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Generalized Minimal RESidual method saad, schuitz 1986]

Given the system Ax = b, the initial guess xy and residual
ro = b — Axo, GMRES computes x; over xo + Ki(A, rp), where

Ki(A, rg) = span{ry, Aro, ... LA o)
is the k-th Krylov subspace, such that x; minimizes ||b — Axg||.

Let AQy = Qk+1Hi+1 4 be the Arnoldi decomposition, where the
columns of Q; € R form an orthonormal basis of K and
Hp 1 € R& DXk s an extended Hessenberg matrix.

Then the iterate x; = xo + Oy, satisfies
b — Axill = llro — AQkyill = IHIroller — Hi1 k¥l

~ T
= min|||lrolle — Hir1x¥ll, €1 =1[1,0,...,0]".
yeRK
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Numerical behavior of GMRES

The restriction Alg, of A to the Krylov subspace K € R" plays an
important role. lts condition number is defined as

max s o) A2l Iz

k(Alg) = — :
minesq\ o) lAZIl/lIz]

The identity k(Aly,) = k(Hi+14) (= ||Hk+1,k||”HZ+1,k”) follows from

llAZ| IAQww| . MNHi1 1wl
{max, mm} = {max, m1 n} = {max, min}————

e\ 1zl werk\(0y QW] WERK\(0) lIwl|

The accuracy of x; computed in finite precision arithmetic is affected
by the conditioning of Hy1 .



GMRES applied to nonsingular systems

g,From AQk = Qk+1Hk+l,k and QZ+1Qk+1 = I}, it follows that

1 Hps1.k11 = IAQxll < NI Qwll = NlAI

and for nonsingular A we have
Ok(His14) = 0k(AQk) 2 0p(A)oi(Qk) = 4 (A) > 0.

Then the solution y, = HZH (Irolle; of the upper Hessenberg least
squares problem satisfies the bounds

llroll < [lroll
O(Hir1 ) ~ on(A)

llyill <
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GMRES on singular systems - example of a breakdown

A=[8 (1)} b=[(1)]e7e<A>,
R(A) = N(A) = span{[(l)]} . RAT) = N(AT) = span {[(1)]}

x0=0, rO:b—AxoeN(A)

If b € R(A) and ry € R(A) N N(A) # {0}, then GMRES breaks down at
step 1 without determining a solution of Ax = b.
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Range-symmetric (EP) systems

A matrix A € R™" s.t. R(AT) = R(A), is called an EP (equal projection)
or range-symmetric matrix.

Theorem ([Brown, Walker, SIMAX 97])

IfR(AT) = R(A), then GMRES gives a solution x,. of minyegn ||b — Ax]|
without breakdown for all b € R" and Yx( € R".

Note that R(AT) = R(A) = N(A) N R(A) = {0}.

We say a matrix A such that N(A) N R(A) = {0} is a group (GP) matrix.
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Range-symmetric (EP) system, consistent case b € R(A)

Since K € R(A), we have

. IIAzII . llAz]l
or(His1x) = min —— min
zek\o) lzll zeR(A)\ )izl

and thus K(Hk+1’k) < K(AlR(A)). If A is EP, then

llAzll _ ) [|Az]|

min min =0 ,in(A) >0
2RANO) Izl zeramvo) NIzl min(A)
and
IA]|
k(Alg)) = — = k(A).

minegaty\ oy lAZII/112l

Consistent EP case ~ nonsingular case, i.e., k(Hi+1x) < k(A).
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Range-symmetric (EP) system, inconsistent case
b ¢ R(A)

Since R(AT) = R(A) & N(AT) = N(A), the LS residual r. = b|yar)
satisfies ATr, = 0, and so r, € N(AT) belongs also to N(A) with

liAzll . llAzll _

Or(Hir10) = mi
* ozl = zespan{n}UR(A)\ ) izl

Since ri_ € K satisfies r,_; — r. € R(A) and Ar, = 0, we have

) IIAZ|| lAre-1ll A=y = ro)ll lre—1 — 7.l
ok(Hgs14) = min = <All————
2K\ 0 ||Z|| 71l 71l 1711l

The Hessenberg least squares problem thus becomes very
ill-conditioned before a LS solution is reached by GMRES.
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EP case for b ¢ R(A)

TO‘R(A) .
- - >t === -

R(AT) = R(A)

Figure: Geometric illustration of residual vectors.
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Example: small singular EP system

0 -4 -8
_ diag(10127,10127,10127,...,10‘4) O 128128 _|7
A= o 0 eR , b= 5l

wherey =[y,...,y]I" e R®* and 6 = [6,...,6]" e R%, i.e., k(A) = 10%,
and b ¢ R(A) = 6§ # 0.

