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Abstract

We consider the compressible Navier-Stokes system describing the mo-
tion of a viscous fluid confined to a straight layer Q5 = (0,6) x R%. We
show that the weak solutions in the 3D domain converge strongly to the
solution of the 2D incompressible Navier-Stokes equations (Euler equa-
tions) when the Mach number ¢ tends to zero as well as 6 — 0 (and the
viscosity goes to zero).
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1 Introduction and main results

The paper is devoted to the problem of the limit passage from three-dimensional
to two-dimensional geometry, and from compressible and viscous to incompress-
ible viscous or inviscid fluid.

In the infinite slab geometry

Q5 = (0,6) x R, § >0,

we consider the following compressible Navier-Stokes system describing the mo-
tion of a barotropic fluid,

ath + div, (que) =0, (11)

1
O (0cue) + divy (0cue @ u.) + gvzp(gg) = udiv,S(Vzu,), (1.2)

where p is the shear viscosity and we assume the bulk viscosity to be zero, € > 0
is the Mach number and

2 3
S(Vyu) = (qu +Viu-— 3divggu]l> ,p(o)=A0", A>0,v> 7 (1.3)
The system is supplemented with the initial conditions

u: (0,2) =upe (z), 0 (0,2) =00 =1+ 5962, (1.4)
the complete slip boundary conditions
Ue - n‘aQé =0, [S(Vfu)n}tanbﬁg =0, (1.5)
and the far field conditions for the velocity and density,
u. —0, o —1 as |z| — oco. (1.6)

Let xp, = (21, 22) and for a function defined in {25, denote the average in the
3 variable as

1)
Flan) =T wn) = 5 [ flana)das,

We assume the thickness d of the domain €25 depends on ¢ such that § =
d(e) > 0ase — 0. If (go-,Wo) — (1,up) in a certain sense, then the formal
limits of (gs,u:)-the average of the solution (g.,u.) to the initial-boundary
value problems (1.1)-(1.6)-are the incompressible Navier-Stokes equations in R?,
namely

v+ (v -Vp) v+ Vpr — pAv =0, divyv =0 (1.7)

supplemented with the initial value

vo (z1) = H (uo,p) (z1,) € L*(R*R?), (1.8)



see Theorem 1.4 below. Note that here we use notation up = (uj,us) for a
vector field u = (u1,uz2,u3) € R3, v = (v1,v2) always represents a vector field
in R? and

Vi, = (a$1’8$2)7 divy =V, Ap =V -V = 6951951 + 6:1:2:7527

while H = Id — VhAgldivh is the Helmholtz projection to solenoidal vector
fields in R2.

Finally, in addition to é = §(¢) — 0, if we assume pu = p(e) — 0 as ¢ — 0,
we obtain the following Euler equations in the plane R?.

v+ (v-Vp)v+Vyr =0, divpv = 0.

The goal of this paper is to rigorously justify these two multiple limit pas-
sages. We recall that in [18, 20] P. L. Lions and N. Masmoudi initiated the
study of incompressible (and inviscid) limit of global weak solutions to the com-
pressible Navier-Stokes equations. See also more recent works [1, 3, 6, 7, §],
among others, on analysis of multi-scale singular limit of compressible viscous
fluids. G. Raugel and G. R. Sell have first studied the thin domain problem to
the incompressible fluids, see [12, 21|. We also note that in a recent paper [10],
the authors considered the incompressible inviscid limit on expanding domains.
As in most cases of the singular limit problems in fluid dynamics, the main dif-
ficulties occur due to poor a priori bounds on the weak solutions as well as the
high oscillation of acoustic waves due to ill-prepared data. Our approach is a
combination of regularization and Strichartz estimates appeared in the context
of singular limit problems in the whole space, see |2, 22|, among others.

1.1 Weak solution to the compressible system

Following Maltese and Novotny [19] or Ducomet et al. [4] we define the weak
solutions to the compressible Navier-Stokes system.

Definition 1.1. We say that (p,u) is a weak solution to the compressible
Navier-Stokes system if
e the functions (g, u) belongs to the class

0—1€L>([0,T];L7 (Q) +L*(Q)), 0>0 aa. in (0,7)xQ, (1.9)
ue L2 (0,T;Wh2 (R?)), oue L® (O,T; L2(Q) + L7 (Q)) . (1.10)

e 90— 1 € Cyeax ([0,T]; L7 () + L* (), and the continuity equation is
satisfied in the weak sense,

/Slgw(Tv-)dx—/ngsO(Ow)dm=/OT/QQ(3ts0+u-Vm<p)dfcdt (1.11)

for all 7 € [0, 7] and any test function ¢ € C2° ([0,7] x ).



e ou € Ceux ([O,T} L2 (Q) + LA (Q)), and the momentum equation is
satisfied in the weak sense,

/Qu'¢(7,')d$—/Qou0'¢(0a')d9€
Q Q

= /T/ (ou-Op+ou®u: V.o +p(o)dived) dmdt—u/T/ S (Vu) : Vypdzdt
0o Ja o Jo

(1.12)
for all 7 € [0, 7] and any test function ¢ € C° ([0,7] x Q;R?).
e the energy inequality
1 E(o,1 i
/ {g|u|2 + (92’ )] (1) der,u/ /S(Vu) : Vudzdt
Ql2 € 0 Jo
1 E (00,1

< [ 3ol + E8 0] 0 (113)

holds for a.e. T € [0,7], where
E(e1)=H(0)—H' (1) (e—1) - H(1),

with

1.2 Main results

To state our result, we first introduce the following classical result to the target
system-the initial value problem to two dimensional Navier-Stokes equations
(1.7), see [16] for example.

