv)(y))_Q/p_Qy_Ap_l /O ’ P (t)dt /y h v(t)dt) (x)
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F(@)(Srp(#*Pv)(2))*/Pa®  fla )(Sxp(t”’v)( )/
+ 00 2/p + 2/p
(Jo t*ru(t)dt) (fo (t)dt)
~ f () (Saxp (Sxp (£¥70) () y* o (y)) (2)) /7
22 ) . APy —2/p=2, —Ap—1 ! APy, Oov T
<o ((Sler0 )2 [Mvanar [ uoar) @
(fv)(SAp(tA”v)( )P f(x)(Sxp(tP0)(2))*P
(5= two(t)de)™” (fs o(t)dt)™”
S (S (F(@)Py~ P Sxp (1P0) () y* P o(y)) (= ))1/”

< (S0 )22 [ Pre / Tunat) @)

| T PrE)Yr @), <wv>< )
o l/p 1
(o tPo(t)dt) (J;= v)dt)"

< 228, ((SAp(f(Z)pZ_APSAp(tApv)( )z 2A”U( ) ()P

X (Sxp (1) (y)) /P2y / Proods | Oov(t)dt> ()

0

n (Sap(f ()PEP0) (2)) /P n (Sxp(f()PEP0) ()P
L) 1/p 1/p
(foS trro(t)dt) (f7 v(t)dt)
< Sy ((SAP(JC (2)P2 PS5, (1270) (2) 22 P (2)) () /P

X (Sxp(1P0) () "2/ 2y~ / " [ v(t)dt> (@)

(5 o) (5 fepen)
(Jo~ w >dt>”’” (fo dt)””

Applying (i)—(iii), (a)—(c) and (3.2) with

h(y) = (Sxp(f(2)P 2208 (12P0) (2) 22 P0(2)) (y) /P

)\pv —2/p—2, —Ap—1 Y Ap,U OOU
X (Sap(PP0) (1)) 272y /Ot ()t / (1),

and also (3.3) and (3.4), we find that

LIS ( ( / Sap(f ()P 2P 3y (170 (2) 2220 (2)) (1)

(St 2y ([ orana) A vityar)

Downloaded from https://www.cambridge.org/core. Matematicky Ustav AV CR, on 23 Jan 2019 at 11:22:03, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/prm.2018.85


https://www.cambridge.org/core/terms
https://doi.org/10.1017/prm.2018.85
https://www.cambridge.org/core
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YD P ([ )1
(7 Pvo + y [ o)1

+(Amfw%aﬁup

w(Awfwwawmaww@v”%u>

dy)l/p

X Sxp ((SAp(tApU)(y))—3y—Ap—l /Oy Pro(t)dt /y‘” v(t)dt) (z)dz)l/p

([ o)
- ( /O°°f<t>pv>””.

O

We can consider other values of p in the previous theorem provided (3.2) is replaced
by (3.5), as can be seen in the next result.

THEOREM 3.2. Let A >0 and 0 < s < p < oo. Let p be any monotone quasinorm,

and let T : M — MT be a monotone quasilinear operator. Then the inequality
(3.1) holds if, and only if, (3.3), (3.4) and the inequality

(o (([ e o))

o ) (1—p/s T s \1=p/s co \1-p/s 1/p
< 04 / h(p/s) (x) x}\(p/ )(1—p/s) (f() t)\p/ ’U) (f:z: 'U) Az ’ L c m+7
0 (fom t)\p/sv _;'_xkp/sf;o U)l—Qp/s

(3.5)

are valid.

