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Convex integration - DeLellis and Shékelyhidi

Incompressible Euler system

divev =0, Oiv + dive(vev)+ V, M=0

v(0,-) = vg, x € TV (periodic b.c.)
Reformulation

1
divyv = 0, O:v + divy <v Qv — NMZH) +V,M=0

Linear system vs. non-linear constitutive equation

divyy =0, Oyv +div,U =0

1 NxN
U =VQRV— N|V|2]I, U e RO,sj;m
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Relaxation

Goal reformulated

Constitutive constraint relaxation

Amax v®v—%|v|2]I—U =0

2

1
Amax [V vV —T] > §|v|2

2

1
Amax V@V —TU] = §|v|2
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Concept of subsolution
Equations

v, U smooth in (0, T)
divyy =0, O;v +div,U =10
Extremal values

v(0,

)=wvo, v(T,:)=vr

piece-wise smooth function e
Convex set

N
2 —_—
IVI 3

Amax VOV —T] <ein (0, T) x TV
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Basic subsolution

Oscillatory lemma - Delellis and Shékelyhidi

Oyv +div,U =0, divyv =0
Oscillatory increments

divow, =0, 9yw, + div, V. =0
w., V. € C°(Q)

w. — 0 weakly in L*(Q)
Energy

Amax [(V+wo) ®@ (v+w.) = (U+ V)] <e

liminf

e—0

/Q(|v+Ws|2)Z/(?|v|2+cA)<e—%|v|2>a
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Infinitely many solutions

Baire category argument

m There exists e such that the set of subsolutions is non-empty
m The set of subsolutions is a complete metric space with
Cuweak([0, T]; L2(TN; RY)) topology

m Points of continuity of the I.s.c. functional

[ (2w - <)o

correspond to weak solutions of the Euler system
Infinitely many solutions

divyv =0, Opv + dive(vev) —




Control of the limit pressure

Pressure

1, . 1, .,
2|V| _e7p__N|v| -

Nein(O,T)xTN
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Savage-Hutter model for avalanches

joint work with Gwiazda and Swierczewska-Gwiazda
Unknowns

flow height

depth-averaged velocity

O¢(hu) + divy(hu ® u) + V,(ah?*) = h <

Periodic boundary conditions

e 4 f
|u|

Q = ([0, 1l0.)°
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Transformation - Step |

Helmholtz decomposition

hU:V+V+Vx\IJ

divyv = 0, /\I!dx:O, /vdx:O, Ve R?
Q Q

Fixing h and the potential ¥

Oth+ AV =0

h(0, ) = ho, —8:h(0,-) = AV,

o>



Problem |
Equation

- + (ah® + 0, V) 11)
+0:V

v+V+V, ¥
< 7|v+V+VX\|J| + >

O + div ((V+V+VX\U)®(V+V+VX\U)
t X

Constraints and initial conditions

divyv =0, / v(t,)dx=0
Q

V(O, ) = Vo, V(O) = Vo
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Transformation - Step Il

Prescribing the kinetic energy

1v+V+ VWP
2 h
Problem |1

= E =A\(t) — ah® — 0,V

owv + 0:V
+divy <(V TV FVY)

@ (v+V+V,V) _1|v+V+VX\|J|2H
h

)
PN
> (v+V + V, V) + hf
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Transformation - Step I

Determining function V

OV — !

b\ 2
ﬁ/Q”(ﬁ) x
_ 1

€|

\'

/Q [7 <%> v (v+ VW) + hf

dX, V(O) = Vo
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Problem III

Equation

Oev + divy ((" +V[v] + V,¥) © (v + V[v] + V,¥)

)

h

DHa



Transformation - Step IV

Solving elliptic problem

div,M = div, (V,m + Vim — div,ml)

=7 <%>1/2 (v+ V[v] + V, V)




Abstract formulation

Variable coefficients “Euler system”

dev + divy ((" + H[v]) © (v + H[v])

+ M[v]) =0

Kinetic energy

o>



Abstract operators

Boundedness

b maps bounded sets in L>((0, T) x Q; RN) on bounded sets in
Cb(Q7 RM)

Continuity

blv,] — b[v] in Co(Q; RM) (uniformly for (t,x) € Q)
whenever
Vi, — v in Cuear ([0, T]; L2(2; RV))