Theorem 1.2. Given vy € L?(R?), div,vo = 0 in the sense of distribution,
there exists a unique weak solution

v € C([0, 00); L*(R% R?)) 1 L, (0, 00 W2 (R B2)), v(0,-) = vo

loc

to (1.7) such that for any ¢(t,xz) € C([0,T] x R?;R?), divi,¢ = 0,

/R2 v - (1, zp)dxy, — / vo(zp) - (0, xp)dxy

R2

= / / V- -Op+v-Vpv-o—Vpv: Vyddr,dt. (1.14)
0o Jr2
for any 7 € [0,T].

Remark 1.3. In fact we only need the definition of weak solution to (1.7)-(1.8)
and its uniqueness, from which we have the strong convergence of the whole
sequence u..



The first result of the present paper is the following theorem on the incom-
pressible and thin domain limit. We assume § — 0 as € — 0 while the viscosity
@ > 0 is fixed.

Theorem 1.4. Let o.,u. be the weak solution to the compressible Navier-Stokes
system (1.1)-(1.6) with the initial data

S 2
lug.c|® bounded in L*(R?), ‘gélg bounded in L* N L>(R?) (1.15)
uniformly for e € (0,1) such that
00,eUp,e — Ug = (U()}h,()) S LQ(RQ;R?’) (1.16)

as e — 0. Then

0z — 1in L=(0,T; L* + L7 (R?)), @ — (v,0) in L*(0,T; L7 (R?)) (1.17)

loc

for any T > 0, where v is the unique weak solution to the initial value problem
(1.7)-(1.8).
We also consider the inviscid incompressible limit, meaning the viscosity

= p(e) — 0 as e — 0. To this end, let us recall the following classical result,
see [16] for example.

Theorem 1.5. Given vy € W32(R?), div, vy = 0, there exists a unique solution
v € C*([0,00), W33(R% R?)), m € C*([0,00), W3 2(R?)), k =0,1,2,3
to the following initial value problem
Ov+ (v Vi) v+ Vpr =0, divp,v =0, (1.18)
v(0,z) = vg (1.19)
such that for any T > 0,

||VHch,oo(O’T;WB—IC,2(R2;R2)) + ||7T||Wk,oc(O’T;WB—kQ(]RZ)) S C(T)||V0||W3,2(R(2). )
1.20

Our result on incompressible, inviscid and thin domain limit is stated as
follows.

Theorem 1.6. Suppose §, u — 0 ase — 0. Assume there exist Q((]l) € L*(R?),uy =
(ug.p,0) € L*(R%;R3) such that

(1)

(1) 2T . 1(m2
%.:—00 | [uge —up|” — 0 in L*(R*) (1.21)

and vo = H(up ) € W32(R?), V, ¥y = H'(up ) € L2(R%;R?). Let v be the
unique solution to the initial value problem (1.18)-(1.19) and o.,u. be the weak
solution to the compressible Navier-Stokes system (1.1)-(1.6). Then, as € — 0,

0= — 1in L=(0,T; L* + L7 (R?)), \/oeuep, — v in L*(0,T; L}, .(R?)) (1.22)

for any T > 0 and any compact set K C R2.



Remark 1.7. Tt immediately follows from (1.21) that
@ - 9((31) in L*(R?), U5 — up in L*(R*R?).

Remark 1.8. Comparing with results [19],[5],[4] we are interested in multi-scale
singular limit, which means that we study not only reduction of dimension but
also low Mach number limit or low Mach number inviscid limit. As a target
system we get the weak solution of Navier-Stokes equation or strong solution of
Euler equation.

Before the end of this section we introduce some results on regularization
that will be used in the following context.
Let n € (0,1) and define x,(z) = x(nz) € C5°(R), as

X(z) =11zl <1, x=0,[2[ = 2. (1.23)
For a function f € L?(IR?), denote

fn :f_l(an) = F_I(Xn) * f,

where f is the Fourier transform in R? and F~! is its inverse. Then fn €
C>(R?) N W*P(R?) for any p € [1,00] and k = 0,1,2,---. For f € LP(R?), p €
[l’oo]’
[ follze®2y < || fllLe @2

and

fy— fin LP(R*) asn — 0, p € [1,00).
Moreover,

||f77HW5*p1(R2) S 0(57]717172’77)||fHLP2(R2)7

| fullwer v 2y < c(s1, 82,01, P2, )| follwez vz (m2) (1.24)

for any s, s1,52 € R,p; > pa € [1,00] and fixed n € (0, 1).