Proof. As f € Q, if, and only if, f?/5 € Qx,, the inequality (3.1) is equivalent to

S s/p
sy <ot ([Tumrea) L fean 3

By using theorem 3.1 for the operator T'f(z) = T(f'/*) and the monotone quasi-
norm p°, it results that (3.6) holds if, and only if, (3.3), (3.4) and (3.5) are
valid. g

For completeness, the next result deals with the case p = oc.
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Weighted norm inequalities on the cone of A-quasiconcave functions 11

THEOREM 3.3. Let A > 0. Let p be any monotone quasinorm and let T : MT — M+
be a monotone quasilinear operator. Then the inequality

p(T(f)) < C esssup f(z)o(z)

z€[0,00)

holds for all f € Qy if, and only if,

1.)\
Cs:=p|T < 00.
° g ( <BSS SUPye(0,00) U(y) min(yka I)\) ) ) >

Proof. The proof easily follows from the following identity

esssup f(x)v(z) = esssup f(x)x > (ess sup v(y) min(y*, a:)‘)>

z€[0,00) z€[0,00) y€[0,00)

A

and the fact that f defined by f(x):= L ‘ € (0, 00),

655 5D, <000y V(y) MIn(yR,aN)’

belongs to Q). Remark that ¢ defined by ¢(z) 1= esssup,¢jg o0) v(y )mln( ) =

esssupye[()m)v(y)ykmin(l,z—i), 2z € (0,00), belongs to Q. Therefore, f(x)=
ZA
@ € Q. [l

4. p-convex (p-concave) monotone quasilinear operators

In this section, we characterize inequality (3.1) when the operator T" has additional
properties, that is T' is a p-convex monotone quasilinear operator. In this situation,
the conditions that characterize inequality (3.1) are much simpler.

When T is a p-concave monotone quasilinear operator, we are able to characterize
the converse inequality of (3.1).

Let T : M+ — 9MF be a monotone quasilinear operator. 1" is called a p-convex
monotone quasilinear operator if there exists a constant M; such that

1/p
r (z fn> < (Z(Tm) W)

neN neN

for any sequence {f,}5° in 9T,
A monotone quasinorm p is called a p-convex monotone quasilinear norm if there
exists a constant M such that

1/p 1/p
4 (Z(fn)p> < Mo (Z p(fn)p> (4'2)

neN neN

for any sequence {f,}5° in 9T,
It is easy to see that (4.1) and (4.2) are true if we consider sums in Z and
sequences { fn }nez in MT.
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12 A. Gogatishvili and J. S. Neves

Let f € Q. Then there exists a sequence {z, }nez C [0, 00) such that

z)~ Y min <f(xn),ﬁf$i")) . (4.3)

nez n

This estimate follows from [5, proposition 3.5] by using the simple observation that
f € Qy if, and only if, f(z'/*) € Q.
Observe that, for any r € (0, 00),

sy = S min (e, L2 (4.0

THEOREM 4.1. Let 0 <p, A <oo. Let T : 9T — M* be a p-convexr monotone
quasilinear operator and let p be a p-conver monotone quasinorm. Then the
inequality (3.1) is equivalent to the validity of the inequality

D :=sup r <T (%X[Ovt](') + X[LO@)(‘)))

1/p
>0 (t*"P fot s*Pou(s)ds + ft ds)

< 0. (4.5)

Moreover,
C~D.
Proof. The implication (3.1)=(4.5) follows by applying (3.1) to the test function

fi(s) == %X[O,t] (8) + X[t,00) (8), t > 0. Let us now show that (4.5)= (3.1). It follows
from (4.3) and (4.1), that

<Zm( ) e
<n 7 mm (f(l’n), (.)Afgl))))ﬁ (@)Up
1/p

(Zm ((fx[om"](>+xwo><~>) <x>)p> )

nez

(Tf

22

A

Now, using (4.6), (4.2) and (4.5), we find

p(Tf)Sp (%f ( (( )A*X[o e () + Xm@)()))p)
S (% f(@n)’p (T <(;2;\:\X[OM](.) T Xh”@)()))p) 1/p

1/p
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Weighted norm inequalities on the cone of A-quasiconcave functions 13

Tn o0 1/p
<D (Z flx,)? (x;/\l’/ skpv(s)ds —|—/ U(S)dS))
nez 0 Ty
1/p
Tp Tn+41
<D (Z ( [ seresass [ f(S)”v(S)dS>>
nez \’Tn-1 Tn
o0 1/p
~D (/ fpv> .
0
Consequently, C' < D and (3.1) follows. O

We are able to study the converse inequality of (3.1), that is, inequality (4.9),
when T has additional properties. This will be done in what follows.

