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NECESSARY CONDITIONS FOR THE LP-CONVERGENCE
(0 <p<1) OF SINGLE AND DOUBLE TRIGONOMETRIC SERIES
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Abstract. We give necessary conditions in terms of the coefficients for the convergence
of a double trigonometric series in the LP-metric, where 0 < p < 1. The results and their
proofs have been motivated by the recent papers of A.S. Belov (2008) and F. Mdricz (2010).
Our basic tools in the proofs are the Hardy-Littlewood inequality for functions in H? and
the Bernstein-Zygmund inequalities for the derivatives of trigonometric polynomials and
their conjugates in the LP-metric, where 0 < p < 1.
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1. INTRODUCTION AND PRELIMINARIES

Let f1(z) be a complex-valued function, periodic with period 2n, and integrable
in Lebesgue’s sense, briefly f; € L1(T). We consider its Fourier series

(1.1) fi(z) ~ cheik’c, x €T =[-mm).

kez

The symmetric partial sums of the series in (1.1) are defined by

sn(f1) = sn(f1;2) := Z cxe®™ . neN,

|k|<n

where N := {0,1,2,...}. The L*(T)-norm of a function f; is defined by

I = @)l = 5= [ (e do.
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The following theorem was proved by A.S.Belov in [2] (also note that some gener-
alizations of the results of [2] were given by the first author in [5]).

Theorem 1.1. Assume f; € L'(T?) and

lIsn(f1) — f1ll = 0 asn — oo.

Then

N ekl + ek
1.2 —_— 0 .
(1.2) k_[%:/z](|k_n|+1)—> asmn — 0o

Now, we shall discuss some known results for double Fourier series. Let us suppose
that fa(z,y) is a complex-valued function, periodic with period 27 in each variable,
and integrable in Lebesgue’s sense, briefly fo € L!'(T?). We consider its double

Fourier series

(13) f2(x7y) ~ Z chlei(kx—i-l’y)’ (l‘, y) € ‘[rQ.

keZlez

The symmetric rectangular partial sums of the double series in (1.3) are defined by

Smn(fQ) = Smn f27x y Z Z Cklel(kx—i_ly) (m,n) e N2,

|k|<m |l|<n
The L'(T?)-norm of a function f, is defined by
1
1720l = I f2(2 )1 = = |f2(2,y)| de dy.
T T2

The next statement is due to the third author [6]; it extends the results of A.S. Belov
from single to double Fourier series.

Theorem 1.2. Assume f» € L'(T?) and
”smn(fQ) - fQH —0 as m,n — o0

independently of one another. Then

|ckl|+|c kz|+|ck_z|+|c k—l|
1.4 — Q.
(1.4) E E r=ml LDl =n[ 1) =0 asm,n — o
=[m/2] I=[n/2]
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For f1 € LP(T), 0 < p < 1, the LP-metric is defined by

/p
Ifillr =53l = (5= [ 1A az) .

Similarly, for fo € LP(T?), 0 < p < 1, the LP-metric is defined by

Ifellor =122l = (335 [[ 1o doay) ™.

We recall that for 0 < p < 1, || ||, is not a norm since it does not satisfy the triangle
inequality, but it is known as a quasi-norm.

The aim of this paper is to obtain necessary conditions for the convergence of the
trigonometric series (1.1) and (1.3) in the LP-metric.

Our main tools in proving the main results are the Bernstein-Zygmund inequality
and the Hardy-Littlewood theorem in the spaces L? (0 < p < 1) and H? (0 < p < 1),
respectively. We also need the Bernstein-Zygmund inequality for trigonometric poly-
nomials and their conjugates. We recall that

T, (x) = Z (—isign k)cgelt®

|k[<n

is said to be the conjugate to the polynomial

Moreover, the rth derivative of a function f(z) is denoted by f(")(z).

Lemma 1.3 ([1] or [3, p. 63]). Let T,,(z) be a trigonometric polynomial of order
n and 0 < p < 1. Then the inequality

1T < 0" Tl
holds true.