2 Uniform bounds

For any function f defined in (0,7") x €5, we introduce the decomposition

F=1fess + [ res

where
[floss = 6(0) f, [flyes = (1 —£(0)) f,
with
K (0) € C(0,00), 0<r(0) <1,

and k (9) = 1 in a neighborhood of 1. The above decomposition is understood
in the sense that the essential part is the quantity that determines the asymp-
totic behavior of the system, while the residual part will disappear in the limit
passage.



We start with the uniform bounds following from the energy inequality
(1.13). Dividing both sides of (1.13) by § and recalling assumption (1.15) added
on the initial data, we have the following estimates:

0c |u5|2 uniformly bounded in L™ (0, T; L (R2)) , (2.1)
0: —1
{Qa } uniformly bounded in L™ (O, T;L? (]RQ)) , (2.2)
€ €8s
es5 5uDye(0.7) | @]y T as < €22, (23
ess SuPte(o,T)H 1], ., HLl(]R2) < ce?, (2.4)
11V zu. uniformly bounded in L? (0,7 L? (R* R**%)) . (2.5)

As a direct consequence of these bounds,
[0-u:],,, uniformly bounded in L> (O, T;L? (RQ; R3)) (2.6)
and

[o-uz],., — 0in L™ (0,T; L° (R*R?)) as e — 0 for any s € [1,2y/ (v +1)].

(2.7)
Also we observe that from (2.2) and (2.3),
—_1 .
re 1= g uniformly bounded in L (0, T; L? + L™27H(R2)). (2.8)
€
Moreover,
2: — 1in L™ (0,75 L7 (R?) + L? (R?)) . (2.9)

For fixed y we have uniform bound of u; in L?(0,7; W12(R?;R?)). To this
end we write

/ \u5|2dmh = / 0c |u5|2dxh +/ (1-0¢) |u5\2dxh.
R? R? R?

The first term on the right-hand side is uniformly bounded thanks to (2.1). Let
us consider the second one. We write

0:— 1= le) + 922),

with _

oM — 0in L= (0,T; L7 (R?)), (2.10)
and —

o —0in L® (0,T; L? (R?)). (2.11)
We have

P 1
[ 0= lulden =5 [ (o
R2 Qs



and

ol

/v 1/y
i ol (5 f o o) (G et )
- 1—0.)|u|"de| < | = dx - u. dx
5 0o i I
5 1/2 1/2
+ <1/ dm) (1/ |u54d:z:>
0 Ja, 3 Ja,

with 1/ + 1/’ = 1. From (2.5) and Sobolev embedding, we have u. uni-
formly bounded in L? (0,T; L® (Qs;R?)). Indeed, for a function f such that
Vf € L2(Qy), let fo(r, a2, 25) = f(z1, 02, 023), 25 € [0,1]. Applying Sobolev
embedding to f5 in the fixed domain R? x [0, 1] we find

1 1
o T A el M
Qs 0 R2 0 R2

1 1
_ 7/ IV f |2 + 62|05 f P < cf/ Vi f|? + 0sfPde i 5 < 1.
) Qs d Qs

e

Then

1 " 1/~ 1 ) 2%/_
(/ |2 da;) < (/ | da:)
5 Jo, 5 Jo,

and

1
7

1 ITay
( |u5|6dx) ,
d Ja,
1 1/2 1 /4 /4 1/4
( |u5|4dx> g(/ |ua|2da:> (/ |u8|6dx> .
d Ja, 0 Jo, 0 Jo,

From Young’s inequality, (2.10) and (2.11), it follows

(NI

/ lucPdz, < C,
R2

which gives
u. bounded in L? (0,7; W"? (R*;R?)) . (2.12)

We emphasize that this uniform bound is only valid for fixed p > 0.

3 Energy and Strichartz estimates
We consider the following acoustic system in R2.

e0pe + ARV =0, e, ViU + a*Vy. =0, 0> =p'(1) >0,  (3.1)
supplemented with the initial data

Ve (0,2) = o(zn) € W™2(R?), VU (0,25) = Vi Uo(z,) € W™2(R? R?),
(3.2)



for some m = 0,1,2,---. The acoustic system conserves energy,

1 1
5/ |a¢5(t7xh)|2 + |V (t, xh)\z dxy, = 5/ |a1/10(xh)|2 + |Vh\I/(xh)|2 dxp,
R2 Rz

(3.3)
for any ¢t > 0. Also, standard energy estimates give us
[Ve(t, ) llwrzey + IVaPe(t, ) lwe2re)
< e ([[ollwe2mey + [VaPollwr2re)) (3.4)

fork=1,2,--- ,m.

