Guaranteed eigenvalue bounds for elliptic partial
differential operators

Tomas Vejchodsky (vejchod@math.cas.cz)

Institute of Mathematics
Czech Academy of Sciences

Supported by the Neuron Impuls project no. 24/2016

SNA 2019, Ostrava, January 21-25, 2019



Reliable numerical methods

To compute (approximate) solution is not sufficient.
We should provide an information about the error.

Can we provide
a guaranteed upper bound?
Ju—upl <m

Sinking of the Sleipner A off-
shore platform in 1991, Nor-
way. The failure resulted from
inaccurate NASTRAN calcula-
tions.

Babuska, Verfiirth, Ainsworth, Rannacher, Repin, ...



Eigenvalue problems

Laplace eigenvalue problem

—Au, = Apu, in Q
u, =0 on 0N

Finite element method

» Very flexible (various domains, high order, various problems, ...

» Converges with optimal speed
» Adaptive mesh refinement
> Nice theory

Guaranteed upper bound
)\n < )\h,n

Can we dream about anything else?
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Eigenvalue problems

Laplace eigenvalue problem

—Aup = Au, inQ
u, =0 on 0N

Finite element method

v

v

Converges with optimal speed

v

Adaptive mesh refinement

v

Nice theory

Guaranteed upper bound
[ )\n < )\h,n

Can we dream about anything else? Lower bounds!
Guaranteed error bounds on eigenfunctions: ||u, — up || <7

Very flexible (various domains, high order, various problems, . ..
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2. Theory

2.1 Existence



Abstract formulation @

Eigenvalue problem: Find eigenvalue A, and eigenfunction
up € V' \ {0} such that

a(up,v) = A\pb(up,v) Vvev.

» V is a Hilbert space.
» a(-,-) and b(-,-) are two bilinear forms on V.

Example
—Aup = Apu, in Q
u, =0 on 092
Weak formulation
(Vu,, Vv) = Ap(up,v) VYvevVv
> V = H}Q)

» a(u,v) = (Vu,Vv)
» b(u,v) = (u,v) (u,v) = [quvdx



Hilbert—Schmidt theorem @

Sup = finun
Let
» V be a Hilbert space
» SV — V be linear, bounded, compact, self-adjoint operator
Then

» there is (at most) countable sequence of nonzero real
eigenvalues of S (repeated according to their multiplicity):
lpi| = [p2| = ps| = -+ >0,
and if the sequence is infinite then lim, oo ptp =0

» eigenfunctions u, corresponding to these u, form a complete
orthonormal system in M and

V = (kerS) ® M
Note: M = range S



Assumptions @

Find A\, € R, u, € V\{0}: a(up,v) = Apb(up,v) YvevV

» V is a real Hilbert space
» a(-,-) is continuous, bilinear, symmetric, V-elliptic

» b(-,-) is continuous, bilinear, symmetric, positive semidefinite

> |lv|la = a(v, v)'/? is the norm induced by a(-, -)
> |v|p = b(v, v)'/? is the seminorm induced by b(-, -)
> |- |p is compact with respect to || - ||,

i.e. from any sequence bounded in || - ||2, we can extract a

subsequence which is Cauchy in | - |p



Existence @

Theorem. There exists (at most) countable sequence of eigenvalues
0<)\1§)\2§)\3§~-—>OO
and the corresponding eigenfunctions can be normalized to satisfy
b(uj, uj) =065 Vi, j=1,2,....
Proof
» Solution operator S : V — V: a(Su,v) = b(u,v) VveV
1
> a(up,v) = Ay b(up,v) YveV < Suy=—u,
—— An
a(Sup, v)

» Exercise: compactness of | - |, with respect to || - ||5 is
equivalent to compactness of S

» Hilbert—-Schmidt theorem: p3 > pp > 3 > -+ >0, A\p =1/,
because 0 < ||un|2 = An|unl?.
E|



Existence @

Theorem. There exists (at most) countable sequence of eigenvalues
O< <A< -5

and the corresponding eigenfunctions can be normalized to satisfy
b(uj, uj) =065 Vi, j=1,2,....

Note

1
ya(u,-, UJ') = 5,J Vi,j = 1,2, .

1



Orthonormal basis of eigenfunctions @

Theorem. The space V can be decomposed as

V=K&M,
where L = {v € V : |v|p =0} and M = span{uy, u,...}.
Moreover,
a(u,v) =0 Yuek, VveM,
b(u,v)=0 VYuek, VYveV. (*)
Proof

» () follows from |b(u, v)| < |ulp|v]p =0
» Hilbert-Schmidt theorem: V = (ker S) & M
Now, ker S = K, because
(a) ue K= 0= b(u,v) =a(Su,v) Vv e V
= Su=0=uckerS
(b) u € kerS = 0= a(Su,u) = b(u,u) = |u} = ueK



Orthonormal basis of eigenfunctions
Theorem. The space V can be decomposed as

V=K&M,
where K ={v € V : |v|p =0} and M = span{uy, uy, ...
Moreover,
a(u,v) =0 Yuek, VveM,
b(u,v)=0 VYuek, VYveV. (*)
Proof

» Express v e M asv => ", cyu, and

1.

2 0.

a(u,v) = ch a(u, un) iCnAnb(UaUn)(
n=1

Y



Parseval’s identities @

Theorem. For all v € V/, there are unique vk e K and vM e M
such that

0o
V= VIC + VMa vM = Z Chlp, Ch = b(VM7 Un) = b(Vv Un)

n=1

00
M% = Z |b(v, Un)|2,
n=1
00
IvIiZ = IVEIE+ VM5 with VM5 =" Aalb(v, un)|*.
n=1

Proof
> v=vEk M= V’C—I-Zzozlcnun
> V|2 = b(v, V& + 3% chup) = 30 cnb(v, up)
> (I3 = VM3 + VI3 and VM3 = Y202, Anch



Example 1: Dirichlet Laplacian

—Au, = A\pu, in Q
up, =0 on 0N

Weak formulation: Find A\, € R, u, € H}(Q) \ {0}:

(Vin, Vv) = Xo(lun, Iv) Vv € HY(Q),

where [ : H}(Q) — L2(Q) is the identity operator.

v

V = Hp(Q)
a(u,v) = (Vu,Vv) ... cont., bilin., sym., V-elliptic
b(u,v) = (lu,Iv) ... cont., bilin., sym., pos. def.

Compactness: [ is a compact operator by Rellich theorem.
Definition: I is compact if from a sequence {v;} C H}(Q)
bounded in [|[Vv[;2(q) < C we can extract a subsequence
such that {/v;} is Cauchy in [3(Q).



Example 1: Dirichlet Laplacian

—Au, = A\pu, in Q
u, =0 on 0N

Exact solution for an interval Q = (0, L)

2 2
ncm . hmx
)\n:T7 Un(X):SInT7 n:172’3""
Easy to verify
uh(x) = m cos X
! L 2, 2 L 2.2
ul(x) = —nLZ sin erX = 7nL72T Un(x)

Is it complete?



