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Abstract. We investigate the spectral properties of the differential operator —r°A, s > 0
with the Dirichlet boundary condition in unbounded domains whose boundaries satisfy some
geometrical condition. Considering this operator as a self-adjoint operator in the space with
the norm HuH%z (@) = Ja r~%|u|? dz, we study the structure of the spectrum with respect

to the parameter s. Further we give an estimate of the rate of condensation of discrete
spectra when it changes to continuous.

Keywords: Laplace operator, multiplicative perturbation, Dirichlet problem, Friedrichs
extension, purely discrete spectra, purely continuous spectra

MSC 2010: 35J20, 35J25, 35P15

1. INTRODUCTION AND MAIN RESULTS

Let Q C R™, n > 2, be an unbounded domain whose closure does not contain the
origin, with a boundary I'. Let us consider the differential expression

(1) lu=—r®Au, r=lz|, s=0.

We shall treat the differential operator (1) in the Hilbert space Lg s(2) with the
norm ||u||2L2)S(Q) = Jor*|u[*dz. Let L be the self-adjoint Friedrichs extension in
Lo s(£2) of the minimal operator generated by the differential expression (1). Then,
L is a non-negative self-adjoint operator in Lo 4(£2) that is an operator of the first
boundary value problem for the differential expression (1).

We will study spectral properties of the operator L (location of spectrum on the
real axis, density of spectrum on some sets, structure of the spectrum) with respect
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to the parameter s. For the operator (1) we know conditions on s and the domain €,
guaranteeing the discreteness of the spectrum of the operator L ([1]). In particular,
in [1] it was proved that the spectrum of the operator L is discrete at s > 2. On
the other side, as follows from the results of [2], in the case Q = R™ with 0 < s < 2
the spectrum of the operator with coefficients equal to (1) in the neighborhood of
infinity is continuous and for 0 < s < 2 fills the complete positive semi-axis.

Let S, = Qn{r=n}, n >0, and X, be the set of points = belonging to the unit
sphere ¥ and satisfying nz € S,,. In the sequel we will consider domains {2 such that

(2) Em - E’riza m <1z,

(it is the star-shapeness condition for the set R™ \ Q with respect to the origin).
Denote by ;\(77) the modulus of the first eigenvalue of the Laplace-Beltrami operator
in ¥, with zero Dirichlet data on 0%,. By our supposition A(n) is a decreasing
nonnegative function on [inf,cq r, +00). Denote A = 151;0 A(n). We will also suppose
without loss of generality that Inr > 1 in . !

Our first statement localizes the spectrum set o(L) of the operator L on the real

axis.

Theorem 1. The spectrum of L has the following properties:
i) if 0 < s < 2, then o(L) = [0, +0);
ii) if s =2, then o(L) = [3(n — 2)* + A, +0);

iii) if s > 2, then o(L) C (3(n —2)% + A, +00).

The next statement declares that there exists a critical value of s for which the

spectrum of L becomes discrete.

Theorem 2. The spectrum of L has the following properties:
i) if 0 < s <2 and ' € C?, then the spectrum of the operator L is continuous;
ii) if s > 2, then the spectrum of the operator L is discrete.

It is natural to expect that the discrete spectrum condenses on the semi-axis
[1(n—2)%+ A, +00) at s — 2+ 0. In the next statement we establish an estimate of

the rate of this condensation.

Theorem 3. For any A € [+(n —2)? + A, +00) there exist a constant C > 0 and
a number sg > 2 such that for any s € (2, so| the following relation holds:

3) o(L) (A —=0d(s), A+ 6(s)) # 0,
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where
Inlnln(1/(s —2))

6(s) = MinIn(1/(s ~2))) = A+ C R

The constant C' depends on .

2. ENERGY SPACE AND DOMAIN

Let us define the space of functions

S

HNQ) = {u: u€ Ly (Q) NH' (QR), R>0, uy, € La(Q), j=1,...,n},

where Qp = QN {r < R}, with the norm HUH%H(Q) = [o(IVu]® + r=#|u[?)dz. By
H!(€) denote the subspace of H}!(f2) which is the closure of the set of functions
u € H}(Q) vanishing in a neighborhood of I'. Consider the quadratic form A[u] =
Jo IVul? dz on the set of functions C*°(2) C La ().