The acoustic wave system disperse local energy. We recall the following
LP — L-estimate as a special case of the well-known Strichartz estimates in R2,
see [11].

el Lo, Lr®2)) + IVaPell Lo, Lr®2))
1
< ceq (||’(/J0HWU,2(R2) + th\IIOHW“’z(R?)) (35)
for any

p € (2,00)

2
" q
Hence for any k =0,1,--- ,m

[PellLorwer@2)) + [IVRUell Lo wer@2)

1
< ceq (H’L/)()”Wm,z(Rz) + th\l/OHWmv?(R?)) . (37)
Now consider the inhomogeneous case of (3.1),
€0 + ApU, =cf1, €0, VU, + a’Vytp, = efy (3.8)
supplemented with the initial data
Ye(0, 1) = to(zn), Vi¥e(0,21) = Vi Vo(xn), (3.9)

where fi,fs € L9(0,T; W™2(R?)) and vo(z), Vi¥o € W™2(R?). By using
Duhamel’s principle it is easy to show

[VellLa@,wrr@2)) + IVa¥ellLa@ wer@e))
1 1
< cea (|[vollwmem@e) + IV Collwme@e)) +e(T)ew (|| fillwmzme) + [fallwme@e))

(3.10)
for the same k, p, ¢ as above, see [2].

10



4 Weak to weak limit

This section is devoted to proving Theorem 1.4. Motivated by Lighthill [14], [15],
we take average over (0, d) in the x3-variable to the original Navier-Stokes system
(1.1)-(1.2) and write the resulting system in the following form in (0,7) x R?,

0e—1 o
0, (Q 6 ) + divy, (ozuzr) =0, (4.1)

0:-—1
€0y (queh) + azvh (Q - >

. _ o 1 — _
=€ <MlehS(VhllEh) - lehQaueh ® ugp + ?vh (p (Qa) - (12 (Qs - 1) - P (1)>)

(4.2)
supplemented with the conditions (1.5) and (1.6), where a? = p’ (1). In fact,
the system (4.1) and (4.2) should be understood in the weak sense, namely

T
/ / ersOp + My ¢ - Vydrpdt + E/ 70,e0(0, zp)dxp, =0 (4.3)
0 R2 R2

holds for every ¢ € C2° ([0,T) x R?), while

T T
/ / em; - Opp+redivppdrpdt+ | mz-¢(0,xp)dxy = 5/ / f. : Vyodr,dt
0 JR2 R2 o Jr2
(4.4)
for any ¢ € C2° ([0,T) x R* R?), where
0:—1
€

re = , M =po.ucp, fo =1 + 2 +£2

- 1
£ = ot p @y, 2 = —pS(Vatien), £ = (p(ge) —a® (o: — 1) —p(l)) Iy,
such that

£2 uniformly bounded in L? (0,7 L? (R*; R**?)) (4.5)
and f!, £ uniformly bounded in L*>(0,T; L' (R?; R?*?)) according to the uni-
form bounds established in (2.1)-(2.5). Hence

f2, £2 uniformly bounded in L>(0,T; W ~%2(R? R?*?)), s > 1, (4.6)

since L'(R?) continuously embedded in W~%2(R?).

The averaged momentum m; can be written in terms of its Helmholtz de-
composition, namely

m, = H[m] + H* [m],
where
H* [] = V@,

represents the presence of the acoustic waves, with ®. the acoustic potential,
while H [m,] the solenoidal part. In the following we will show the compactness
of the solenoidal component, while dispersive estimates for the acoustic wave
equations will show that V;®. tends to zero on compact subsets and therefore
becomes negligible in the limit € — 0.

11



4.1 Compactness of the solenoidal component
As a direct consequence of (2.12), there exists some V (¢, 71, 72) € R3 such that
u; — V weakly in L* (0, 7; W"? (R%; R?)). (4.7)
From the weak formulation of the continuity equation, it follows
div,V =0in D/,
which is equivalent to
divpv =0, v=V;, =V (t,zp).

We remark that in fact the third component of V is zero according to (2.12)
and Poincaré’s inequality. In order to show the strong convergence of H(u; )
we first observe that the solenoidal component of the vector field my; is (weakly)
compact in time. Indeed, relations (2.6) and (2.7) imply that

m; — v weakly-(*) in L (o, T (L2 + L2/ (7+1>> (R2; RQ)) (4.8)

since gz — 1. From (4.4) and the bounds (4.6) and (4.5), we have
|:7' — m; - (bd.’l’:h:| — [T — / V- ¢dxh] in C'[0,T] (4.9)
R2 R2

for any ¢(xp) € C° (RQ; R2), divp¢ = 0. This compactness in time of H(m;),
together with the fact that H(W; ) are uniformly bounded in L?(0, 7; W12 (R? R?)),
yield

H(m;) - H(U:3) — [v)?

in the sense of distribution according to Lemma 5.1 in [17]. Hence [H(uz)[? —
|v|? weakly since

T T
| ) ) - Haes) | [ [ e D) B
0 JR2 0 JR?

< |les - 1||L;°(L2+L~(1R2))||us,h||2L2 -0

FATLTT (R2)
according to (2.9) and (2.12). We thus conclude by (4.7) that
H(u:y) — v e L? (0,T; L (R*R?)) (4.10)

and
H(u.,) — v e L?(0,T; L, (R*R?)) (4.11)

loc

for any p € [2, 00).