Example 1: Dirichlet Laplacian

—Au, = A\pu, in Q
u, =0 on 0N

Exact solution for a square Q = (0, 7)?

ke = k% + 02, uke(x,y) = sin(kx)sin(ly), k,0=1,2,...

M=2(k=1,£=1) Ao =10 (k =1,
A =5 (k=2 £=1) A7 =13 (k =3,
A3=5(k=1, £=2) As =13 (k =2,
=8 (k=2 £=2) Xo =17 (k = 4,
As=10(k=3, £=1) App=17 (k=1,

S S S S S
Il

A R W N W

N N N N N



Example: Square @
A1 =2, ui(x,y) = sin(x)sin(y)

0.8
0.6
0.4
0.2

A =5, uz(x, y) = sin(2x)sin(y)

-0.2
04
WM-os
A3 =5, u3(x, y) = sin(x)sin(2y) 038




Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8



Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4



Example: Dumbbell @
A1 ~ 1.9558 Ao &~ 1.9607

Mg = 4.8299 A3 =~ 4.8008

s ~ 4.9968 g ~ 4.9968 | IS




2. Theory
2.2 Min-max principle



Minimum principle
a(v,v) _ |IvI3
b(v,v) |v]2b

Rayleigh quotien: R(v) =

Theorem. Numbers 0 < A1 < \» < --- and functions
up, U, - -+ € V' \ {0} are eigenpairs of

a(up,v) = Apb(un,v) VvevVv

if and only if
AL = min  R(v up = argmin R(v),
V€V7 ‘Vlb#o ( ) VE\/7 |V‘b7ﬁ0 ( )
Ap= min R(v) up = argmin R(v),
veM; veME |
where M,,_1 = span{u1, up, ..., up-1},
Mt ={veM:bv,u;)=0,Vi=12,...,n—1}

={veV:b(v,u)=0,Vi=12...,n—1
and |v|p # 0}.



Minimum principle @

Proof. (Including n = 1).

= Let a(up, v) = Apb(up,v) Vv e V.

Then u, € ./\/lf,;l, An = R(up), and thus im‘ML_1 R(v) < Ap.

If v € M| then v® =0, ¢; = b(v,u;) =0fori=1,...,n—1, and

Ry VB SN ) 3,
vy XE.q T X
< The minimum is attained: Ju, € Mﬁ,l © An= R(up).
Let t € R, v € M and ¢(t) = R(u, + tv).
Derivative ¢’(0) exists and

o0 = 2 (st - L2l )

B |Unlp - ‘Un‘zb

=\,

Since ¢(t) has a minimum at ¢t = 0, we have ¢/(0) = 0.
Ifv=u;, i=12,...,n—1, then
b(up, uj) = 0 and a(up, uj) = \ib(up, u;j) = 0.
E]



(Courant—Fischer—Weyl) Min-max principle

Theorem.

An= min R(v) = min maxR(v)
VGM#_I Ecy(n) veE
where V(") s the set of all n-dimensional subspaces of M.
Moreover, the mininum is attaind for E = span{ui,..., us}.
Proof. (Induction over n.)

n=1: Since R(awv) = R(v) for all & # 0, we have

min maxR(v) = min R(v) = min  R(v)
Ecy() veE veM veV, |v|p#0



(Courant—Fischer—Weyl) Min-max principle @
Theorem.
An= min R(v) = min maxR(v)
vEME | Ecy() veE
where V(") s the set of all n-dimensional subspaces of M.
Moreover, the mininum is attaind for E = span{ui,..., us}.
Proof. (Induction over n.)
n>1: Let V() < () be a set of all spaces
E* =span{u1,...,un_1,2}, where b(z,u;) =0fori=1,...,n—1.

min maxR(v) < min max R(v) = min maxR(v)Q min  R(z)

EeV(n veE Ezep(n veE? zEM}- | veE? zeEME

To prove (1), let v € EZ, |v|p = |z|p = 1. Thus,
v=az+ Y qui, vE=a?+ 307 2 =1, and

n—1 n—1
R(v) = |IVI[3 = &?||zl3+>  Flluill3 < <a2 +> C?) 12113 = R(2),
i=1 i=1

because z € M forall i=1,2,...,n—1and R(u;) < R(z).



(Courant—Fischer—Weyl) Min-max principle @
Theorem.
An= min R(v) = min maxR(v)
vEME | Ecy() veE
where V(") s the set of all n-dimensional subspaces of M.
Moreover, the mininum is attaind for E = span{ui,..., us}.
Proof. (Induction over n.)
n > 1: (cont'd)
Let £ € V(")
There exists z € E : |z|p # 0 and b(z,u;) =0 fori=1,2,...,n— 1.

R(v) > R(z) > min R
max R(v) = (Z)—ze%"}_l ()



Example 2: Neumann Laplacian
—Au, = A\pu, in Q

Oup
5 = 0 on 00

Weak formulation:  Find A\, € R, u, € HY(Q) \ {0}:

(Vun, Vv) = M\o(up,v) Vv € HY(Q)

Problem: wug=1, A\g=0
= bilinear form a(u, v) = (Vu, Vv) is not H1(Q)-elliptic.

» V={veH(Q): [,v=0}
» a(u,v) = (Vu,Vv) ... cont., bilin., sym., V-elliptic
» b(u,v) = (u,v) ... cont., bilin., sym., pos. def.

» Compactness: by Rellich theorem.



Example 2: Neumann Laplacian

—Au, = \yup
oup
ov 0

in Q

on 0N

Exact solution for a square Q = (0, 7)?

Mt = k2 + 02,
)\0:0
Ar=1
=1
A3 =2
Ay =4

= X x X x

A~ N /N A/~~~

N B O R O
[ S S T TN
Il
O B Rk O O

>

>
S &

JQ

~— N — ~—~ ~—
> > >
© oo

e (x. y) = cos(kx) cos({y).

I
©O© o o1 o1
—~ ~ —~ —~

= X X X x

k=

w N RN o
N N S

Il
O N N =N
—_— — ~— ~— ~—

0,1,2,...



Example 2: Neumann Laplacian

N7

)\

AWDa




Example 3: Steklov eigenvalue problem @

—Aup+u,=0 in Q
%“V” — A\yu, on 00

Weak formulation:  Find u, € H'(Q), ||uall290) # 0, and X, € R:

(Vn, V) + (tn, v) = (Y, 7)o Vv € HY(Q)

V=HY{(Q), V=KoM, K={veH{(Q):yv=0o0n9Q}
M= {veHYQ):yv#0ondN}

v

» a(u,v) = (Vu,Vv) + (u,v) ... cont., bilin., sym., V-elliptic
» b(u,v) = (u,v)sq ... cont., bilin., sym., pos. semidefinite
» Compactness:

Trace operator v : HY(Q) — L2(9R) is compact
[Kufner, John, Futik 1997], [Biegert 2009]



Example 3: Steklov eigenvalue problem @

—Aup+u,=0 in Q
%ﬁ:%w on 9

Exact solution for a square Q = (—L, L)?