Lemma 1. The form Alu] is closeable.

Proof. Let {u;} C C>(Q), j =1,2,... be a sequence of functions such that
Aluj —w] — 0, j,I — oo and |lujlz, ) — 0, j — oo. Now, by HujH%{g(Q) =
Alug] +lugll3, .( We have that the sequence u; is fundamental in the space HL(Q).
By @ € H}(2) denote the limit function: lim [[& — u; g1y = 0. Then lim |ju; —

Jj—00 s ] — 00
Wl @) = 0, be (2, @) < M flujlz, @ + lim fld =]z, @) = 0. Hence,
4 =0 and jlggo llujll 2, . (2) = 0. So, the possibility to close the form Afu] is proved.
By Lemma 1 the energy space Ha of the operator L is the closure of the set of

functions C*°(£2) in the norm ||u||§{i(9) = Alu| + HujHiz,s(Q)'

Lemma 2. The energy space of the operator L is
(4) HA—{u: uEHi(Q),/r21n_2qr|u|2dx<oo},
Q

where ¢ =0 forn > 3 and ¢ = 1 for n = 2.

o
Proof. It is sufficient to prove that for any function v € H!(Q) such that

Jor"2In" %" 7|u|? dz < oo and for any e > 0 there exists a function @ € C*°(9), such
that Afu — 4] < e.
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First let us prove that for any function u € H 4 the integral fQ r—2 111_2‘17"|u|2 dx
converges. We use the inequalities

(5) / r2In % rjul?de < 4/ lu > dz, n=2,
QR QR

2

4
6) / r2ul?de < ——— u2ds+7/ url?dz, n>3,
( On | | (n—2)R SR| | (n_2)2 QR| 7“|

which are valid for all R > 1 for functions u € H'({2g) such that u|r = 0.

For any function u € H, there exists a sequence of functions {u;} C C*>(Q),
Jj=1,2,...such that Alu —u;] — 0, lu—u;l|z, (@ — 0,5 — oo. Apply (5) (6) to
u; with sufficiently large R. Since the term on the right hand side containing (u;),.

is bounded for all j and R, we obtain fQ r=2In"2% rlu;|* dz < Cy. Since r~1In™7 ru;
must converge in Ly(£2) weakly to ! In"?7ru, we obtain

(7) / r=2In "2 r|u)? dz < C).
Q

o
Conversely, let us suppose that v € H}(2) and [, r—2 In"??rfu|?>dz < co. Let n > 3.

Consider functions &, (z) = n(In(r/m)+1), m = 1,2, ..., where n(t) € C*°([0, +00))
is a nonnegative function satisfying the condition 0 < 1 < 1 and such that n = 1 for
0<t<l,np=0fort>2 Hence &, =1,2€ Qp, & =0, 2 € Q\ Qpe. We have

an estimate

(8) V| = ‘d Em| = (n(r/m) + Dl < Cor™!, weQ.
The function u&,, belongs to the space H 4. 1) — 0,
m — oco. We get
(9) ||U—u§m||H1(Q) 2(I1,m + I2,m),
where
B = [ () e B = [l Ve

Since u € HL(Q), we obtain I, — 0, m — oo. Furthermore, it follows from (7),
(8) that

Ipm < 022/ r~2ul?dz — 0, m — oo.
me\Q
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Thus, ||u — uém|lg1@@) — 0, m — oco. Now, by virtue of u&, € HL(Qne) there

exist functions @y, € C™(Qpe), such that Ay, — uépm] < ||tm — Ufm”%p_(gm) — 0,

m — oo. Consider the zero continuation of the function ,, to the set Q \ ©,,. and
o

denote the continued function also by i,,. Therefore @, € C*°(Q) and Alu — ty,] <

2(Alu —u&pm] + Alu&pm, — tm]) — 0, m — oo. The existence of a function u € o Q)
such that Afu — @] < ¢ in the case n > 3 is proved.