Lemma 1.4 (see [7]). Let T,,(x) be a trigonometric polynomial of order n and
r > 0. Then the inequality

TNy < Kpor 0" [ Tl

holds true if and only if p > 1/(r + 1).
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Lemma 1.5 ([4, Theorem 16]). If ¢(2) = . cx2*, |2| < 1 and ¢ € H?, 0 <
k=0

o0
p <1, then 3= (k+1)P~2|cx|P < Kplllf.
k=0

Throughout this paper, K,, or K, ,, denotes a positive constant which depends
only on p, or p and r, respectively, but not necessarily the same at each occurrence.

2. MAIN RESULTS ON SINGLE TRIGONOMETRIC SERIES
We begin with the following auxiliary statements.

Lemma 2.1. For everyn € N and 0 < p < 1, we have

p
min { }
P P

n n
> K, max { S k+ 1P Perl?, > (n—k+ 1)P2|ck|p}.

k=0 k=0

—ikx

Proof. The proof of this lemma is an immediate consequence of Lemma 1.5.
Indeed, we have

1 2n n . P 1 2n n . p
= — cre®®| do = — Zéke*‘kx dx
p 2T k=0 L
1 o mx S = 71]€I R 1(n k)x
- > e | o = / > dz
k=
= Z epeln k)’c > K, Z(n — k4 1)P e |7
k=0
n
An analogous inequality holds true for 3 cpe™'** since
k=0
n
—ikz Z Ekelkgc
P k=0 P

O

Lemma 2.2. Forall -1<n<v,r=1,2,...,and 1/(r+1) < p < 1, we have

v
max { E k" cpelF®

k=n+1

v

Z (—k)rC,keiikI

k=n-+1

< Kpov" |5y = sullp-
p

)
p
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Proof. Let us denote
Sy = E (—isignk)ckeik””, Sy 1= E crelhe
[k|<n [k|<n

and

Then it is obvious that

s(n, )" +15(n, )" = 21" Z k" cpelh®,
k=n-+1

s(n, )" —i3(n, )" = 24" Z (—k) c_pe ke,
k=n-+1

In what follows, we shall use the well-known inequality
la+b]° <lal® +b)° f0<p<1.

Since

P 1
2pr = —/ |s(n, )" 4+ i3(n, v)"|P da
2n T

v
§ k" Ck elkx
p

k=n+1

1 1
< 2—E/Tr|s(n, V)(V")|Pda:+2—n/v|i§(n,y)(r)|pda?,

we may apply Lemmas 1.3 and 1.4 to obtain the first required inequality, i.e.,

v
E krckelkz

k=n+1

p
< Kpv"P|s(n, V)||§ = Kpv"™"||sy — San
P

The other inequality can be proved in a similar way. O

Lemma 2.3. For 0 < n < v and 0 < p < 1, we have

14
§ krckelkx

P v v
>Kpmax{ Z (k—n)P=2 |k P, Z (V—k+1)p_2|krck|p}
P

k=n+1 k=n+1 k=n+1
and
v ) P
Z (_k)rc_ke—lkx
k=n+1 p
v v
> K, max{ S (k=P Pk ekl Y (v—k+ 1)P2|krck|p}.
k=n+1 k=n+1
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Proof. In a way similar to the proof of [6, Lemma 5|, we can prove that

v
E : krckelkx

k=n+1

v—n—1

§ krckeiklx

k1=0

)

p p

where k1 = k — n — 1. Applying Lemma 2.1 gives the first inequality. The second
inequality can be proved in a similar way. O

Now, we establish our main result.
Theorem 2.4. Assume that f1 € LP(T), 0 <p < 1, and

lIsn(f1) — fillp = 0 asn — oco.