Let T : M*T — 9 be a monotone quasilinear operator. T is called a p-concave
monotone quasilinear operator if there exists a constant M3 such that

1/p
(Z(Tfn)p) < MsT (Z fn> (4.7)

neN neN

for any sequence {f,}5° in 9MMT.
A monotone quasinorm p is called a p-concave monotone quasinorm if there exists
a constant M, so that

1/p 1/p
(me) < Myp (Z(M”) (4.8)

neN neN

for any sequence {f,}5° in MMT.

Again, it is easy to see that (4.7) and (4.8) are true if we consider sums in Z and
sequences { f, }nez in MT.

Now we study the converse inequality of (3.1), that is, inequality

( / OO(f)”U) o), fean (49)

THEOREM 4.2. Let 0 < p,\ <oo. Let T : MT — Mt be a p-concave monotone
quasilinear operator and let p be a p-concave monotone quasinorm. Then the
inequality (4.9) is equivalent to the validity of the inequality

1/
(t*Ap fg sMu(s)ds + [~ v(s)ds) :
® = sup

. p(T <%X[O,t](') +x[t,m)(-))) <o (4.10)

Moreover,

C~D. (4.11)
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14 A. Gogatishvili and J. S. Neves

Proof. The implication (4.9)=(4.10) is clear. Let us now show (4.10)=-(4.9). Using
(4.3), (4.4), (4.10), (4.8) and (4.7), we have

( /0 “P(a)o(a) dx) v (gejz min ( o g@))p dx) "
Flan) (o /0 () de + /m " w(@) d:c)) "

n

> fn)? ((;C)T;X(o,x"](') +X[z,“oo)('))>p>l/p

n Z mln (f(xn)’ ()ZEJW))Y) 1/p
<£<T<mm<f<wn»w>>>p>”p
<p (T <n2; (min (f(mn)) W»))

~p(Tf),
and (4.11) follows. O

REMARK 4.3. Let T : T — 9™ be the operator defined by

/f y)dy, x€]0,00), femt.

Then T is a p-convex monotone quasilinear operator for p € (0,1] and it is a
p-concave monotone quasilinear operator for p > 1.

5. Characterization of the three weighted Hardy-type inequality
restricted on the cone of A-quasiconcave functions

Let u,v and w be weights and let A > 0. In this section, we fully characterize
the three weighted Hardy-type inequality restricted on the cone of A\-quasiconcave
functions, that is, we give the characterization of the following inequality

(/Ooo (/Ox fu)qw(a:)dx)l/q <0 (/OOO fpv)l/p’ (5.1)

for all f € Q,, for all the values of the parameters p7 q € (0 oo]
We consider in what follows U (x fo 2)dz, Ux(z) := [y 2Mu(2)dz, Uz, y) =

fy u(z)dz, Vi(x):= fz v(z)dz, VAp( foz Ap”( )dz VAp( T)i=x )\pvz\p( ) +
Vi(z) and W (z) := [7° w(z)dz,
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Weighted norm inequalities on the cone of A-quasiconcave functions 15

Firstly, we start with a reduction theorem in the case 0 < g < p < 1 for the three
weighted Hardy-type inequality restricted on the cone of A-quasiconcave functions.

5.1. Reduction theorem in the case 0 < q<p <1

THEOREM 5.1. Let A >0, 0 < ¢ < p < 1. The following are equivalent:
(1) Inequality (5.1), with the best constant C1, holds for all f € Q.