A\ = \ftanh (?L) ,  u1(x,y) = cosh (?x) cosh (?y)

Ay =7

Ay = \fcoth (fL) , ua(x,y) =sinh (fx) sinh <\2@y>



Example 3: Steklov eigenvalue problem (L = 7/2) m

A1 = 0.5687 A2 =0.7610 A3 =0.7610 A4 = 0.8791

4
y

s = 1.739 e = 1.739 A7 = 1.763 g = 1.763

NS/
\= | P
| | .

i 3




2. Theory
2.3 Optimal constants



Optimal constants
Abstract eigenvalue problem: Find A, € R, u, € V' \ {0}:
a(up,v) = Apb(un,v) VvevVv
Theorem

[v|p < )\1_1/2||v||a Vv € V, with equality for v = uy.

Proof
Let ve V, |v|p #0.

2 2
e i W I3

< & vE < ATHIVIG
weV,|w|p#0 ’W‘i ‘V|b ’ b 1 a




Optimal constants
Abstract eigenvalue problem: Find A, € R, u, € V' \ {0}:

a(up,v) = Apb(un,v) VvevVv
Theorem

[v|p < )\1_1/2||v||a Vv € V, with equality for v = uy.

Example 1: Dirichlet Laplacian.
V=Hy(Q). vl =1IVvliz@ Ivls= IVl

Corollary 1. The optimal constant in Friedrichs inequality

IVlli2@) < GellVviliz@ YveH(RQ) is Go=A "2

where A1 is the principal eigenvalue of the Dirichlet Laplacian.

»Q=(0,L) = G==%

—1/2
> Q=(0L)x(0L) = G=1(k+d)

Y



Optimal constants @
Abstract eigenvalue problem: Find A, € R, u, € V' \ {0}:

a(up,v) = Apb(un,v) VvevVv
Theorem

[v|p < )\1_1/2||v||a Vv € V, with equality for v = uy.

Example 2: Neumann Laplacian.
V={veH(Q): [qvdx=0}, |vlla=I[IVviiz@) Vls=Ivilizeg

Corollary 2. The optimal constant in Poincaré inequality
IVl < CelIVVilz@Q) YveH (Q),/ vdx=0, is Cp= )\;1/2’
Q

where A; is the principal eigenvalue of the Neumann Laplacian.

L1, L
S Q= (0 L) x (0L) = = miinb)

™



Optimal constants
Abstract eigenvalue problem: Find A, € R, u, € V' \ {0}:

a(up,v) = Apb(un,v) VvevVv
Theorem

[v|p < )\1_1/2||v||a Vv € V, with equality for v = uy.

Example 3: Steklov eigenvalue problem.
V=HY(Q), (V2= VvIZg + V2 vls = Vi@
Corollary 3. The optimal constant in trace inequality

IVll2oa) < Crlvilm@ ¥veHY(Q) is Cr=x "2

where A is the principal eigenvalue of the Steklov problem.

> Q=(-LL)? = Cr=(V2coth(v2L/2))"

Y



Y

3. Rayleigh—Ritz (Galerkin)
method



Rayleigh—Ritz (Galerkin) method
Eigenvalue problem: Find A\, € R, u, € V' \ {0}:
a(up,v) = Apb(up,v) VvevVv
Finite dimensional subspace: V, C V, dimV, = N < occ.
Discrete eigenvalue problem: Find Ay, € R, up, € Vp \ {0}:

a(upn, vi) = Apnb(Upn, vi)  Vvp € Vi

Generalized eigenvalue problem for matrices:

Axp = ApnBxp,
N

where up, =Y xj@j, Ay =aleje1),  Bi= by, i)
j=1



Properties @
Discrete eigenvalue problem: Find Ay, € R, upp € Vj \ {0}:

a(Unns Vi) = Apnb(Upn, vh) Vvp € Vi

» 0< A1 S Ao < S A

>

. 'a(uh7,-, UhJ) = b(uh,,-, Uh,j) = (5,J Vi,j = 1,2, ey N.
N

» Minimum principle:

Ap1 = min R(vp) up1 = argmin  R(vp),
Vh€Vh, |vh|p#0 VhEVh, |vh|p7£0
Ahn = min  R(vp) Upn = argmin R(vy),

1
Vhth,n—l VhEM#,n_l

where Mﬁ,nfl = {Vh € Vy: |Vh|b 75 0 and b(vh, uh’,-) =0
Vi=1,2,....,n—1}.



Properties
Discrete eigenvalue problem: Find Ay, € R, upp € Vj \ {0}:

a(Unns Vi) = Apnb(Upn, vh) Vvp € Vi

> 0<Ap1 S Ap2 < -- < A
1 .

> )\h 'a(uh7,-, UhJ) = b(uh,,-, Uh,j) = (5,J Vl,j = 1,2, e N.
N

» Min-max principle:

A= min max R(vp)

Ehevi(,") vhEE

where V,(,n) is the set of all n-dimensional subspaces of V.
» Theorem.
A< App, n=12,...,N
Proof.

V,(,n) cv™ = A,= min maxR(v) < Anp O
Ecy(n) veE ’



Y

4. Lower bounds on eigenvalues
4.1 Weinstein's bound



Lower bounds — history @

Standard (conforming) approach:
Temple (1928), Weinstein (1937), Kato (1949),
Lehmann (1949), Goerisch (1985), ...

Nonconforming FEM:
Carstensen, Gedicke, Gallistl (2014), Xuefeng LIU (2015), ...

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,

R.G. Duran, L. Grubi$i¢, Jun Hu, J.R. Kuttler, Y.A. Kuznetsov,
Fubiao Lin, Qun Lin, M. Plum, S.I. Repin, V.G. Sigillito,

M. Vohralik, Hehu Xie, Yidu Yang, Zhimin Zhang, ... many others



Recall
Find A, € R and u, € V' \ {0} such that

a(up,v) = Apb(up,v) VvevVv

v

V is a Hilbert space.

v

a(+,-) and b(-,-) are two bilinear forms on V.
V=KoeM
K={veV:|v|lp=0}

M =span{uy, up,...}
M

v

v

v

> v:v’C—l—v

» M= Z Cpln, Cp= b(VM7 u”) = b(V, u”)

n=1

Vg = 3 Ib(v,un)l

o
IvIIZ = (VS5 + IvM13 with [[vM]5 = Zl Anlb(v, un)|?
n=

v

v



Weinstein's bound
Theorem
Let A\ € R and v, € V with |uy|p # 0 be arbitrary and w € V be
given by
a(w,v) = a(us, v) — Aub(uy,v) Vv e V.