12



4.2 Compactness of the gradient component

From (4.1)-(4.2) (or its weak formulation (4.3)-(4.4)) we know that r, = 2=—1

€

and V;,®. = H(g-u: ,)-the gradient part of g-u., obey the following equa-
tions in the sense of distribution.

e0ire + Ap®. =0, €0; P, + GQV}J‘E = &8¢, (4'12)

supplemented with the initial data

r:(0,-) = 05, V3,@.(0,-) = H (20,:00.2)s (4.13)

where g. = gl +g2+g2 and g is the corresponding gradient part of £/, i = 1,2,3
such that
g? uniformly bounded in L? (0,T; L? (RQ; RQXQ)) (4.14)

g., g2 uniformly bounded in L (0,7; W52 (R*;R**?)), s > 1,  (4.15)

according to (4.5) and (4.6).

We realize that system (4.12)-(4.13) is nothing but the inhomogeneous acoustic
wave system (3.8)-(3.9). In order to apply Strichartz estimates we regularize
(4.12)-(4.13) by using the mollifiers x,, introduced in (1.23) to obtain

€0ire y + Ap®ey =0, €0, P. ,y + GQVhTE,n = E8ens (4.16)

with the initial data

ren(0) = (e62) » Vi®en(0,) = (B (@5ewozn), - (417)

Now by (1.24) and the Strichartz estimates (3.10) (with k =0 and p=4,¢ =8
for example),

7 plla® Lo ®2)) + VR ®Penll Lo (Lo ®2))
1 _ 1
< ceq (Hrsm(oa ')le,z(Rz) + ”th)EW(O')HWI’?’(RZ)) +¢(T)es ||g8777HW1’2(R2)

< e(n)et +c(n, T)ew, n € (0,1)

according to the uniform-in-e bounds (4.15)-(4.14) on g. and (1.15) on Qéﬁ and
ug .. By sending ¢ — 0 we find that for any n € (0,1),

Vi®., — 0in L?(0,T; L},.(R?)) (4.18)

loc

since p,q > 2. By using the uniform-in-¢ bound of V;®. in L?(0, T; W2(R?)),
which follows from the corresponding bound (2.12) for ug, and (??), we have
Vip®e — Vi@, — 0in L*(0,T; L, (R?)) as n — 0

uniformly for £ € (0,1). By writing

Vi@ = (vh(I)s - th)a,n) + vhq)e,'r]

13



and taking e — 0 first and then n — 0, we finally obtain
Vi ®. — 0in L*(0,T; L} . (R?)) as e — 0 (4.19)

loc

and consequently

Vi®. — 0in L*(0,T; LY (R?)) ase — 0 (4.20)

loc

for any p € [2,0).

4.3 The weak-weak limit passage

The strong convergence (4.20) of ®. = H'(g-u. ), together with the uniform
bound (2.8) of 7. = &=L yields

€

H'(u;) = eH* (rou ) + H (oouz ) — 0 in L2(0, T; L;, . (R?))

loc

for s < min{2,~}. Hence
H'(a:;) — 0in L*(0,T; LY, (R?))

loc

for any p € [2,00) according to (2.12). Together with the strong convergence
(4.11) of the solenoidal part we conclude that

., — vin L*(0,T; LY (R?)), p € [2,00). (4.21)

loc

Finally, by applying all these strong convergence in the weak formulation (1.11)-
(1.12) (after taking d-average as in (4.1)-(4.2)), we find

/ v-Vyedr =0
R2

for any ¢ € C2°(R?) and

/ A\ ¢(7-7 xh)dl‘h - / Vo - ¢(O7xh)dxh
R2 R2

= / / vV-0ip+vev: Vyddrydt — / Vv : Vypodrydt
0 R2 0 R2

for any ¢ € C°([0,T) x R?), divgp = 0, which are nothing but the weak formu-
lation (1.14) of v-the unique solution to two dimensional Navier-Stokes system
(1.7)-(1.8).

5 The relative energy inequality
Motivated by [9], we introduce the relative energy inequality which is satisfied

by any weak solution (o., u.) of the Navier-Stokes system (1.1)-(1.6). First, we
define a relative energy functional

£ (oo |7 0) =5 [ Goclue — P+ (o) = (1) (o =) = H (1) da.
’ (5.1)
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The following relative energy inequality holds.

E(oe,ue |, U) (1) + %/ / S(Vyue — V,U) : (Vyue — V,U) dadt
o Jas

<& (oeyu. |, U) (0)+%/ R (0e,u. | 7, U) dt, (5.2)
0

with the remainder term

R (0c,ue |7, U) = / 0: (0:U+u.-V,U)- (U-u.)dz
Qs

+u | S(V,U): (V,U—-Vyu,)de
Qs
1

_i'_i
2
e Qs

(0 —7)0:H' (r) —p(0:)div, U — g.u. - VH' (r) dx (5.3)

for any pair of smooth functions r, U such that

r>0, r—1€C®([0,T] xQs), UeC®([0,T)x 2;R?), U-nly, =0.
5.4

Note that the class of test functions r, U can be extended to a wider ones
ensuring all terms appeared in the relative energy inequality make sense.