Let us consider the case n = 2. Put &, (z) = n(In(lnr/Inm)) where the function
7 is the same as for n > 3. Then &,, =1 for z € Qe and §,,, = 0 for x € Q\ Q, 2.
For the function &, we obtain

(10) IVEm| = }%fm} = |n'(In(lnr/Inm))|(rlnr)~! < Co(rinr)™t, 2€Q.

The estimate (9) with

ILm:/ (IVul2 + r=*u2)(1 — &n)2 dz, Imz/ 2|V ? da
Q\Qje 2\ Q2

holds. As in the case n > 3, we obtain that Iy, — 0, m — oo. It follows from the

estimate (7) with ¢ =1 and (10) that

Ipm < 022/ r=2In"?2 7“|u|2 dr — 0, m— co.
Qm,,g \ Qe

Thus, Alu — u&,] — 0, m — oco. Now, we get the existence of a sequence u,, €

C>®(Q), suppim C Q .2 such that Ay, — uén] < ||tn — u&””%ﬁ(ﬂmg) — 0,

m — oo. Hence the existence of a function @ € C*°(Q2) such that Aju — 4] < € for

n = 2 is proved. This completes the proof of Lemma 2.

Lemma 3. The domain of the operator L is

D(L) = {u: we HY(Q) N HE(Q),lu e LQ,S(Q),/

=22 rju)? do < oo} .
Q

In the case T € C? the domain of the operator L is

D(L) = {u: u € ﬁ[i(Q) NH?*(Qr), R > 0,luc L27S(Q),/ 22 rlu)? do < oo}.
Q

Proof. Applying interior estimates for the derivatives of solutions of elliptic

equations ([3], p. 204, Lemma 7.1) to u € I?Ii(Q), lu € L () and any domain
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V€ Q, we get u € H?(Q'). If, furthermore, I' € C?, applying the boundary
estimates for derivatives of solutions of elliptic equations ([3], p. 224, Theorem 9.2),
for all R > 0 we obtain u € H?(Qg). This completes the proof of Lemma 3.

3. LOCALIZATION OF SPECTRUM

It follows from the inequalities (5), (6) that for functions v € H4 we have the

lower estimate

A[u]:/ |ur|2dx+/r*2|V@u|2dx
Q Q

—92_¢)?
> %/ r=2In" 2 rju)? da —|—/ r2|Veul?dz, u(z)=u(r,0).
Q Q
Since 5\(7“) is the modulus of the first eigenvalue of the Dirichlet problem for the
Laplace-Beltrami operator in .., we get

(11) / Veoul” 46 > i<r>/ [u*de > A/ jul*de, r>o0.
pIN >, 5,
Therefore,
9 _ 2
(12) A[u] > u/ r=2n"2¢ 7“|U,|2 dz
4 Q
—92)2
+A/ 7"_2|u|2da: > (u +A> / 7“_2|u|2da:,
Q 4 Q

and for s > 2 we have an estimate Afu] > (i(n—2)2+A)HuH%2YS(Q) and, consequently,
o(L) C[3(n—2)2+ A, +00), s > 2.

Let us prove that for s > 2 the number i(n —2)2 + A does not belong to the
spectrum of the operator L. Assume the converse, let s > 2 and %(n—2)2—|—/\ €o(L).
We show that there exists a non-zero function 4 € H 4 such that

(13) /Q|Va|2dx: (@ —I—A)/Qr_s|ﬁ|2da:.

If 2(n —2)? + A is an eigenvalue of the operator L, the relation (13) holds for the
corresponding eigenfunction «. If i(n —2)2 4+ A is the continuous spectrum point, let
us use I. M. Glazman lemma for quadratic forms ([5], Supplement 1, Lemma 3.1),
which is a modification of the corresponding operator statement ([4], Chapter 1,
Section 1, Theorem 9). By this lemma

(14) N(A-0)= sup dim F,
{FCH4,Alu]<X||u|?% uveF\{0}}
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where H is the main space (H = L3 5(f2) in our case), F' is a linear subspace of H 4,
N(\) = dim(E\H) where E) denotes the spectral projector of the spectral family
corresponding to the self-adjoint operator L. As follows from this lemma, if A is a
continuous spectrum point, for any ¢ > 0 the relation N(A 4+ J) — N(A — ¢) = o©
holds. Thus for any § > 0 there exists a function u € Hy, u # 0, such that
Alu] < Bn =22 + A+ )l (o).