Th
o AP vl
min < 5 -
i ol

Proof: w = wk 4+ wM

e 2
a\w, u;

> ]a u*,u) s b(u*,u ]2 1A — A2
=> : : Zilb(uwuj‘)l2
j=1 j=1

.I J

Thus,

[wl]? > ||w™|2 > m|n Z |b(us, uj)| O]



Y

Weinstein's bound
Corollary: Let A, has multiplicity m, i.e.,

An—1 ?é Ap=+++= )\nerfl 7& )\ner- If

VAn—1 A0 <A < VA Anem (closeness)
and
[wlla<n
then
Ly < Ay

1 2
where (, = —— <—77+ \/ 1P +4>\*|u*]%> .
4| u, s,

)\n +m

1
T T
>\n, - = An,«anl

/\nfl
\ A,L,1A7L vV )\n)\ner




Weinstein's bound @

Corollary: Let A, has multiplicity m, i.e.,
An—1 7£ Ap=+++= )\n+m71 ?é )\ner- If

VAn—1 A0 <A < VA Anem (closeness)

and
[wlla<n

then
ln < Ap,

1 2
where (, = —— <—77+ \/ 1P +4)\*|u*]%> .
4| u, s,

Proof: Clearly,

S RV W [
X N T ulk  wp

and solve for \,. L]



Complementary upper bound on the residual @
Laplace eigenvalue problem: Find A, and u, € H}(Q) \ {0}:

(Vin, Vv) = Mp(up, v) Vv € H3(Q)
Definition. Flux q € H(div, Q) is equilibrated if —divq = A, u,.
Theorem. If q is an equilibrated flux then
IVwllo <n=Vu. —dlo.

Proof: Let v € H3(Q), then

(Vw,Vv) = (Vu,, Vv) — A(us, v) — (divag, v) — (q, Vv)
= (Vu, —q,Vv) — (\uy +divq, v)
< Ve —alof[Vvle O

[Neittaanmaki, Repin 2004], [Repin 2008], [Braess, Schoberl, 2008],
[Ainsworth, Vejchodsky 2011,2014], [Vohralik at al.]



Avoiding equilibration w

Shifted eigenvalue problem:
(Vun, Vv) +5(tn, v) = (An +7)(Un, v) Vv € HY(Q)

ay(un, v)

Theorem. Let q € H(div,Q) and v > 0. Then
1 .
IVwllo < lwllay <m, 7=V, —qllf + o +dival3
Proof:
a’Y(Wv V) = (vu*a VV) - A*(”*? V) - (dlvq7 V) - (qv VV)
= (Vu, —q,Vv) — (Aus +diva, v)
< Vi = allol|Vvllo + v 2 Avus + divallo v Iv]o
_ : 1/2 1/2
< (IVe = al} +7 s + dival) > (I9vI3 + 4 ]vIB) Y

Thus, [w]2, < [Vu. —qll3 + 7 A-u. +diva]3 =



How to compute q7
Global flux reconstruction: Find q, € Wy, C H(div, Q) minimizing

1 .
n? = ||Vu. — qull3 + ;”)\*U* + div a3

FEM space:

Vy = {Vh evV: Vh’K € PI(K) VK € 77,}
FEM approximation:

Us = Upn € Vi, Av = App

Raviart—Thomas space:
RT:(K) = [PY(K)]? ® xP}(K) (local)
W), = {qn € H(div, Q) : qn|x € RT1(K) VK € Tp} (global)



How to compute q7
Global flux reconstruction: Find q, € Wy, C H(div, Q) minimizing

1 .
n = ||V, — aqnl§ + ;HA*U* +diva|3

Euler—Lagrange equations:

1 1
(an, wp) + ;(div Qp, divwy) = (Vi wp) — 5 (A s, div wpy)

Ywy, € W,
Equivalent to linear system:
My = F,
1, . .
where qn = >y, My = (¢, 9;) + g(d'v Py, divap;),
1
Fi = (VU*,¢i) - ; (/\*u*,divd),-)



Example: dumbbell

—Aup, = Apup  in Q = dumbbell
u, =0 on 02

|/\n - )\h,n| < )\h,n - En

Rel. error: <
; An ln
~v=10"
0 Uniform, dumbbell, lambda1
10 ‘ :
5 107 g
£ )
() ()
o 2
' 5
® 102} g
3
1073

1073 102 107" 10°

Uniform, dumbbell, lambda1

107" ¢

10—2 L

1078
102

104
degrees of freedom

108




Local flux reconstruction , @

Flux reconstruction:
qn = Z q:

ZGNh

N T

Local problems: Find q, € W, minimizing

1 .
||<)02Vu>,< — qZ||%2(wz) + ;”)\*SOZU* + div qu%Z(wz)

Euler—Lagrange equations:

1 1
(qz,wh)wz—k;(div qz, divwy),, = (goZVu*,wh)wz—; (Aepzus, divwg)
Ywy, € W,
Patch of elements: w, = J{K € Th: z € K}

Partition of unity: 3,z ¢z =1
W, = {q € H(div,w;) : q|x € RT1(K) YK C w;, q-n, =0on It}



Example: dumbbell

—Aup, = Apup  in Q = dumbbell

u, =0 on 02

|/\n - )\h,n| < )\h,n - En

Rel. error: <
; An ln
~v=10"
Uniform, dumbbell, lambda1
100 Uniform, dumbbell, lambda1 10° ‘ ‘
—O— global
—¥— local
-1 L
. 107 S 10
2 o
o )
o =
2 T,
102} 1 e 107y
3
103 ‘ ‘ 1078 : :
103 102 101 100 102 104 106

h degrees of freedom



Closeness assumption for dumbbell

V )\nfl)\n < >\* < V )\n)\ner = En < )\n

Exact eigenvalues: A1 = 1.955793794588, A, = 1.960683031595

1.95 AL Ay 1.97 1.98
VAL

h /1 Ah1 closeness
hy =1.1781 1.6618 2.0228 no

Y



Closeness assumption for dumbbell @
V )\nfl)\n < )\* < V )\n)\ner = En < )\n

Exact eigenvalues: A1 = 1.955793794588, A, = 1.960683031595

. Mo
1.95 AL Ay 1.97 © o 1.08

h 2 Ah1 closeness
h; =1.1781 1.6618 2.0228 no
h, =0.5890 1.7711 1.9759 no




Closeness assumption for dumbbell

V )\nfl)\n < )\* < V )\n)\ner = En < )\n

Exact eigenvalues: A1 = 1.955793794588, A, = 1.960683031595

. o M . Atal
1.95 NS 1.97 ©1.08
VAL
h 2 Ah1 closeness

hp =1.1781 1.6618 2.0228 no
hy =0.5890 1.7711 1.9759 no
h3 =0.2945 1.8449 1.9620 no



Closeness assumption for dumbbell @
V )\nfl)\n < )\* < V )\n)\ner = En < )\n

Exact eigenvalues: A1 = 1.955793794588, A, = 1.960683031595

. At At . Atal
1.95 NS 1.97 ©1.08
VAL
h 2 Ah1 closeness

hp =1.1781 1.6618 2.0228 no
hy =0.5890 1.7711 1.9759 no
h3 =0.2945 1.8449 1.9620 no
hy = 0.1473 1.8899 1.9578 yes



