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pe + div(pu) = 0. (1a)
(pu)e +div(pu@u) = -Vp+V-S (1b)

: density

. velocity

: pressure, p = ap”

: viscous stress, S = yVu,u >0

nmwo €




pe + div(pu) = 0. (1a)
(pu)e +div(pu@u) = -Vp+V-S (1b)

: density

. velocity

: pressure, p = ap”

: viscous stress, S = uVu, >0

nmwo €

Boundary condition for u
ulpo =0 or periodic (1¢)

Initial values
p(x,0) = po >0 (1d)



Finite Volume-Finite Element by T. Karper, 2013, v > 3

e E. Feireisl, R. Ho3ek, D. Maltese, A. Novotny, 2017
bounded numerical solution

o E. Feireisl, M. Luka&ova-Medvid'ova, 2017
dissipative measure-valued solution, vy € (1,2)




Motivation
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Notations |
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Elements: Q) = UK

Faces: £

Exterior faces: ot = OQ U E.
Interior faces: Eint = € \ Eext
Interior faces of K: Ejne(K)
Interior neighbours of K: N(K)
U:K—>\Lifo:xK+ges

OK, s+

Primary grid o : p, p

Dual grid x : u
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Between grids

{f}g = %(fK + f[_), Vo = K|L € Eint

1 gth 1+ + gO'K 1—
gUK 24 + gUK 2—
gO'K,3+ + gO'K,3—

8k =




Between grids
1
{f}o— = §(fK+fL), Vo = K|LE€,‘nt

1 gth 1+ + gO'K 1—
gUK 24 + gUK 2—
gO'K,3+ + gO'K,3—

gk =

Functional spaces
X(24) : PO on primary grid Q,
X(Eint)? : PO on dual grid &, and gle,, =0




Discrete differential operators |

Time o
g = 438
Space
Let £ € X(Q), g € X(Eint)?
A o) 3 o 3
fL—1f -7
) 5 (5F)y = LhK,a:K|L
k o 3 o F

(Ahg) h2 Z(ga €5 2go'+ga+es)

6 /23 B. She FD-MAC scheme for compressible NS Ql;‘?ﬁéﬁi!;‘““’"y



Upwind flux

Up[f,uly = fix(u3)T + fi(ul)™
ft =max{0,f}, f~ =min{0,f}




Upwind flux

Up[f, ulo = fic(u3) "™ + fi(u3)”
ft =max{0,f}, f~ =min{0,f}

Upwind discrete derivative and upwind divergence

_ Up[f’ u]O'K,s+ _ Up[f’ u]th,s—

6;Jp[f7u]K h

d
divuplg, ulk = D 0%°[f, ulk

s=1




Upwind flux

Up[f, ulo = fic(u3) "™ + fi(u3)”
ft =max{0,f}, f~ =min{0,f}

Upwind discrete derivative and upwind divergence

_ Up[f’ u]O'K,s+ _ Up[f’ u]GK,s—

8;Jp[f7u]K h

d
divuplg, ulk = D 0%°[f, ulk

s=1

Let f € X(Qn),v =[v},---,v9] € X(Eine)?, then Z / divyp[f, v]k = 0.
Ke, 'K




Ohpi + divup[p”, u"]k — h*(App")k =0, (2a)

{0h(p)"}o + {divup[p"a", u"]}o + ( SP(p"))

— p(Ap") - haz {or({a"}050")}, =0, (2b)

for all K € Qp,0 € &y and n={1,..., N}, with boundary conditions.




K%;h/ OfB(pk) + (B (pk)pk — B(pK)) (divpu")k +’PK) -

At n—1,n n 1 (e} " H*
P =SB (o N2+ 5 S (ol b°) B (52)I(0hp)o

ce&(K)

Pk > 0 provided B is convex.




Let pz_l € X(24), uZ‘l € X(Eint)? be given; p"K_1 >0 for all K € Q.
Then the numerical scheme (2) admits a solution

on e X(Q), pk >0 forall K € Qp,ul € X(Eine)C.