Causality

v(t,") =w(t,:)for0 <t <7 < T implies b[v] = b[w] in [(0,7] x Q]




Subsolutions

Field equations, differential constraints

Oiv + div F =0, divev =0

V(07 ) = Vo, V(T7 ) =\VT
Non-linear constraint

N
E)\max

veC(Q; RN), FeC(Q

. pNxN
'Rsym,O)v

(v + H[v]) ® (v + H[v])
h[v]

—F +MJv]| < E[v]
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Subsolution relaxation

Algebraic inequality

v+ H[v]?
hv]

(v+ H[v]) ® (v + H[v])
hlv]

—F + M]v]

1
2

<

Solutions

v+ H[v]) ® (v + H|v])

N
"= v

+ M]v]

o & = = T 9Dao



Oscillatory lemma

Hypotheses:

Uc RxRY, N=2,3bounded open set
he C(U;RY), T e C(U; RN,

N

), 8, FeC(U), >0, <ein U

—\ @—Jﬁl}<éinu.
2 I
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Conclusion:

w, € C°(U;RY), G, € C2(U;RYZN), n=0,1,.

dew,, + div,G, = 0, divew, =0in R x RN
N (h+w,) ® (h+w,)
2 max

F

([ +G,)| <&in U,
w, — 0 weakly in L2(U; RV)
liminf

/UI | dxdt>/\(e)/< —%F'T>2 dxdt

n—oo
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Basic ideas of proof

Localization

Localizing the result of DeLellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the
“small” cubes

Eliminating singular sets

Applying Whitney's decomposition lemma to the non-singular sets
(e.g. out of the vacuum {h = 0})

Energy and other coefficients depending on solutions
Applying compactness of the abstract operators in C




Results

Result (A)

The set of subsolutions is non-empty = there exists infinitely many
weak solutions of the problem with the same initial data

Initial energy jump

1 |V0—|—H[V0]|
| f—
2 hjvo] [<Jtimin

1lv+H[v]]?
2 hlv]

Result (B)

The set of subsolutions is non-empty = there exists a dense set of
times such that the values v(t) give rise to non-empty subsolution
set with

1 Jvo + H[vo][? . 1v+H[]]?
2 hw] it T
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Application to Savage-Hutter model

Theorem
(i) Let the initial data

ho € C3(Q), ug € C*(; R?),hy >0in Q

be given, and let f and a be smooth.
Then the Savage-Hutter system admits infinitely many weak
solutions in (0, T) x Q.

(ii) Let T > 0 and
hy € C2(Q), hg >0

be given.
Then there exists
up € L(Q; R?)

such that the Savage-Hutter system admits infinitely many weak
solutions in (0, T) x Q satisfying the energy inequality.

Eduard Feireisl Oscillatory solutions
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Example |l, Euler-Fourier system

(joint work with E.Chiodaroli and O.Kreml [2014])
Mass conservation

Oro + divy(ou) =0
Momentum balance

O¢(ou) + divy(ou @ u) + V,(09) =0
Internal energy balance

g [8t(919) + divx(gﬂu)] — A = —pidivyu
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Example 111, Euler-Korteweg-Poisson system

(joint work with D.Donatelli and P.Marcati [2014])
Mass conservation - equation of continuity

Oro + divy(ou) =0

Momentum equations - Newton’s second law

Ot(ou) + divy(ou @ u) + Vip(0)

1
oV (Ko + K @IV

—ou+ oV, V
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Example 1V, Euler-Cahn-Hilliard system

Model by Lowengrub and Truskinovsky

Mass conservation
Oro + divy(ou) =0
Momentum balance

Ot(ou)+divy(ou®u)+V,po(o, c) = divy (,QVXC ® Vyc — §|ch|2]I>
Cahn-Hilliard equation

Du(0c) + divy(ocu) = A <,uo(g, c)— %divx (gvxc)>

o>



Example V, models of collective behavior

(joint work with J.A. Carrillo, P.Gwiazda, A.Swierczewska—Gwiazda)
Mass conservation

Oro + divy(ou) =0
Momentum balance

Ot(ou) + divy(ou ® u)

—p(0) + (1= H (ju*)) ou
—oViK % 0+ ot * [@(u - U(X)ﬂ

o>