Closeness assumption for dumbbell

V )\nfl)\n < )\* < V )\n)\ner = En < )\n

Exact eigenvalues: A1 = 1.955793794588, A, = 1.960683031595

. Atad | At . Atal
1.95 NS 1.97 ©1.08
VA Ay
h 2 Ah1 closeness
hy =1.1781 1.6618 2.0228 no
h, =0.58900 1.7711 1.9759 no
h3 = 0.2945 1.8449 1.9620 no
hy = 0.1473 1.8899 1.9578
hs = 0.0736 1.9163 1.9565
hg = 0.0368 1.9319 1.9560
h7 = 0.0184 1.9411 1.9559

Y



Weinstein's bound — summary

> easy to use

> it is a generalization of Bauer—Fike estimates for matrices
» good for general symmetric elliptic problems

» sub-optimal speed of convergence

» a priori information on spectrum needed for guaranteed lower
bounds



Y

4. Lower bounds on eigenvalues

4.2 L.ehmann—Goerisch method



Lehmann—Goerisch method

General setting:
Find A\, € R and u, € V' \ {0} such that

a(up,v) = Anb(up,v) VvevVv



Lehmann method @

Theorem
Let Ay < p < Ayt1
> (i, o, ..., 0y € V be linearly independent

> Aojj = a(lj, ij)

> ALU = b(ﬁ,’, ﬁj)

» w; €V a(w,v)=b(d,v) YveV
Azij = a(wi, w)

> <pp << (pAL—Ao)x = p(Ag —2pAi + p*Ax)x
Then 0 < 11 and

p—lp <X, n=12...,N.

[Lehmann 1949, 1950]



Lehmann—Goerisch method @

Theorem
Let Ay < p < Ayt1
> (i, o, ..., 0y € V be linearly independent

> Aoj = a(dj, ij)
> Ay = b(di, j)

» X ... vector space
B ... positive semidefinite symmetric bilinear form on X
T:V — X ... linear operator:

(a) B(Tu, Tv) = a(u,v) VYu,veV
(b) w; € X: B(W;, TV) = b([i,'7 V) YveV
(€) Agjj = B(Wi, wj)
> <fo << iy (pAL—Ao)k = (Ao —2pA1 + p* Ar)R
Then 0 < fi; and
p
— <X, n=12...,N.
L+fn — "
[Lehmann 1949, 1950], [Goerisch, Haunhorst 1985]

p



Proof: Lehmann = Goerisch

It suffices to show that Ag — A» is positive semidefinite, because
= 0<j;<pjforali=12....N,
P < P <.

T+, =" 1+

= p—

To show that /A\g — A; is positive semidefinite:
Let x e RN, i = Z,N:l x;ilj, w= Z,N:l Xiwi, W = Z,N:1 x;W;, and

Y

0<B(w—Tw,w— Tw) = B(W,w) — 2 B(W, Tw) +B(Tw, Tw).
—_——— N— —

Thus,



Application to Laplace eigenvalue problem

(Vui, Vv) +~v(ui,v) = (Ai +v)(ui,v) Vv e H&(Q), Q C R?

Setting
» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)
- X = [12(Q)]°

Y



Application to Laplace eigenvalue problem

(Vui, Vv) +~v(ui,v) = (Ai +v)(ui,v) Vv e H&(Q), Q C R?

Setting
» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)
> X = [2()°
> B(i\’v‘?) = (ﬁ17 Vl) + (u27 ‘72) +’Y(U3, V3)
_( Vu
Tu—( J >

(b) B(W,‘, TV) = b(L"I','7 V) = wW; = ( Vgi ) o c H(div, Q)
i3

(0i, Vv)+~v(W3,v) = (Gj,v) YveV
—(divej, v) + (W3, v) = (dj,v) YveV
1
VlA/,'73 = *(ﬁ,’ + div O',')
Y

Y



Application to Laplace eigenvalue problem @

(Vui, Vv) +~v(ui,v) = (Ai +v)(ui,v) Vv e H&(Q), Q C R?

Setting
» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)
- X = [12(Q)]°
> B(ar,¥) = (01, 01) + (02, ¥2) + (03, U3)
()
> Tu e
u
Facts



Application to Laplace eigenvalue problem @

(Vui, Vv) +~v(ui,v) = (Ai +v)(ui,v) Vv e H&(Q), Q C R?

Setting
» V =H}Q), a(u,v) = (Vu, Vv) +7(u, v), b(u,v) = (u,v)
- X = [12(Q)]°
> B(ar,¥) = (01, 01) + (02, ¥2) + (03, U3)
()
> Tu e
u
Facts

o
] ) %(U,- +divo;)
(C) A27,'j :B(W;,Wj) = A27;j = (0',',0'J')+%(ﬁi+diV0i,ﬁj+diV0’j)

(b) B(W;, Tv) = b(iii, v) < W; = < > o € H(div, Q)



Application to Laplace eigenvalue problem
Theorem (Lehmann—Goerisch)
Let )\N+’7<p§)\/\/+1+’7,’7>0
> (y, 0o, ..., 0y € V be linearly independent
> AQ,‘j = (Vﬁ,‘, Vﬁj) + ’Y(lj,', []j)
> Avy = (di, )
> 01,02,...,0y € H(div, Q) be arbitrary
AA27U = (oi,0)) + %(ﬁ; +dive, i; + divo))

Y

> <P < <pn: o (pAL—Ao)k = fi(Ao—2pA1 + p?Ao)%

Then 0 < fi; and

bp=p—rm——L <), n=12....N

~

L+ fip —

[Behnke, Mertins, Plum, Wieners 2000]



How to find good w;?

= W =X lj
Need

= AA2%A2

>’l‘|—-

= B(wi, W) ~ a(wi, wj) 2 B(Tw;, Tw))
= w;, =~ Tw; = %Tﬁ;

Natural idea
1re w2
make |/~\—i T ii; — Wil small

For Laplacian: Find O'h, € H(div, Q) that

H )\h/ Up,i
)\h/+7

2
small
0




Choice of o, — global @

Global minimization:
Find opj € Wy, C H(div,Q), i =1,2,..., N, that minimizes

2
Ah,ilp,i

Ani+y

+ div Op,j

Vuh,i
— O,

2
Ani + ‘

_f_i
o

0

Euler-Lagrange equations:

1, . ) Vupi 1 [/ Aniuni |
: —(d - d — ) _ = > L d
(O'h,:,Wh)‘f‘v( ivop i, divwy) (Ah,i+7’Wh) 5 (Ah,iﬁLV’ ivwy

Ywj, € W,
w, = {O'h € H(diV,Q) : a'h’K € RTl(K) VK € 77,}



Choice of o; — local

Flux reconstruction:

Ohi= E Oz

ZEN/,

N =

Local problems: Find o,; € W,, i =1,2,..., N minimizing

' Vup

Ani +
Euler—-Lagrange equations:

2

V2 - +divo,;

Oz

2
1 H Ah,iPzUp,i

+
0w, VI Anit

O,wz

1 . .
(02,iWh)w, + ; (divo, i, div Wh)wz

Vup, ) 1 <90z>\hiuhf . )
=1l W), —— | &=———.divwy Ywy, € W,
< “Xni w, T\ Ani Tty w ‘

z

Patch of elements: w, = J{K € Tp: z € K}
Partition of unity: 3,z ¢z =1
W, = {o € H(div,w;) : |k € RT1(K) YK C w,, -n, =0o0on Y}



Comparison of flux reconstructions @
Weinstein: Find q5; € W}, minimizing

1 .
IV uni —anill3 + ;H)\h,iUh,i +divan;l3

Lehmann—Goerisch: Find op; € W), minimizing

Vup; 2 1| Mg 2
H h,i — o +‘ h,ith,i +diV0’h’;
Ani + 7y o Y lAnit+y 0
Thus,
o — Qh,i
i Ani +7y

[Vejchodsky 2018]



Example: dumbbell

relative error

—Aup, = Apup  in Q = dumbbell
u, =0 on 02

|/\n - )\h,n| < )\h,n - gn

Rel. error: <
An ln
v =10"°
Uniform, dumbbell, lambda1
—O— Wein. glob.
100 b | —3f— wein. loc.
LG glob.
—3— LG loc. S
]
10 2
©
e
o AZ
1

1078 1072 10" 10°

Uniform, dumbbell, lambda1

—e— Wein. glob.
100} —36— Wein. loc.
LG glob.
—3¢— LG loc.
1072}
1074
102 104 108

degrees of freedom




How to get the a priori lower bound p? w
Monotonicity principle: If V C V then V(M c Y(M) and

An= min maxR(v) < min maxR(v) = A,
Ecy(n) veE Ecy(n) veE

Exam~p|e 1. B N
QcQ = HNQCHNQ = X<\,

Example 2.
HL(Q) C HY(Q) = ANeumann < \Dirichlet

Homotopy
Q(0) 1) Q) QB) Q)
1 M I [

Analytically:  p=12.16 p=11.39 p=10.77 p = 9.988
1216 < M9 15 =11.39 £33 =10.77  f1; =9.988
[Plum 1990, 1991]



Adaptive mesh refinement @

Recall the residual
weV: (Vw,Vv)=(Vui, Vv)—Api(upi,v) YveV
Recall theorem:
IVwllo <7, where n* = ”vuh,i_CIh,iHiZ(Q)_’_,ly||)‘h,iuh,i+diV an,ill72(q)
Local error indicators for mesh refinement:
M = IV uni = anillf2gx) + iH)\h,iUh,i +div anil[ T2 k)

Note: Good for both Weinstein and Lehmann—Goerisch method:

_ qh,i
Ani +y

Oh,i



Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N




Example: dumbbell

—AU,‘ = )\,-u,- in Q

u=20 on 0N

Uniform, dumbbell, lambda1
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Example: dumbbell
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Example: dumbbell

—AU,‘ = )\,-u,- in Q

u=20 on 0N

Uniform, dumbbell, lambda1

.......... Weinstein
10712 H= = =Kato
Lehmann-Goerisch

relative enclosure size
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degrees of freedom

> relative enclosure size: (Ap; — ¢;)/¢;
» v =107%  p:= " ~10.0017 < A\pg



Example: dumbbell

—AU,‘ = )\,-u,- in Q

u=20 on 0N

Uniform, dumbbell, lambda1
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o . p=1 1
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% 108} 4

2100

i Weinstein

© 10712 H= = =Kato

Lehmann-Goerisch

1014 : i ‘

10" 102 10%® 10* 10° 108
degrees of freedom

> relative enclosure size: (Ap; — ¢;)/¢;
» y=107% p:= " ~10.0017 < Ajg



Example: dumbbell
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Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1 Adaptive, dumbbell, lambda1
‘ ‘ ‘ ‘ ‘ ez, ‘ ‘
e
102 102
8 10 & 10
S 10 P S 4o | P!
2 i 2
g 10°® S;4 g 108
ERIRY p=5 ERIRY
E .......... Weinstein E .......... Weinstein
® 10712 }|= = =Kato ® 10712 f|= = =Kato
Lehmann-Goerisch Leh-Goe
10714 : : : : : 1071 : : : : :
10" 102 10%® 10* 10° 108 10" 102 10® 10* 10% 108
degrees of freedom degrees of freedom

> relative enclosure size: (Ap; — ¢;)/¢;
» v =107%  p:= " ~10.0017 < A\pg



Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1 Adaptive, dumbbell, lambda1
‘ ‘ ‘ ‘ ‘ ]z, ‘
102 1072 <
8 10 & 10
S 10 P S 4o 1
2 i 2 P
g 10°® S;4 g 108
ERIRY p=5 ERIRY
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Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1 Adaptive, dumbbell, lambda1
; . ; . . L : ; .
102 102
& 10 & 10
(2] [
o 61 P! o 6 P
2 10 p=2 2 10 f p=2
o =3 o p=3
g P 8l
g 10% g 10
ERIRY p=5 ERIRY
E .......... Weinstein E .......... Weinstein .
® 10712 }|= = =Kato ® 10712 f|= = =Kato 1
Lehmann-Goerisch Leh-Goe
10714 : : : : : 1071 : : : : :
10" 102 10%® 10* 10° 108 10" 102 10® 10* 10% 108
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Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1 Adaptive, dumbbell, lambda1
‘ : : : ‘ w7 : : :
102 102
8 10 & 10
S 10 P S 4o 1.
2 i 2 -
= 8 p: = 8L p:
% 10 p=4 % 10 p=
ERIRY p=5 ERIRY
T e Weinstein K- | I Weinstein | 3-91 .
® 10712 }|= = =Kato ® 10712 f|= = =Kato
Lehmann-Goerisch Leh-Goe 1
10714 : : : : : 1071 : : : : :
10" 102 10%® 10* 10° 108 10" 102 10® 10* 10% 108
degrees of freedom degrees of freedom

> relative enclosure size: (Ap; — ¢;)/¢;
» y=107% p:= " ~10.0017 < Ajg



Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda1

102 102
8 10 & 10
S 10 P S 4o 2
2 o 2 "
°o g | P= o gt P
% 10 p=4 % 10 0
ERIRY p=5 ERIRY p
E .......... Weinstein E .......... Weinstein
® 10712 }|= = =Kato ® 10712 f|= = =Kato

Lehmann-Goerisch Leh-Goe 1
10714 : : : : : 1071 : : : : :
10" 102 10%® 10* 10° 108 10" 102 10® 10* 10% 108
degrees of freedom degrees of freedom