Then
2n
|ex|? + le—k [P
2.1 2 R k2 RN — 0.
= k-[z/z]uk—mﬂ)w mr

Proof. Letn > 2 and set
Ci(p) :==|cgl? + |c—kP for keN and r:=[(1/p)—1]+1,

where [-] denotes the integer part of a real number. Applying Lemmas 2.2 and 2.3
with v := 2n we obtain

2n 2n 2n
§ krpck(p) § r ikx P E T —ikx ?
m < Kp If Cie + (—k) C_r¢€
k=n-+1 k=n+1 p k=n-+1 p

< Kprn™lls2n(f1) = sn (Sl = Kpn™lls2n(f1) = sn(f1)15-

Now, repeating the above reasoning with [n/2] — 1 in place of n in the lower limit of
the summation and with n in place of 2n in the upper limit of the summation, we
get

- krpck(p) r
3 s < o) s

Using the previous two inequalities yields

2n 2n n
Ci(p) Ky { kP Cr(p) kP Cr(p) }
E — = L E RV E R
— 2— T )2 _ 2—
k=[n/2] (I =nl+ 1770 = k=n+1 (k = n)=r k=[n/2] (= k1)
< - .
= KP [n/2]71121‘1x<112<2nHSVQ(fl) Sy (fl)Hp
This proves (2.1). O
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3. MAIN RESULTS ON DOUBLE TRIGONOMETRIC SERIES

We begin with the following four lemmas.

Lemma 3.1. For all (m,n) € N? and 0 < p < 1, we have

m n m n
i {35t g Sl
k=0 1=0 p k=0 1=0 P
m n m n P
> et 32 et |
k=0 1=0 p k=0 1=0 P
m n m n
> KpmaX{ SO R+ DA+ )P 2lenl”, DY ((m =k + 1)1+ 1) e,
k=0 1=0 k=0 1=0

((k+1)(n =1+ 1) few”,

NE
M3

i
o
—~
Il

o

NE

n
Z (m—k+1)(n—-1+1)P" 2|ckl|p}

01=0

E
Il

n

z; crie
=S (L

i(karly)

Proof. Applying Lemma 2.1 twice together with Fubini’s theorem, we obtain
P
Z cpetFr )| g dy

// k=0 1=0

(chle”y) ek dx) dy
m m n .

/zkﬂwzmey K317 [ |3 e
k= 1=0 k=0 1=0

> K, 3 (k4 0P S (0 1P el = Ky 30 S (4 DU+ DY el
=0

k=0 k=0 =0

w1

p

The other fifteen inequalities can be proved in an analogous way. We do not enter
into further details. O

Next, we prove a lemma which is an extension of Lemmas 1.3 and 1.4 from single
to double trigonometric polynomials.
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Lemma 3.2. For all (m,n) € N2, ri,ro =1,2,..., and max{1/r;,1/r} <p <1,
we have
oritrs ;
- i(kz+ly)
ma{ | 0 S e
|[E|<m |l|<n
oritrs ;
(kz+ly)
G O D (Tisignk)aue
Oz lay ’ |k|<m |l|<n
ar1+r2 i(kz+1
Y)
Gorgys 2 D (Fisienlene
Oz 18y ’ |[E|<m |l|<n
gritr . . -
G O (-isin k) isign et |
Y ki< i<n P
< KP7T17T2mT1nr2 Z Z Cklel(kx+ly)
[k|<m |l|<n
Proof. By Lemmas 1.3 and 1.4, for example, we have
8r1+r2 i(kz+l1
)
A ATy Z Z —lslgnk)Ckle
Hax lay ’ [kl<m |l|<n p
on g iy ) i
_ R Y ikx
= ’8337"1 Z ( 1s1gn/<;)(({mr2 Z crie'? |e
|k|<m ll<n p
o ; ;
< K . mt Cklelkx elly
b1 Oxr2
[t<n ~|kI<m p
< Kppym™ Z Z Cklel(kx—i_ly)
|k|<m |l|<n

This proves the second inequality.

The other three inequalities can be proved in

a similar way. (I
Lemma 3.3. For all -1 < m < pu, -1 < n < v, ri,rg = 1,2,..., and
max{1/r1,1/r2} < p < 1, we have
13 v " v
max{ Z Z e8! lrgcklei(kx—i-ly) Z Z ( kj)rl "¢ lei(—k;c-i—ly)
k=m+11l=n+1 p k=m+11l=n+1 p

m

Z Z km

k=m+1l=n+1

> >

k=m+1l=n+1
I '
< Kpry W V"2 || 800 —

7’2

7'2

Sml/

82

C_

el(kz—ly)

p

A 7lei(—k9c—ly)