Let us choose a sequence 6; > 0, §; — 0, 7 — oo. Then there exists a non-zero
sequence u; € H 4 such that

— 92)2
(15) /|Vuj|2dx < (%+A+5j)/r75|uj|2dx.
Q Q

Let ||lujllp, . = 1. Then [, |Vu;|*dz <
inequalities (5), (6) imply

%(n —2)2 + A + 4, and, clearly, the

(16) /QT_Q I r|u;|? dz < Cs.

From the sequence {u;} let us choose a subsequence which is weakly convergent in
the space Lo 5(€2) and show that it is pre-compact in Ly (€2). In the same way as in

Rellich’s theorem about the compact imbedding of H L) into Lo(Q') in a bounded
domain €', we can prove that for any R > 0 the space H!(Qr) imbeds compactly
into Ly 4(Qr). Hence, there exists a function 4 € L 4(9) such that for any R > 0
we have Jlingo |l — ujll L, ,(2r) = 0. It means that for any sequence {R;}, R; — oo,

j — 00, it is possible to choose a subsequence {u;} (denoted also by {u;}) such that
& — usllL,  (@n) <7~ ' Therefore by (16) we have

o —uilZ, @ = i - uj||2L2,s(QRj) + |4 — uj||2L2,s(Q\QRJ)

<2 +2(jal

2 2
Lo (0\Qr,) T ||Uj||L2,S(Q\QRJ))
<P+ CRIT I* R; — 0, j— oo

So, the convergence of the sequence {u;} to @ in the space Lo () is proved. This,
in particular, yields that ||4[|z, (o) = 1. It implies that

)2
(17) /|va|2dx<1iminfj%o/ V|2 do = (M +A)/r’5|ﬁ|2dx.
Q Q 4 Q

The relation (13) is proved.
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For the proof of the relation {(n —2)? + A ¢ o(L) let us first consider the case
1(n—2)2+ A > 0. In this case

(18) A4 = (@ +A)/Qr*8|a|2dx< (@—FA)/QrQMde,

which contradicts (12).

In the case (n—2)?+ A = 0 we have by (13) the equality [, |Va|* dz = 0. Thus,
Vi = 0 and 4 = const. But then @& = 0, which contradicts |[i|/z, o) = 1. So,
1(n—2)%+ A ¢ o(L) and the relation o(L) C (4(n—2)?+ A, +00) holds true. Proof
of the point iii) of Theorem 1 is now complete.

Finally, for s > 2 we have that any sequence bounded in the space H,4 is pre-
compact in Lo 5(£2). By F. Rellich criterion ([5], Supplement 1, Par. 3), the spectrum
of the operator L is discrete at s > 2. This completes the proof of the point ii) of
Theorem 2.

4. DENSITY OF SPECTRUM ON THE SEMI-AXIS
First consider the case 0 < s < 2. Let us use the relation (14). By this relation
the number of points of the spectrum for the operator L in the interval (A —§, A+ )

with account of multiplicity is equal to the maximal dimension of the linear manifolds
F C H, for which the following inequality is valid:

(19) |Alu] = Mlull%| < ollullf, u#0.

In our case the relation (19) can be written as

(20) ‘/(|Vu|2—)\r_s|u|2)dx <5/r‘s|u|2dx.
Q Q

Denote by v,(0) € HY(Z,), o > 0, the first eigenfunction of the Laplace-Beltrami
operator in the domain X,. Hence [5, |Vev,|*dO = o) Js, v2d®. Let us continue
the function v, by zero to the set ¥. Therefore v, € H'(X) and [, [Vev,|[>dO =
o) Jv2dO. We choose a nonzero real-valued function ¢(t) € C*(0,+00) such
that supp ¢ = [1,2]. Consider functions

2V A
\/_ r175/2

5 _ s )@(57'178/2)%—2/(2—@(@),

e>0, A>0,

21)  ue(r,0) = vert2gY, (

2-3
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where H,(,l)(z) is a Hankel function. In this case we have suppu. C Q, u. € HL(Q)

<5/ 7 lue|? da.