6 The incompressible inviscid limit

6.1 Test functions

In contrast to Section 4, we consider the acoustic wave equations (3.1)-(3.2)
with initial data
1
vo =0y, Valo = H' (o).
Let W
1
(0., Va¥o,n) := ((gg )anL(UO,h)n)

and ¢, Vi ¥, be the corresponding solution to (3.1). Since the acoustic wave
system is linear,

st,n = (d}s)m vh\Ils,n - (Vh\IIE)n,

Let ¢ be small enough such that for € < g, 7.y := 1 4+ ¥, > 0. We use the
couple
[ren, Uel, Uey = (v + Vi ¥ey, 0)

as the test function [r, U] in the relative energy inequality (5.2), where v the

solution to the 2d Euler equations (1.18)-(1.19).

£ (o |rU) () + 4 / S (Vou — V,U) : (Vou — V,U) dedt
0 Qs

15



1 T
<n(eulnU) O +5 [ Reyou|nU)dr (6.1)
0

Here to avoid notation complexity we omit the subscript € of [o-,u.] and €,7n
of [ren, Ugy| unless it is necessary. Also we tacitly admit that, when using
addition/dot between a vector u € R? and another vector v € R?, v is viewed
as a 3d vector such that its third component is zero.

For the initial data we have

1 1
55,77 (g,u ‘ T U) (O) 5 QO € |110 e u0| dz
0, 2
1 1
+5/ = [H (1 + 6@81)) —eH' (1 + 6@81)) (g(()lg gél)) - H (1 + sg(l))} dz,
Qs

(6.2)
where ug = Hlug 5] + V,Uy. For the first term on the right hand side of the
equality (6.2) we have

1 1 1 1
5 QOal Uo,e — u0|2C133=5 o 5)1‘*‘5@83 |110,s—110|2d33
)
1 1
<5 [ Fhuc—wfder | 2\% e — ol da
s

1 1 2 ) 1 2
S(s/gég'“w“()' e e 5 [, 3 i00e —wol e

c(1+¢) H|u0,5 ~ | \

6.3
L1(R2;R3) (6:3)

For the second term on the right hand side of the equality (6.2), setting a =
1+ sg and b=1+ sg( ) and observing that

H(a) = H(b) + H'()(a— ) + SH()(a~ b7 €€ (a,h),

|H(a) = H'())(a—b) = H(b)| < ¢la—b]",

we have

L 1 (14 208) et (1+e0”) (o = of) = 1 (1+20") | o

(S Qs 62
1 1 o a ’2
< — d
“% Qs 2 (‘ (QOE %o ) .

2
(1) Q((Jl)‘

L' (R?) .
Finally, we can conclude

e 000 < el(1+2) flune— ol o+ 2 - o

L1(R2;R3) R2)

16



By sending € — 0 and then 1 — 0 we find, according to (1.15),
E (e ue | 12, U.) (0) - 0 as e — 0. (6.5)

Denote
3

Rs,n (g,u | TaU) = ZRj'
j=1
The remaining part of this section is to estimate each R; to conclude the proof
of Theorem 1.6 by Gronwall’s inequality.

In the following we will use notation ¢, which may change from line to line, to
mean a constant depending only on the uniform bound of the given initial data.
Notations ¢(T'),c(n, T) mean the constants may depending on its components
but independent of ¢.

6.2 The convective term

We write

1/ Rldtzl/ / 0(0,U+U-VU) - (U — u) dadt
0 Jo 0Jo Jas

1 T
+5/0 /mg(uU).VU.(Uu)dxdt. (6.6)

The last term is controlled by

T 1 T
/ IVt ooe r)Eeon ()t + 5 / / o(u—U)-VVV - (U — u) dedt
0 0 JQs

g/ c(t)Ee n(t)dt — 1/ / ou®u: VVUdzdt
0 0 Jo Qs

2 [T 1 /7
ﬂ/ / 0(u® U): VVUdzdt + f/ / 0(U®U): VVUdadt. (6.7)
6 0 Q(s 6 0 in

Applying (1.24) and Sobolev’s embedding lemma to ou ® u term,

1 — )
‘5/0 /Qé ou®u: VV\Ildxdt‘ < (T) [[ofuP| V29 s (1 gy

L (L (R?))

<eln ) oo, ) 1972l ig grcquoyy S T)F - (68)

according to the uniform bound (2.1) and Strichart estimate (3.7). Moreover,
2y
by using the uniform bound of gu in L>(0,T; L% + L577 (R?%)),
1 T
’/ / o0(u®U): VVUdzdt
0 Jo Ja,

17



< (T) [[eull

2
v men oy W a2 oy 1V Vs oo

< e(T)e(n) (a% n g%) < ¢(n, T)et. (6.9)

To handle the last U ® U term in (6.7), we use the uniform bound (2.8) to
obtain

<if ]
0 Jo Ja,
< e(T)e + c(n, T)es < c(n, T)es. (6.10)
For the first term on the right side of (6.6),

1 T
’/ / 0(UgU): VV\I/dxdt‘
4 0 Qs

~1
e ueU): VV\I/d;z:dt’ +
3

/ / (U U): VVUdz,dt
o JR?