(ii) The following five inequalities are valid:

( [([rreomwa) e da:)
(5.2)
(./()m(/gcooh(y) dy) q/pr(w)w(m) dx) " < C;f /Oooh(w)VAp(x) dz, h € 93?"'7

r/q 0
<Ch / h(z)Vyp(x) dz, h e mt,
0

(5.3)

oo
< Cf/o h(x)Vap(x)dz, h € mt,

(5.4)

(./:o (/Oz u)qw(:r) dx)l/q <Cs (/OOO v)l/p, (5.5)
</OOO (/OT v uly) dy)qw(x) dx) v < Cs (/OOO v Pu(y) dy) l/p, (5.6)

(iii) The following two inequalities together with (5.5) and (5.6) are valid:

</Ooo (oiljlim UP(z,y) /Oy h(z) dz) q/pw(x) dx) p/a

< C’?/ h(z)Vap(z)dz, heMt, (5.7
0

h sup UY(y) Ooz*Aph(z)dz Q/pw(x)dx
(£ G xo [mern) vos)

<ot [Thapndn nemt 69
0

p/q

Moreover,
CixmCy+C3+Cy+Cs+Cs = C5+ Cs + Cr + Cs.

Proof. By theorem 3.2, for the operator T f(z) = fOI fu, the quasinorm p(f) =
| fllg,w (weighted Lebesgue norm), for any f € 9™, and s = p, we have that (5.1)
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16 A. Gogatishvili and J. S. Neves

holds if, and only if, the following three inequalities are valid

</000 (/016 (/Oy h+y™ /yoo z—xph> /p u(y)dy> q w) r/q

< C/OOO h(x) (/Oﬂf yPo(y)dy + 2P /:O v(y) dy) de, hemt, (5.9)

(/OOO (/Ow U(y)dy)qw(:v)dx>l/q <C </OOO v)l/p, (5.10)
(/Ooo (/Ox y u(y) dy>qw>1/q <C </Ooo 2 () da:)l/p_ (5.11)

Using Minkowski inequality we obtain

I ( [ nee / N z—kf’h) " uway < ( [ vrah) dy) v

([ ) @)

+ </0Z UR(y)y~ " h(y) dy>1/p~ (5.12)

We also have

z y oo 1/p
/ (/ h+ P / z_)‘ph> u(y) dy
0 0 Yy

> ( sup UP(z,y) /0 " h(2) dz)l/p

O<y<zx

oo 1/p
+ ( sup Uf\’(y)/ 27 Ph(2) dz) : (5.13)
O<y<x y

As we know that (5.1) is equivalent with (5.9), (5.10) and (5.11), by inequality
(5.12) we have that (5.1) follows from (5.2), (5.3), (5.4), (5.5) and (5.6). Moreover,
C1 S C2+C5 4+ Cy + Cs + Co.

By inequality (5.13) we have that (5.7), (5.8), (5.5) and now (5.6) follows from
(5.1). Moreover, C; 2 C; + Cs + C5 + Cg. By [12, theorem 4.2] we have Cs ~ Cy
and by [12, theorem 4.5] we obtain that C5 + Cy =~ Cs. O

5.2. Full characterization

We now obtain the complete characterization of inequality (5.1).

THEOREM 5.2. Let 0 < A, q,p < oo. Then the inequality (5.1), with the best constant
C1, holds for every f € Qy if, and only if, one of the following is satisfied:
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Weighted norm inequalities on the cone of A-quasiconcave functions 17

(i) 0<p<1,p<g<ooand By < oo, where

B e sup o GA@)wlw)dy + U() f°° w(y)dy)'"’

ve000)  (f P ruly)dy + 2 [ o(y)dy)
Moreover, in this case, Cy =~ Bj.

(i) 0<g<p<l, 1/r=1/q—1/p and Bs+ Bs+ Bs+ By + Bs + By < o0,

where
B ([ U;(y)w(y)dy>”q ([ weot >dy)_w,
B ([ U%y)w(y)dy) v ( | v(y)dy) o

=

([ vswwmay)” vy @ "
[ ([ xomom) )

o 1/r
B ([ W ute) swp @7y, M)

(
(
B ([ (@) Pw(x) sup (UX(m)y V" ())da w,
U )
(

and

By = (/OOO(/:OU‘Z(Z/,x)w(y)dyy/pw(x) Oiggx(U (z, )V, ””(y))dx> Ur-

Moreover, in this case, C1 =~ By + B3 + B4 + By + Bg + Br.