Consider the behavior of the left hand and right hand parts of the inequality (22)

for £ — 0. Let us note that inf r > e2/(279) 5 &0, ¢ — 0. Now we use the
TESUPP Ue

relations for derivatives of Hankel functions and the asymptotic expansions of Hankel

and the inequality (20) has the form

(22) ‘/ (|Vu€|2—)\r*5|u€|2)dx

functions of large argument ([6], Chapter 9):

23) H'(z) = pz'HO (2) — HY, (2),
(24)  HO(2) = 2(2) Texp(i(z — w(p+ 3)/2)) (1 + O(l2[ 1), |2] — oo

By (24) we have

2_ o
/ e do = SE0) / (% 4 (1) p2(er /) dr / V2 e dO,
. b .

where |f1(r)| < C5r~1. Therefore,

s Ue 2d$ = ( ez)dz + J ) / 'U2_2 2—s de
/n | | TC\/_ ( ) 1( ) > =2/ )
dt =+ J / U272 2—s d@a
(TC\/_ 1( )) » e/ )

where
(2 —s)e
WA

e 205¢ [
|| < /0 |f1(r)] QP (er' =) dr < = 0 =1 (t) dt.

A
Thus,

(25) / 7 ue|? do = (Cg + 0(5))/ V2 500 dO, €—0, Cs> 0.
b
Consider now the left hand side of the relation (22). It follows from (23)—(24) that

‘/ (|Vu€|2 —)\r_s|u€|2) dz

Ef\}s) T (o) + M) fy ()R (er 002

+e((2—8)(2—2n+s)(4r) "L+ fa(r)pler' =) (er'7/?)

<
(2 — 8)r 24 1 f(r)*(er 1)) dr / s dO,
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where f;, j = 2,3, 4,5, are functions satisfying the inequalities |f;| < Crr~ 1, j = 2,5,
Ifi] < Cro/2=2, j = 3,4. Using equality (26), we get the estimate

(27) ‘/ (Vue|? = A= |ue|?) da

< 085/ 7“71(4,02(57“178/2) + @’2(57“178/2)) dr
0

= CQE/ P2 () + @2 (1)) At = Chee.
0

It follows from (25) and (27) that for any ¢ > 0 there exists ¢ > 0 such that the
function u. satisfies inequality (20). This implies o(L) N (A — 6, A + ) # (. Thus,
o(L) =[0,00). Point i) of Theorem 1 is proved.

Let us investigate now the case s = 2. Consider the functions

(28) Ue(r, ©) = fert /2 VA= (=22 A=Anr (o 4y 1)y, (O),

A> 1 =22+ A, >0,

where the function ¢ is the same as for 0 < s < 2.

[e]
In this case we have suppu. C €, u. € H3(f2), and the inequality (20) can be
written as

(29)

/ (|Vu€|2 — )\r*2|u5|2) dz

<5/ 2 |ue|? da.
R7l

Let us study the behavior of the left hand and right hand sides of the inequality (29)
when € — 0. We have

(30) / % ue|? da
/ (o)
:5/ r*1g02(51nr)dr/ v2,. dO
0 by

:/ <p2(t)dt/v31/5 d@:Cu/vil/E do,
0 > )
(31) ‘/ (V|2 = Ar—2[u.|?) da

€2 /OOO r’l((2—n)<p(€lnr)g0’(elnr)+6<p'2(51n7"))dr/2v31/5 de
+e/ooo r1<p2(51nr)dr/2(|V@v61/5|2—Avfl/g)d@‘
< [ etn=2lelle )

#2220 + () = NP o) e [ o2, do,
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From the relations (30), (31) we get that for any § > 0 there exists € > 0 such that the
function . satisfies the inequality (29). This implies that o(L) N (A — 8, A + ) # 0.

Thus, o(L) = [3(n — 2)% 4+ A, 00). Point ii) of Theorem 1 is proved.