Moreover, it satisfies the discrete conservation of mass

Z/Kp'kz Z/KP';’(:L-

KeQy, KeQy,




t .
Ohpk + divyp[p",u"lk — h*(App")k =0




Ohpik + divyp[p”, u"lk — h*(App™")k =0

Z /Kdivup[f,v]Kzo

KeQy

Z /Kha(Ahpn)K =0

Keﬂh




Ohpik + divyp[p”, u"lk — h*(App™")k =0

Z /Kdivup[f,v]K =0

KeQy

Z /Kha(A/-,pn)K =0

Keﬂh




Recall the renormalized continuity equation

> (088080 + (B GRIvk - BOR) (@) + P ) =0

KeQy

with test function

B(z) = {O—z for z < 0,

for z > 0.




Recall the renormalized continuity equation

> (088080 + (B GRIvk - BOR) (@) + P ) =0

KeQy

with test function

B(z) = —z forz<0,
0 for z > 0.

B(z) >0
B'(z)z—B(z) =0

Z / B =3 / (Bop™) — Px) <0

KeQy, KeQy,



Let K € Q4 satisfy pk < pf for all L € Q4. Then we have
o — pit = —Atdivyp[p™, u"]k + Ath*(App")
At & . s

n . s n n s — n n s +
Z = (PKUUK,S+ — PiUgy._ + (Pkrne, = Pi)Ug,. T (Pk — Pk—he,)Uoy .
s=1

> —Atp|(divau")k|




Let K € Qy satisfy pj < p] for all L € Q4. Then we have

o — pit = —Atdivyp[p™, u"]k + Ath*(App")

d
At n n n n n
Z = (PKUZK,H — pits, A (Pksne, = PRUS ., + (Pk — Ph—he U3,
s=1
> —Atp|(divau")k|
n 1
ol > ph > 1>o, for any L € Q4

14 At|(d|vhu )K|




Energy stability

Lemma 2

Let (pn,up) be the numerical solution obtained by the scheme (2). For
any m=1,--- N the following estimate holds,

n=1 KeQy r=1 s=1

NS /KZZ|(8[,(uS)”)KI2 3N < E

om|2 1
Em = Z /K(Pfgu? +ﬁP(P?))

KeQy,

m d 4
Np=acy > [y 5((#‘ RSB S DOh e 1)
n=1 KEQh s=1

2 - P'PR) b op o 2 & g p:'(_l hon 2
Np=a? S 5 [ EEE ol Ny =8y Y [ K jola?,

n=1Keq, 'K n=1Ken, 'K

b :
Ny=a= > 3 /r 1Uplp", 4o |1(855™) 2.

4 n=1reg;;

1423 B. She FD-MAC scheme for compressible NS N



Let (pn,up) be a numerical solution obtained by the scheme (2).
Suppose 1 <y <2, 1l <a<2y—1.
Then we have

llonll Lo (L)) S 1
P(on)ll L= (2 (0) S 1
IVaunllee@) S1

lunll sy S 1

lv/Phtnll L (r2(0)) S 1

a+1
hllv/pnll ey S H®, 0=1— > 0.

2y




Let pp,uj be the solution to the numerical scheme (2). Then

/ Ofpppdx — / ppul - Vpdx = O(h*), B > 0.
Q Q

/3E(phﬁh)"-vdx—/pZﬁZ®ﬁZ:vadx—/p(pZ)divadx
Q Q Q

+p / (Vhup) : Vivdx = O(h), 5, > 0.
Q




We say that a parameterized measure {vt x}(¢,x)e(0, T)x
ve L:ak((o, T) x QP ([o, 00) x RN
is a dissipative measure-valued solution of the Navier-Stokes system in (0, T) X €, if the following

holds for a.a. T € (0, T), for any ¢ € C*((0, T) x Q; RY)