Inconsistency is controlled by 6/y.
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Example: GMRES

0 §=10"110510"20 |4 =1 o y=1,10410%,10"2  JJA| =1
§=
e F=107 Z s /AT = 1077 = U 1] AT = 1074
_ ‘(i =107" _
g 10 ‘ g 10
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Number of iterations Number of iterations
(a) Weakly inconsistent cases y = 1. (b) Strongly inconsistent cases ¢ = 1.

Figure: Extreme singular values of A and Hy k.
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Example: GMRES

2 T 2
0 0
-2 -2t . y=10""
—4 —4
s —6 = -6t
124 o0
e S 8t
-0 =101 -1y
—12 —— —12 |
—14 —14 |
—16 . . . . . . —16 t . . . . . L
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Number of iterations Number of iterations
(a) Weakly inconsistent cases y = 1. (b) Strongly inconsistent cases ¢ = 1.

Figure: Relative residual norm ||ATr||/IATd].
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Singular value decomposition of A

21 O
A= UEVT:[Ul,Uz][Ol O] [v19v2]T9

where X is diagonal with positive singular values, U = [U}, U] and
V = [Vy, V,] are orthogonal matrices,

R(A) = R(UY), RA)Y" = N(AT) = R(U»),
N@A?E = RAT) = R(V)), N(A) = R(V),
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EP and GP matrices via singular value decomposition
» An EP matrix A, R(AT) = R(A), satisfies
R(V1) =R(U,) < VIU, is orthogonal

since V] U, = O.
» A GP matrix A, N(A) N R(A) = {0}, satisfies

R(U) NR(V,) ={0} < rank(([U;,V»]) = h = VlTUl is nonsingular,

but VU, can be ill-conditioned.

The cosines of the principal angles between R(A) and R(AT) are the
singular values of V] U;.

» EP: Cosines between R(A) and R(AT) are all zero

» GP: Condition number of VITUI are the ratio of the cosines
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Group inverse and Moore-Penrose inverse of A
5!

A" = [V, Va] [ o 8] (U1, Ua]"

R(A) + N(A) = R" & index(A) = 1
IS YA o) PO b L 0 ] 3
A—S[O O]S , A —S[O O]S . RAH =RA)

Af= AT = RAT) = RA)
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Convergence of GMRES applied to group (GP) systems

Theorem ([Brown, Walker, SIMAX 97])

If R(A) N N(A) = {0}, then GMRES gives a solution of Ax = b without
breakdown for all b € R(A) and for all x, € R". The solution is
X0+ Afro = xu + = A#A)x().

x, =AbeRAT), x4=A"eRAT), x.=Pgyryes=ViV[UUlxy

T
Tmin(Vi UDlxgll < lleell < [l
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GP case for b € R(A)

I . R(A)
L4
€Iy
i
! R(AT)

Figure: Geometric illustration of solution vectors.
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Group (GP) system, consistent case b € R(A)

Since K € R(A), we have

IIAzII . |lIAZ]|
0k(His14) = min min ——
e\ llzll zeR(A)\m} 1zl
T
1Azl _ . U1Z, V) Unzll .
min min —————— > 0pin(A)0pin (V| Ur)
RN [zl zerivor U1zl i mind 71

Condition number of the Hessenberg matrix Hy. x depends on the
principal angles between R(A) and R(AT)!
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Example: small singular GP system

_|D 1 128x128 _\f
e

D is a diagonal matrix whose values of the diagonal entries have the
so-called Strakos distribution [Strakos, LAA 91]

J -1
di1 —d, 20777,
a3 (d1,1 — deaea)

dig =1, deses =107, dj;=deses +

f =1{f)} € R" has the entries f,_i,; = 1070/ Forp > 1,

K(A) = \2/(10+ + 1) =~ V2,
«(VIUD) = 10°3/(1072 + 1)/2 =~ 10°/ V2.

Miroslav Rozloznik 17/19



Example: GMRES

O G
—16 £ \ \ \ \ \ \ \ \ \ \ \ \
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Number of iterations Number of iterations
(a) Relative residual norm ||r.||/]|b]|. (b) Smallest singular value of Hy, .

Figure: Different condition numbers of VITUI.
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Thank you for your attention!

Morikuni Keiichi, R: On GMRES for singular EP and GP systems,
SIAM Journal on Matrix Analysis and Applications 39 (2), 2018,
1033-1048.
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