5. ON THE RATE OF CONDENSATION OF THE DISCRETE SPECTRUM

Let s > 2 and let the spectrum of the operator L be discrete. For any A €

Lin —2)2 4+ A, 00) consider functions
1

(32) US(T, @) _ Tl—n/Qei\/A—(n—2)2/4—Alnrns (r)vln ln(l/(872))(®)a

where n5(r) = r/Inln(1/(s — 2)) — 1 for Inln(1/(s — 2)) < r < 2Inln(1/(s — 2)),
Ns(r) =1 for 2Inln(1/(s — 2)) < r <In(1/(s — 2)), ns(r) =2 —r/In(1/(s — 2)) for
In(1/(s —2)) < r < 2In(l/(s —2)) and ns(r) = 0 in the other cases, the function
v,(©) being the same as in the proof of point ii) of Theorem 1. Let us continue
the function v, by zero to X. As follows from (19), to prove the relation (3) it is
sufficient for some sy > 2 and some constant C' > 0 for all 2 < s < sp establish
inequality

(33) ‘/ (V|2 = Ar—[uy|?) da

(i) 2B [,

By (32) we have

(34) / r g2 do
:/ rl’snﬁ(r)df/U12nln(1/(s—2))d®
o b
In2—* In(1/(s —2)) — 111278(1/(5 —2))
_( /( s))_2 +O(1)) /Evfnlnu/(s—m)d@

1 1 2
= (1nln P + O(lnlnln - 2)) /Evlnln(l/(S—Q)) de.
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Consider the behavior of the left hand side of the inequality (33) for s — 2+ 0:

(35) ‘/ (V|2 = A= [uy|?) da

/ (12 + @ — ) ne + A — #%) — Ar D)) dr
0

o0
X/Ulnmu/s 2) d@+/0 T_lngdr/E|V9vlnln(1/(s2))|2d®‘

— ‘ / (2 - n)riln;ns

+ ()\(7'71 — =) 4 (X(lnln

Siz)_/\)fl)”g) dr /ZUIinn(l/(s—Q))d@
\< (n—1) —l—/\/ gl nsdr+(5\(1nlnsi2)—/\>/ooo - 2dr)
X/E%Qnmu/(sfz))d@

< (X(ln In . i 2) —A+C 1?irir11?l(}(£8——2)2))))

xlnln(l/(s—2))/vln1n(1/8 2ydO, Ci2 > 0.
b

Hence, the inequality (33) follows from (34), (35). Proof of Theorem 3 is com-
plete.

6. CONTINUITY OF SPECTRUM

Let us prove continuity of the spectrum of the operator L for 0 < s < 2. Let
A > 0 and u € D(L) be non-zero functions, satisfying the equation Au + A\r—*u =0
and vanishing on I' (we consider the function u to be real-valued). By Lemma 3 for
I' € C? we have the inclusion u € H?(Qgr), R > 0. We multiply the equation by
2ru, and integrate over the domain Qr. Thus we have the equality

(36) R / (2u§ — |Vul? + AR™5u? +
Sr

ou\2
—|—/ v,r)| =— dsx—/\Z—s/ rSu?dr =0,
Qe s |

R

-2
uur) ds,
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where v is the outward unit normal vector to I'. From (36) we get the inequalities:

(37) g /S (ni2 + (2X + (n — 2))R~*u?) ds,

2
>R [ (u?+ AR *u®+ nT(uz + R™%u?)) ds,

Sr
— 2uru) ds, > —/FR(I/, x)(%)Q ds,.

n
> R/ (ui FAR U2 +
Sr
Let us note that the star-shapeness condition for the set R™\ {2 for a smooth surface

I’ means that (v,z) < 0, x € T. The surface I" is not a cone, so there exists a
point zgp € I such that (v,z0) < 0. So, ulr = 0, and then by the uniqueness
theorem for the solution of the Cauchy problem for elliptic equations ([7]) there
exists a neighborhood U(zg) such that anU(xo)(ll, x)(0u/0v)? ds, < 0. Therefore,
fSR(uf + R™%u?)ds, > C13R™Y, C13 > 0, R > Ry and ”u”?‘Ii(Q) > fﬂm{T>R0}(uf +
rosu?)de = [ dr fg (ul +r%u?)ds, = Cig [ 7t dr = 400, ie. u is not an
eigenfunction of the operator L. This completes the proof of point i) of Theorem 2.
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