(iii) 1<p<g<oo, 1/p):=1—1/p and By + Bs + Bs + By + B1g + B11 < o0,
where

. 1
Be= s o) ([T ORGPV )

z€(0,00)

By := sup < /O xU‘i (y)w(y)dy> Uq( /x OoyA”VAp(y)V*(y)Vi; p/(y)dy) W,

z€(0,00)
1/ * 1-p' v
By := sup W.(z )(/ UP (2, )y Vap(y) Vi ()W, (y)dy) ;
z€(0,00) 0
and
00 a, rx 1/’
By = sup )( / Uq(y,x)w(y)dy> ( / VPV W)V (y)Vy, " ()dy) :
x€ (0,00 T 0

Moreover, in this case, Cy =~ By + B3 + Bg + Bg + Big + Bi1.
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18 A. Gogatishvili and J. S. Neves

(iv) 1<g<p<oo, 1/r=1/¢q—1/p and B+ B3+ Bia+ Bi3+ Bis+ B15 <
oo, where

’ 1/r

o) T , , r/p
Bip = < /O WP (2yw(x) ( /0 UL ()™ Vap ) Vi )V, ” (y)dy) dx) ,

Buis = ( / h ( / ’ Uﬁ(y)w(y)dy) P @)
1/r

S , r/p’
([T ) dx> ,

[e’e] x , , T/P’ 1/T
By = </0 W:/p(a:)w(a:) (/0 UP (:my)y)‘pV)\p(y)V*(y)V)l\;p (y)dy) dx) ,

and
By i </O°° </:° Uq(y,x)w(y)dy) v (/076 yApVAp(y)V*(y)Vi;p/(y)dy> o x

, 1/r
X x)‘pV,\p(x)V*(I)Vi;p (x)dx) .

Moreover, in this case, C; =~ By + B3 + Bio + B3 + B4 + Bis.
(v) ¢=1<p< o0 and By + Bs + Big + B17 < 00, where

By = ( / N ( / ) yAW*@)u(y)dy)”' x*pV,\p(x)V*(x)Vi;p/(m)da:> "

and

By = ( / h (:& / T @)u(y)dy)p' TV @)V () V" (x)dx) "

Moreover, in this case, C; ~ By + B3 + Big + Bi7.

(vi) 0<g<1<p<oo and By + B3+ By + Bis + B4 + Big < 00, where

Big ( [ ([ v " @)

X sup (U%x,y) ( [ 2raevievs” (z)dz) /> dx) "

O<y<z 0
Moreover, in this case, C; =~ By + B3 + Bis + B1s + B4 + Bis.

Proof. The part (i) follows by theorem 4.1, applied to the operator T f(z) =
foz f(y)u(y)dy and to the quasinorm p(f) = p,(f) := || fwllq, for any f € MT, and
by using the fact that T satisfies (4.1) for every 0 <p <1, and that p, is a
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Weighted norm inequalities on the cone of A-quasiconcave functions 19

p-convex monotone quasinorm for p < ¢ by Minkowski inequality. The part (ii)
follows by theorem 5.1 and by applying [35, theorem 3.3] and [26, corollary 9].
Using theorem 3.1, we reduce (5.1) to the inequality for the integral operator with
Oinarov’s kernel. Then parts (iii) - (vi) follow by using the results of [29] or [38]
when ¢ > 1, and the results of [35] and [27] when 0 < ¢ < 1, and the reverse Holder
inequality when ¢ = 1. O

REMARK 5.3. (i) Thecase A\=1,p=¢q, w=v and u(t) = 1/¢, t € (0,00), in the
previous theorem, was already obtained in [37, theorem 5.1].

(ii) The case 0 < p < 1, p < ¢ < oo, in the previous theorem, can also be obtained
as a special case of theorem 6.14 in [26], which was obtained in a different
way (see [26, 6.6.7, p. 333] for the contribution of several authors to such
result).