[[ @i ritr 1] ; — [ [[1si 0000 + s o) - i

|:/n<l"r,x;l7u>'¢'(7'v ~)dx} : =/0T /Q[<vt,x;pu>8t¢ + (Ve,xi pu @ u) © Vieth + (v i p(p))]dxdt

—/ /S(Vu) : V,A/dedt,+/ /’R,; V xpdxdt
o Ja o Ja

|:/Q<VT,X;E)'¢(7'7’)dX] o +/0T/QS(VU) ¢ Vyapdxdt + D(1) < 0,

t=0
where

/0 IRl sy de < /O D(r)dt



Letl <y <2,At=xh, 1 <a<2vy—1 and the initial data satisfy

po € L2(RY), po > p>0aa. in R, ug € L2(RY).

Then any Young measure v, , generated by the numerical sol of scheme
(2) represents a dissipative measure-valued solution of NS (1).

Feireis| et.al. Dissipative measure-valued solutions to the compressible
Navier—Stokes system. Calc. Vari. Partial Differ. Equ. 2016



Convergence

Theorem 6
Letl <y <2,At=xh, 1 <a<2vy—1 and the initial data satisfy

po € L2(RY), po > p >0 a.a. in RY, ug € L2(RY).

Then any Young measure v, , generated by the numerical sol of scheme
(2) represents a dissipative measure-valued solution of NS (1).

1

Applying the weak-strong uniqueness * we conclude

Theorem 7

In addition to the hypotheses of Theorem 6, suppose the NS (2) endowed

with the periodic boundary condition admits a regular solution.
Then

pn — p (strongly) in L ((0, T) x K),
up, — u (strongly) in L ((O, T) X K; Rd)
for any compact K C Q.

IFeireis| et.al. Dissipative measure-valued solutions to the compressible
Navier—Stokes system. Calc. Vari. Partial Differ. Equ. 2016
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Test-1 Dirichlet boundary

o
|
: ' : |
‘|‘ ' ' 'l“

| | N
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Test-1 Dirichlet boundary

Q=100,1%pr=0.01, a=1.0,7=1.4,a=0.83.
Cavity flow, upper boundary u = (16x3(1 — x)?,0)7.

Table : Convergence results

h IVulli2¢2) | EOC | lull;22) | EOC | lpllprqery | EOC | [lplliee vy | EOC
1/16 6.17e-01 - 4.65e-02 - 7.74e-03 - 4.94e-02 -
1/32 3.08e-01 1.00 2.32e-02 1.00 | 4.23e-03 0.87 3.19e-02 0.63
1/64 1.51e-01 1.03 1.12e-02 1.05 2.15e-03 0.97 1.96e-02 0.70
1/128 6.60e-02 1.19 4.75e-03 1.23 8.45e-04 1.35 9.97e-03 0.97
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Test-2 Periodic boundary

O
ﬂ S
ﬂ R
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Test-2 Periodic boundary

where r = \/(x — 0.5)2 + (y — 0.5)2 and

U0, x,y) = u(r)*(y — 0.5)/r,
V(0,x,y) = u(r) (0.5 —x)/r.

2r/R if 0 <r<R/2,
u(r)=+74 2(1—r/R) ifR/2<r <R,
0 if r >R,
Table : Convergence results of Gresho vortex test
h IVull 22y | EOC | lull;22) | EOC | lpllprqery | EOC | [lplliee vy | EOC
1/16 2.23e-01 - 7.84e-03 - 3.19e-06 - 6.66e-03 -
1/32 1.19e-01 0.91 4.09e-03 0.94 1.63e-06 0.97 4.27e-03 0.64
1/64 6.04e-02 0.97 2.01e-03 1.03 5.92e-07 1.46 2.27e-03 0.91
1/128 2.66e-02 1.18 8.98e-03 1.16 2.24e-07 1.40 1.17e-03 0.96
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Thank you for your attention!