1 T
f/ / 0(OU+U-V,U): (U-—u)dzdt
6 Jo Ja,

T 1 T
= 7/ / Q(@tv+v-th)-(U—u)dxdt—Ff/ / 00V - (U — u) dadt
0 0 Qs 0 0 Qs
1 T
+*/ / oV -V, VpU - (U — u) dadt
4 0 Qs

1 T
“v‘g / / 0(v-Vi(VpU) 4+ VU - Viv) - (U —u)dxdt. (6.11)
0 Jas
Since v is the solution to the Euler equations (1.18), we have
1 T
7/ / 0(Ov+v-Vpv)  (U—u)dedt =1 + I,
o Jo Ja,

where

17 1 L[
I = —/ / ou- Vymdxdt = — omdz |—y — */ / o0ymdxdt
§Jo Jay 5 Ja, 0 Jo Jay

1 1 1 /7 ~1
_ 5,/ Cink L fgf/ / e~ " gumdadt < c(n, T)e (6.12)
1) Qs g ) 0 Qs €

according to (1.20) and (2.2)-(2.4) and

1 /7 1 /7
|I2| = ’/ / QU'Vthxdt’ < ’/ / (0—1) -U~Vh7rdxdt’
0. Jo Jas 8 Jo Jas

+ ‘1 / U. V;ﬂrdxdt‘ . (6.13)
0 Qs

]
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Similarly to the analysis above, for the first term on the right hand side of (6.13),

we have
/ / -U- erda:dt‘
Qs

‘ / / (0—1)-U- erdxdt’ <e|=<
Qs
<c(T)e
according to (1.20), (2.2)-(2.4) and the energy estimate (3.4). For the second
term on the right hand side of (6.13), we have

1 /7 1 /7 1 (7
7/ U - Vyndedt = 7/ / v - Vypmdadt + f/ V¥ - Vyrdadt.
o 0 Qs d 0 Qs 4 0 Qs
(6.14)
Performing integration by parts in the first term on the right-hand side of (6.14),

we have s
- / / divpv - wdaxdt =0
8 Jo Ja,

thanks to incompressibility condition, div;,v = 0. For the second term on the
right-hand side of (6.14) using integration by parts and acoustic equation, we
have

1/ ViV - Vyrdadt = —1/ ARV - wdaxdt
0 Jo Jas 5 Jo Jas
= El / Otp - wdxdt
6.Jo Jas
1 t=1 1 T
=€ { - de] —€&= / ¥ - Oymrdaxdt, (6.15)
9 Ja, t=0 0 Qs

that it goes to zero for € — 0.
Moreover, by using similar argument as above, the last two terms in (6.11)

are of order
1

e, T)(1+e)IVa¥[Ls wrameyy < c(n, T)es. (6.16)
Finally, using divv = 0,

//g@tvhlll( —u)dzdt = //gu OV Udxdt
6 Qg Qé

1 /7 1 /7
+-= / / (Q — 1)V -0V Wdzdt + = / / 00,V -V, Udxdt (6.17)
d 0 Qs d 0 Qs

The first term on the right side of (6.17) will be cancelled later by the pressure
term while by using the acoustic wave equations (3.1), the second term equals

tO
0 S5

1 1 /7 1
OV - vdrdt = —~ / / O 2V - vdadt
(5 Qs g
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o—1

||V||L%°(L4+LW4}4(R2)) IVRlles, o422 o))

L2 (L2+L"2 (R2))
< C(T]? T)€§7 Y2 = min{2, FY} (618)
by (2.8). Finally, by using the acoustic equations, £0;V,¥ = —a?V 1),

1 T
- / / 00,V - V), Udadt
0.Jo Ja,

/ VT2 g

ST

< c(n, T)es + 3 /]R |Va U 2de |T_,, - (6.19)

From (6.6) to (6.19) we find

/ Rldt<c(77,T)58 +/ c(t)Ee n(t)dt
/ IVa U 2de |y — / / ou - 0,V Vdzxdt. (6.20)
Qs

6.3 The dissipative term

We have L .
= / Rodt = & / S(VU) : (Vu — VU)dzdt

< 26/ S(Vu—-VU): (Vu- VU)dmdt—!—cu/ / |divS(VU)|? dadt.

Hence the first term can be absorbed by its counterpart on the left side of (6.1)
and the second term is dominated by ¢(n, T') 1, which goes to zero as € — 0 since
p=p(e) — 0.

6.4 Terms depending on the pressure

Recalling that
1 /7 11 /7 , . ,
< Radt=—~ (0 —7)0:H' (r) —p(0)divU — pu - VH' (r) dzdt,
6 Jo €20 Jo Jas

where r = 1., = 1 + e y.