J

— Sun + Smn”pv



where

Sam=5Sm-1=511=0 and Spp:= Y ¥ ™ - (m,n)eN.

|k|<m |l]<n

Proof. We introduce the notation

5%;?) = Z Z (—isignk)oklei(k””+ly),

|kl<m [l[<n
50D .= Z Z (—isign l)cpelkaty),
el<m [{[<n
5L .= Z Z(—isignk;)(—isignl)cklei(k”Hy),
el<m [i[<n

and

) o _ i(kz+l
s(m,n; 1, V) = Sy — Smy — Spun + Smn = g E crrell y),
m<Ikl<p n<ll<v

(1,0)

S0 o ) = s — 40 — s 41D

mv

O m, 1) = o) — 8D — 50D 1 0D,

SO 1) = o) — 8D — s+ 4.

Using the equalities (see in [6])

9? . . 9~
8x—8y{8(m’ n; g, v) + i85 (m, n; gy v) + 150D (my n; p, v) + 12800 (myng p, v)}
o v
=—4 Z Z klcklei(karly),
k=m+1l=n+1
82
o (5(mams) = 54 1) 350 m, i ) = 2504 o, )
I v
=—4 Z Z (—k)le e her),
k=m+1l=n+1
2
g s, ) 154 () = 350D ) = 250 o, 1)
o v
=—4 Z Z k(—l)ck7_lei(kx_ly),
k=m+41l=n+1
82

0xdy

n v
=4 Y Y (R (e ),

k=m+1l=n+1

{s(m,n;u,v) — i5(1:0) (m,n; p,v) — ié(o’l)(m, n; V) + 2500 (m,n; v)}
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we obtain the following representations:

o +ra
Jzx"1 QY2

{s(m, s ) + 1809 (m,m3 1, ) + 180D (m, s 1, ) + 2500 (m, s 1)}

w v
— 4iritre Z Z kmlrgcklei(kx—i-ly),

k=m+411l=n+1

oritrz
Bariagrs (M) =
M v
:4i7'1+7'2 Z Z ( k)TllTQC
k=m+1l=n+1
oritrz o)
o gy smsmi ) + 1800 (mo i ) -
4iritre Z Z kﬁ T2
k=m+1l=n+1
oritrz o)
2 ) = 509
M v
4iritre Z Z(
k=m+1l=n+1
Since
4P Z Z kmlmcklei(kx.:,_ly)
k=m+11=n+1 »
8T1+r2
4]‘[2 //Tr2 8$T18y7"2

15040 (m, s g1, v) + 380D (m, s ) — 3

l)rz C_k7_lei(

2500 (m, s p,v)}

i(—kx+l
_kle( y)7

1808 (m,n; p,v) = 2800 (myn; )}

ei(kx—ly),

— i8O8V (m, n; p, v) + 125D (m, n; p,v)}

—kz—ly)

{s(m,ms ) + 1800 (m, s 1, v)

+i§(0’1)(m,n;u, v)+i 250D (m,n; py v }‘ dx dy

ort +r2

47[2//TFQ

+4T[2//1p
1 .

*472/421
1

84

Oz Oy 8y7"2
ot +r2
83:7"1 8y7"2
ot +r2
Ox™ Oy
2 ort +ra
Oxm Qy"?

) S
5(1.0) . p

’ (m)n7 l'[" V) dx dy
~(0,1) . P

599 (m,n; p,v)| dzdy

sV (m, s, v) P da dy,



applying Lemma 3.2 four times gives

I v
Yo D KR Ky PV s (s )|

k=m+1l=n+1

p
P
= KP,T1,T2MTIPVT2P||SMV — Smv — Sun T Sman'

This means the first inequality is proved. The other three inequalities can be proved

in an analogous way. (I

Lemma 3.4. ForO< m< u,0<n<v,r;,ro =1,2,...,and 0 < p < 1, we have

K v P
Z Z Eriyre cklei(kgc—i-ly)
k=m+1 l=n+1 P

1 v
> Ky max{ ST (e =m)(I—n)P R R 2 er P,

k=m+1l=n+1

Yo D =k =n)P R e,

k=m+1l=n+1

Yo > (k=—m)w =1+ 1)P 2k e?,

k=m+1Il=n+1

> 2 ((M_k+1)(V—l+1))p2|krllr20kz|p},

k=m+1l=n+1

and three other analogous inequalities hold involving c_y,;, ¢k —;, and c_j, _;, respec-

tively, in place of cy;.