THEOREM 5.4. Let 0 < A\, p < co. Then the inequality

T e} 1/p
esssup ([ sty ) we) < ([Twwpreoar)
z€(0,00) \J0 0
with the best constant Cy, holds for every f € Qy if, and only if, one of the following
18 satisfied:
(i) 0 < p <1 and By < 0o, where

Bio— sup €SS SUPy ¢ (0,2) Un (1) w(y) + Ux(x) esssup, ¢, o0) w(Y)
19 1= .
re(0.50) (v o(y)dy + 2 [ v(y)dy) /"
Moreover, in this case, C; ~ Big
(i) 1 <p, 1/p' :==1—1/p and By + Ba1 + Bay + Baz + Bay + Bas < 0o, where

—1/p

B = esssup () ([ ns)

y€(0,00)

B = esssup(U () [ o)z o

y€(0,00)

z ’ ’ 1/p
Bay := sup esssup w(y) (/ Uy (z)zApVAp(z)V*(z)V;;p (z)dz> ,
0

z€(0,00) y€(x,00)

S , 1/p
B = sup_ esssupU)ul) ([ AV V.V )
z€(0,00) ye€(0,z) T

x , 1/p’
Bsy := sup esssup w(y) (/ ur (z,z)zApV,\p(z)V*(z)V)l\p_p (z)dz) ,
0

z€(0,00) y€(x,00)

and

z , 1/p’
Bgs := sup esssup(U(y,z)w(y)) (/0 z/\pVAp(z)V*(z)V)l\;p (z)dz> .

z€(0,00) y€(x,00)
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20 A. Gogatishvili and J. S. Neves
Moreover, in this case, C1 ~ Bog + Boy + Bag + Bos + Bay + Bas.

Proof The part (i) follows by theorem 4.1, applied to the operator T f(z) =
I f y)dy and to the quasinorm p(f) = poo(f) := || fw]|, for any f € M,
and usmg the fact that T satisfies (4.1) for every 0 < p < 1, and p is a p-convex
monotone quasinorm. Using theorem 3.1, we reduce (5.1) to the inequality for the
integral operator with Oinarov’s kernel. Then part (ii) follows by using the results
of [29] or [38]. O

From theorem 3.3 immediately follows.

THEOREM 5.5. Let A >0 and 0 < g < 0. Then,

(i) if 0< q < oo, the inequality

([ ([ o an) wime) " <o e

with the best constant Cy, holds for all f € Qx if, and only if, the following
is valid:

1/q

o0 x A q
y u(y)
Bog 1= .
26 (/0 </0 €8S SUP_ ¢ (0,00) ’U(Z) min(z)\’ y)\) dy> w(x)d-T) < 0

Moreover, C; = Bag.

(ii) if ¢ = o0, the inequality

esssup/ fWu(y)dyw(z) < Cy esssup f(x)v(zx),

z€[0,00) z€[0,00)

with the best constant Cy, holds for all f € Qy if, and only if, the following
is valid:

T A
Bay7 = esssup/ y uly) — o dy w(z) < oo
wel0,00) Jo €S8SUP.e(0,00) ¥(2) min(z*, y*)

Moreover, C; = Bay.

REMARK 5.6. Using the results of § 5.2, we can extend the embedding theorems
for Besov spaces considered in the § 2.4 and 3.3. of [17]. We will consider this in a
future paper dedicated to the study of optimal embeddings.
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Weighted norm inequalities on the cone of A-quasiconcave functions 21

6. A remark on the symmetric version of the three weighted
Hardy-type inequality

Using a change of variable t — y~! twice and using the fact that f € Q, if, and
only if, t*f(t~1) € Qy, we get that the symmetric inequality of (5.1)

(/OOO (/OC fU>qw(:c)dx)1/q < (/O‘X’ fpv)l/”7 61)

holds for all f € 2, if, and only if, the following inequality holds

(/oOC (/0’” fﬂ>q@(x)dx)l/q <, (/0‘” f””ﬁ)l/p’

for every f € Qy, where u(z) = 2 2u(z™1), w(z) = 2 2w(z™t), v(z) = 2~ P72
v(z~1) and Oy ~ Cy. Therefore, we can easily obtain the complete characterization
of the inequality (6.1) from theorems 5.2, 5.4 and 5.5.
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