- //gu VH' (r //Qll Vi H" (r)dxdt
g 5 Qs Qs

. 1" _ g T
- 1/ / gu~V1/)H (Atey) - H (l)dxdt-‘rll/ / a’ou - Vipdwdt
1) 0 Qs € de 0 Qs

20




since H”(1) = p'(1) = a?. Realizing that

H"(1+ ) — H"(1)
e

< |y,
the first term on the right side is controlled by

c(n,T) |[oul 2o 1l (g poe ey VRV

LSS (L24+LA+1 (R2)) S (LA(R2)+ LA (L7 (R2))

< c(n, T)emm s 5] (6.21)

By using the acoustic equations,

11 /7 1 /7
77/ / a’ou - Vpdrdt = —f/ / ou - 0, Vdxdt,
€Jo Jas 6Jo Ja,

which cancels the same term appeared on the right side of (6.17). Now we write

e? 5/ /Qa 0 —r) 0. H' (r) — p(o) divUdudt

/ / (r)Ohibdadt + / / H" (r)dydapdt

5 Qs R2

// (2_1) p(l) Aqfdxdt”// —fAh\I/dzdt.
Qs € 0,

(6.22)

Note that

5/ /95 H” )Opdxdt = 5/ /25

5/ /Q (H"(r) — H"(1)) Oppdadt.

We find the first term on the right side is cancelled by the last term in (6.22)
while the remaining term equals to

_ 7 7
// e—1H"(r) - H"'(1 )Ah\lldxdt
Qs

1)0ypdxdt

0o—1

1l

1~ Ah\If
Lyp(Le4La(R)  LF LT ®) 180 W las e oy

1

c(n,T)es. (6.23)
Similarly,

/ YH" (r)oppdndt = / YH"(1)0ypday,dt
0 JR2 o JR2
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+/ W (H"(r) — H"(1)) Oppdzpdt
0o Jr2

1 2 2 T
< 5 /]R2 a” [¢" dzp |{—g + c(T) ||7//||L;°(L2(R2)) ||¢||L;O(L4(R2)) ||Ah‘1’||L8T(L4(R2))

1
Sf/jfhﬂﬂmﬂko+mek5 (6.24)
2 Je
Finally, realizing that %p(g)_p/(l)a(f_l)_p(l) is uniformly bounded in L>(0,T; L'(Q)),
1 (/7 —-p'(1 —1)—p(1
7/ / plo) —p'( )(g ) = ( )Ah\I/dxdt
3 Jo Qs €

1
< () [| AR s (oo rryy < AT) IVA¥] s (waamey < c(n, T)es.  (6.25)
From (6.21) to (6.25) we conclude that

17 1 o 11
5/0 Radt < i/Rz 0l don o + e T)", 0 = min{g. 1o} (626)

6.5 Proof of Theorem 1.6

Using the conservation of energy for acoustic wave system and all estimates in
the above three subsections, we find

Ee(0u |, U) (1) + % / S(Vu —VU) : (Vu — VU) ddt
0 JQs

<en D)+ [ el

where c(t) = [|[Vpv(t,-)|| Lo ®2) < c||V(E,-)||ws.2®2) according to Sobolev’s em-
bedding lemma. By Gronwall’s inequality,

e (ou| 7, U) (1) + % / S(Vu - VU) : (Vu — VU) dzdt
0 Qs

<c(n,T)e" + ¢(T)E ,(0), ae. 7€ (0,T), (6.27)

where ¢(T) = exp fOT IViv(t, )| Lo ®2)dt. Sending ¢ — 0 and then n — 0 we
find

limo hn(l)é' (0, Uc | Te .y, Ug ) (1) = 0 uniformly in 7 € (0,T),

n—0e—

as well as

111%5 (0e,ue | 72, U) (1) = 0 uniformly in 7 € (0,7),
e—

where r. = 1+, U, = (v+ V¥, 0). We thus conclude the proof of Theorem
1.6 by realizing that V,¥., — 0 in L?(0,T; LP(R?)) as ¢ — 0 for any p >
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2,q > 4 according to the Strichartz estimate (3.7). Indeed, for any compact set
K Cc R?,

"@UE - V‘ +C(T7 K) HVh\IIs,nHLqT(Lp(K)) )

)) S H\/Eus - Us,n‘

L3(L2(K LT(L2(R?))

which vanishes as ¢ — 0 and then 7 — 0. Finally we remark that if one assumes
that the initial data V;, ¥, € W32(R?), then the regularization procedure can
be omitted.

7 Conclusion

We derive as a target system a weak solution of incompressible Navier-Stokes
equation and the strong solution of incompressible Euler equation. What re-
mains open is to derive-using the singular limit-the strong solution of incom-
pressible Navier-Stokes in case of ill-prepared data. The case of getting the
strong solution of incompressible case for well prepared data can be seen as
corollary of "inviscid" case. Another very interesting problem is to prove re-
duction of dimension from weak solution of compressible 3D barotropic case to
weak solution of 2D barotropic case.
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