Proof. Using the idea of the third author (see [6, in the proof of Lemma 5]),

we may write

o v P p—m—1lv—m—1 p
§ § kT2 Cklel(karly) _ E § ke Cklel(kl z+l1y) ,
k=m+1l=n+1 p k1=0 11=0 p

where k1 = k—m —1and l; =1 —n — 1. Applying Lemma 3.1 in the case of the
above equality, we immediately obtain the inequality of the lemma which involves
cki- The other three inequalities which involve c_j ;, cx,—; and c_j, —;, respectively,

can be proved in a similar way. O
Now, we pass to the main result. Indeed, the following statement holds true.
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Theorem 3.5. Assume f» € LP(T?),0 < p < 1, and
ISmn(f2) — follp = 0 asm,n — oo

independently of one another. Then

|Ckl|1”+|C kot P+ lew, i + [e—g,—?
3.1 E E —0 asm,n — oo.
ey wmraniZ (B =ml+ D =nl+1)

Proof. Denote
Cri(p) = lewt|” + le—ka P + |ex,—t|” + -k, 1P, (k1) € N?.

Let m,n > 2 and set r1 := 73 := [1/p — 1] + 1. Then applying Lemmas 3.3 and 3.4
with p = 2m and v := 2n, we find that

2n

k:"ll” »>C,
>y )

k=m+1 = n+1
2m
{ Z Z krllrzcklel(karly)

k=m+1l=n+1

2m p
+ Z Z 7"1 12 C,klei(_kx—’_ly)

k=m+1l=n+1

2m

+ Z Z krl 7"2 lei(k;c—ly) ?

k—m—i—l l=n+1 p

+ Z Z C_k7_lei(—k;c—ly)

)
k=m+1l=n+1 p
< KpmrlpnrszSQm,Qn(fQ) - 5m,2n(f2) - 52m,n(f2) + Sm”(fQ)”g'

Repeating the above reasoning with [m/2] — 1 in place of m in the lower limit of
the summation and with m in place of 2m in the upper limit of the summation with
respect to k gives

>y
_ 2—
iy 1o (M= R D =m))27p
X Kpmrlpnrzp||sm,2n(f2) - S[m,/Q]—l,Qn(fQ) - Sm,n(fQ) + S[m/2]—1,n(f2)||£~
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The symmetric counterpart of this inequality is

Z Z kﬁl% kal( )
k=m+1 = [n/2 m)(n —1+1))*
Kpm”pnrzpﬂszm,n(fz) = 8m.n(f2) = S2m,[n/21-1(f2) + Sm, /21— 1(f2)II5-

In a similar way we obtain that

>y )
—k+ ) (n—1+1))2»
ke=[m /2] 1 n/2] k+1)(n—1+1))
< Kpm“pn”pﬂsm,n(fz) = 8tmy2—1,n(f2) = Sm.ny21-1(f2) + Spmy21—1,my21—1 (f2) I

Now, it follows from the last four inequalities that

2n 2n Ckl (p)

2. 2 ([ =m[+1)(l =n| +1))>7P

k=[n/2] I=[n/2]

2n kmlm )PCha(p)

Z Z l_n))2p

k=m+11= n+1
k“lm ”Ckl( )

* Z Z (m—k+ (I —n)Z?

m/2]l n+1

= mhpnsz {

le [T2 )pckl( )

> > m)n— 1+ 1))

k=m+1[= n/2]

k‘mlrz)pckl(p) }
+ Z Z
_ N (n — 1))2-
i k+1)(n—1+1))
X max ||Sp2,l/2(f2)

ma.
p
[m/2]—1<pu1 <p2<2m [n/2]—1<r1<v2<2n

— Spi,ve (fQ) — Spa,nn (fQ) + Spim (f2)||§7
and hence (3.1) is proved.
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