> relative enclosure size: (Ap; — ¢;)/¢;
» y=107% p:= " ~10.0017 < Ajg



Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniform, dumbbell, lambda5

Adaptive, dumbbell, lambda5

102 102
(0] (0]
N -4 -4
= 10 (’%‘) 10
@ ,6 e 5 p=1
§ 10 § 10°F p:;
© 8 5 8 p=
q:) 10 q:) 10 p:g
2100 2 4o10 P
T e Weinstein R { EETET Weinstein
® 10712 }|= = =Kato ® 10712 f|= = =Kato

Lehmann-Goerisch Leh-Goe
10714 : : : : : 10714 : : 1 :
10" 102 10%® 10* 10° 108 10" 102 10® 10* 10% 108
degrees of freedom degrees of freedom

> relative enclosure size: (Ap; — ¢;)/¢;
» y=107% p:= " ~10.0017 < Ajg



Example: dumbbell

—AU,‘ = )\,-u,- in Q
u=20 on 0f2

A Ag o A7Ag

| |
2 3 4I1 5 6 7 8I

Computed bounds (p = 5, adaptive):
1.9557937945883 < A1 < 1.95579379453884
1.9606830315950 < Ay < 1.9606830315951
4.8007611240339 < A3 < 4.8007611240345
4.8298952545005 < A4 < 4.8298952545010
4.9968370972489 < A5 < 4.9968370972490
4.9968509041015 < Ag < 4.9968509041016
7.9869672921028 < A7 < 7.9869672921038
7.9870343068216 < A\g < 7.9870343068227



Lehmann—Goerisch method — summary

» optimal speed of convergence

» implementation based on standard FEM
> adaptivity for free

» naturally generalize to higher orders

» good for a wide class of problems

> an a priori lower bound on some eigenvalue is needed



Y

4. Lower bounds on eigenvalues

4.3 Interpolation constant

based methods

[Carstensen, Gallistl, Gedicke 2014], [Liu 2015]



Nonconforming approximation @
Eigenvalue problem: Find A\, and u, € V' \ {0} such that

a(up,v) = Apb(up,v) Vvev

Finite dimensional space: dim V, = N < oo, but it can be V}, ¢ V.
Discrete eigenvalue problem: Find Ay, € R, upp € Vj \ {0}:

a(unns Vi) = Apnb(Upn, vh) Vvp € Vi

Definition:
V)=V 4+ Vy={v+wvi:veV, vye V}

Extensions of bilinear forms:

ap, by : V(h) x V(h) - R

ap(u,v) = a(u,v) and by(u,v) = b(u,v) Vu,veV
ap(-,-) is symmetric and V/(h)-elliptic

bp(+,-) is symmetric and positive semidefinite on V/(h)
Notation: a = a5 and b = by,



Lemmas
Lemma 1 (Discrete Friedrichs inequality).
~1/2
[Vhlp < )‘h,l/ [valla  Vvh € Vi

2 2
Proof. Ap1 = min LWhH; < 7”‘/"“23
whEVi Wl Va3

Elliptic projection: Pp: V(h) — V,
a(u— Ppu,vp) =0 VYvy €V

Lemma 2.
lull3 = [1Paull3 + [|u — Prull3
Proof.
lu — Phull3 = [|ull3 — 2a(u, Phu) + || Ppul3
a(u, Ppu) = a(Ppu, Ppu) = || Phul|?



Lower bound
Theorem. Let |u — Ppulp < Cpl|lu — Phul|, for all u € V. Then

A
M <Xy n=1,2,... N
1+/\h,nCh

Proof (for A1 only). Let v € V.

Vb < [Phv]s+ v — Pyv]s
—1/2
<A1 1Puv]la+ Callv — Pl

_ 1/2
< i+ G) 7 (IPvIE + v = Pav?)?

— (m’ﬁ) 2 Iv|
Ah1 ?

)

2 A
i VB
veV ‘V|b 1+)\h,1Ch




Crouzeix—Raviart (CR) elements @

Laplace eigenvalue problem: Find A\, € R, u, € H}(Q) \ {0}:
(Vun, Vv) = M\o(up, v) Vv € HY(Q)
CR space: vj, € VR if
> Vh|K S PI(K)

> v, is continuous at midpoints of interior edges

> vi = 0 at midpoints of boundary edges
CR eigenvalue problem: Find )\f}f eR, u,c,f? € VER\ {0} :

(Vu,(,z?,Vvh) = )\,C,J’?(u,(i?, vh) Vv, € VhCR.



Crouzeix—Raviart interpolation @

Let e, i = 1,2,3, be edges of triangle K.
Definition: My : HY(K) — P*(K) such that

/u—ﬂhuds:O Vi=1,2,3.

1

1
Note: If m; is a midpoint of e; then Myu(m;) = ]e\/ uds.
il Je;

Lemma. M, = P,
Proof.
Let u € HY(Q) ® VSR and v, € VIR,

a(u — ﬂhu, Vh) = Z /KV(U — I'Ihu) . Vvh

KeTy
& v,
:Z Z/(u_”hu) aih dS—/(U—HhU)AVth =0
&\ &) an ) <2

—const.

E]



The value of C, @

Interpolation error estimate:
[u=TNhulliz@) < CullVu = Vhull2(9)
Local interpolation error estimate:
|u—Npull2(ky < C(K) IV = VTThull 2k
Lemma.

Gy < Ch(K
h< g ol

Proof.

lu=Mhulfo@y = Y lu=Mhulfaey < D CRIKIVUu=Vhulf2
KeTh KeTh

2 2
< max G (K)IVu = Vpul[f2q)



Explicit estimates of Cj,

Interval
> Ch = h/7T

Triangle
> C, = 0.4396h [Carstensen, Gedicke 2014]
» Cp = 0.2983h [Carstensen, Gallistl 2014]
» Cp = 0.1893h [Liu 2015]

Tetrahedron
> Cp = 0.3804h [Liu 2015]



Explicit estimate of C, for an interval @

Setting: Q= (a,B), V=Ha,p),
a(u,v) = ff v dx, b(u,v) = ff uv dx
Partition: a=zn<z1<--<zy=p
Elements: Ki=[zi-1,z], i=1,2,...,N,
hi = zj — zi_1, h = maxj=1,. N h;
CRspace: V= {ve H}a,B): vk € PX(K;), i=1,2,...,N}
Interpolation: My, : H3(a, B) — Vi
(Mpu)(xi) = u(x;), i=0,...,N
Lemma.

h
[u—TMhul2@) < ;HU/ — (Mhu)ll 2

Proof.

min  R(v—lxv)= min R(w)=R <sin 7T(X_Z')> =72/ h?
vEHL(K;) weH (K;) h;

0]



Upper bound

Interpolation to continuous functions: Z : VCR — V, ¢ HY(Q)
Examples:

» Oswald quasi-interpolation [Oswald 1994]
> Interpolation to refined mesh [Carstensen, Merdon 2013]

Upper bound

» T, is the red refinement of 7},

| 2 UZ’I' = ICl\/[ ljf()::}:{

S, Q € R™*™ with entries S; x = (V“Z,J"V”/y;k) and
J— * *

Qj .k = (up s Up k)

Ai <N fori=1,2,....m

fori=1,2,...,m

v

v

v

v

Y



Example: dumbbell

relative error

—Aup, = Apup  in Q = dumbbell
u, =0 on 02

|/\n - )\h,n| < /\h,n - gn

Rel. error: <
An ln
v =10"°
Uniform, dumbbell, lambda1
—3¥— Wein. loc.
100} |—3%—LG loc.
CR
S
)
10? 2
=
e
10
1078 1072 10" 10°

Uniform, dumbbell, lambda1

o —3— Wein. loc.
10° ¢ —3¢— LG loc.
CR
1021
10
102 104 108

degrees of freedom




Example: dumbbell

relative error

—Aup, = Apup  in Q = dumbbell
u, =0 on 02

|/\n - )\h,n| < /\h,n - gn

Rel. error: <
An ln
v =10"°
Uniform, dumbbell, lambda5
—3¥— Wein. loc.
100} |—3%—LG loc.
CR
S
)
102 2
=
e
10
1078 1072 10" 10°

Uniform, dumbbell, lambda5

o —3— Wein. loc.
107 £ —3¢— LG loc.
—A—CR
1021
10
102 104 108

degrees of freedom




Interpolation constant based method — summary

> no a priori information needed

» optimal speed of convergence

> easy to implement

> interpolation constant known in special cases only
» adaptivity is not for free

> higher order variant is not available



Y

5. Guaranteed bounds on

eigenfunctions

[work in progress, collaboration with X. Liu]



Laplace eigenvalue problem in a rectangle @
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Laplace eigenvalue problem in a rectangle

a =127, As = 6.4800

a=1.28, \s = 6.4414

= 6.4037

a =130, \y =6.3254

aT

aTm

Y



Laplace eigenvalue problem in a rectangle @
o =127, \s = 6.4800 =128, A\, = 6.4414

a = 1.30, A\ = 6.3254

aTm




Laplace eigenvalue problem in a rectangle @
o =127, \s = 6.4800 =128, A\, = 6.4414

a = 1.30, A\ = 6.3254

Ll




Laplace eigenvalue problem in a rectangle @

—Aup = Au,  in Q=(0,ar) x (0,)
u, =0 on 00

Dependence of eigenvalues on «
2

10 . T T Akvm = ; + m2
: : - B
8R\: Mol ] Uk,m = sin = sin(my)
: : by o
2,1
o =/5/3
~ 1.2910

1 2 3 4
o [Trefethen, Betcke 2006]



Error bounds on eigenfunctions @

Problem

» Eigenfunctions may be ill-posed =- spaces of eigenfunctions

» Directed distance of spaces 0(E, Ep) [Meyer 2000]
Assume

> Ay Antl, -5 AN (cluster)

» E =span{up, Upt1,...,UnN} (space of eigenfunctions)

> Ep = span{upp, Uppt1,-- -, Un N} (its approximation)

> Ui <N < Apji (two sided bounds on eigenvalues)
=

Compute an upper bound on 6(E, Ep)



Directed distance of spaces

Definition
Let E and Ej be two subspaces of a Hilbert space V then
0(E,Ep) = —
(E, En) = max min [|v — vj|
lvii=1
Properties
» if dimE =dimE, then O(E, Ep) = §(Ep, E)
_ 2
» 0%(E,E)) =1 r\}1€|2 ‘/r:lealz_( |(v, vi)|
IvII=1 ||vall=1
Example
Let E = span{u} and Ej, = span{up} then

2 _ \(u,uh)|2 _ 2 2
5(E,Eh)—1—W—1—COS o = SIn~ «

lu = unll® = [ull® + l[unl® = 2] ullllunll /1 — 62(E, En)



Lehmann-like estimate of eigenfunctions @

Eigenvalue problem:
Find A\, > 0 and u, € V \ {0} such that

a(up,v) = A\pb(up,v) Vvev.

Consider

» F = span{u,,, Uptl,y .-, uN}, b(u,-, uj-) = 5,’], a(u,-, UJ') = )\,‘5,]

> Ep = span{upn, Upni1s- > Un N}
Goal
Upper bound on §(E, Ep) = max m|n lv — vhlla
cE wvyeE

HVIIa:l



Lehmann-like estimate of eigenfunctions

Theorem
Let A\pm1 SE<Ap, AW<p<Any1, 02> maxN(
i=n,...,

Ai
> Upp, Upntls-- -5 Upn € V be linearly independent
> A07U = a(uh7;, Uh’j)
> Avjj = b(un,i, unj)
» w; € Vi a(wj,v)=b(upi,v) YveV
Azij = a(wj, wj)

E+p

&p
22

Y
)

> Limin be the smallest eigenvalue of [(§ + p)A1 — {pAz] x = pAox

Then
0 — Hmin

2
<



Lehmann—Goerisch-like estimate of eigenfunctions w

Theorem
_l’_
Let Apm1 < E< Ap, )\N<p§)\/\/+1, 6 > max £ P_él;
i=n,...,.N Aj )\I.
> Upp, Upptls---,Upn € V be linearly independent
> Aoj = alun,i, un,)
> Avjj = b(un,i, unj)
» X ... vector space
B ... positive semidefinite symmetric bilinear form on X
T:V — X ... linear operator:

(a) B(Tu, Tv) = a(u,v) VYu,veV
(b) wj € X B(wj, Tv) = b(d;j,v) VYveV
(c) Az = B(W;, W;)
> [imin be the smallest eigenvalue of |(£ + p)A1 — fpfb} x = f1Apx
Then
0 — ﬁmin

2
<
0(E, En) = —5—



Example

upper bound on §(E, E},)

Laplace eigenvalue problem in a square

—Au, = \pup

u, =0

Exact eigenvalues

M =2, M=M=05 M =38,
100
1072 »
— {2, A3}
1 M
—{Xs, A}
— {7, As}
1074 : :
1072 107" 100

in Q= (0,7)°
on 0f2

As =X =10, A7 =X =13

100F
£
1]
c
>
2
2.2

107 ¢ -==|Vu, -V
) uy |
E 41 estimate
g HVU4 - VuhAH
s estimate

107 : :

102 107" 100

h
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Appendix



Guaranteed computations @

Weinstein bound:
> ., U, q can be arbitrary
> 2 = Vo, —alf + 2| Aeu. +dival}
must be evaluated exactly (x)
Lehmann—Goerisch method:
» {;, o; can be arbitrary
> (AO — pAl)f( = [l(Ao — 2,0A1 + ,02AA2)5\(
must be solved exactly ()
Interpolation constant based method:

» ACE must be computed exactly ()

(*) or bounded by interval arithmetic!
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