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Abstract

We propose a combined finite volume-finite element method for the compressible Navier-
Stokes-Fourier system. A finite volume approximation is used for the density and energy
equations while a finite element discretization based on the non-conforming Crouzeix-Raviart
element is applied to the momentum equation. We show the stability, the consistency and
finally the convergence of the scheme to a sequence of suitable weak solution. We are
interested in the case that the velocity diffusion in the momentum equation is presented by
the divergence of the symmetric velocity gradient instead of the classical Laplace form. As a
consequence, there emerges the need to add a stabilization term that substitutes the role of
Korn’s inequality which does not hold in the Crouzeix–Raviart element space. Moreover, we
present the numerical performance of the scheme as well as that of [15], where a similar result
is theoretically studied for the case of using the Laplace type diffusion and the numerical
performance is expected here.

keywords Navier-Stokes-Fourier, finite element method, finite volume method, Korn in-
equality, convergence, stability

1 Introduction

We are interested in the Navier-Stokes-Fourier system which describes a compressible viscous
and heat conducting flow in a bounded domain Ω ⊂ Rd, d = 2, 3.

ρt +∇ · (ρu) = 0. (1a)

(ρu)t + div(ρu⊗ u) = −∇p+ divS(∇u). (1b)

cv
(
(ρθ)t + div(ρθu)

)
+ divq(θ,∇θ) = S(∇u) : ∇u− θ∂p(ρ, θ)

∂θ
divu. (1c)

where ρ,u, p, θ are the fluid density, velocity, pressure, and temperature, cv is the specific heat
per volume. The viscous stress tensor takes the form

S = 2µD(u) + νdivuI and µ ≥ 0, 2µ+ dν ≥ 0,D(u) =
1

2

(
∇u +∇uT

)
.

∗The research of the authors leading to these results has received funding from the European Research Council
under the European Unions Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078.
The Institute of Mathematics of the Academy of Sciences of the Czech Republic is supported by RVO:67985840.
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The heat flux q obeys Fourier’s law

q = −∇K(θ),K(θ) =

∫ θ

0
κ(z)dz, with κ(1 + θ2) ≤ κ(θ) ≤ κ̄(1 + θ2), κ > 0.

We take a general equation of state

p = aργ + bρ+ ρθ, a, b > 0, γ > 3, and
∂p(ρ, θ)

∂θ
= ρ.

To close the system we apply the no-slip boundary condition

u|∂Ω = 0, (1d)

and the following initial conditions

ρ(x, 0) = ρ0 > 0, u(x, 0) = u0, θ(x, 0) = θ0 > 0. (1e)

The existence of global in time weak solutions to this compressible Navier-Stokes system
was established in [10], and a weak strong uniqueness result can be found in [16].

Here we adopt the weak formulation introduce in [10, Chapter 4] and present everything for
d = 3, bearing in mind that for d = 2 even a better result can be deduced due to better Sobolev
embeddings.

Definition 1. We say that a trio of functions [ρ,u, θ] is a weak solution to the problem (1) in
(0, T )× Ω if:

ρ ∈ L∞(0, T ;Lγ(Ω)),u ∈ L2(0, T ;W 1,2
0 (Ω;R3)), θ ∈ L2(0, T ;L6(Ω)), (2a)

ρu ∈ L∞(0, T ;L
2γ
γ+1 (Ω;R3)), ρθ ∈ L∞(0, T ;L1(Ω)); (2b)

ρ ≥ 0, θ > 0 a.a. in (0, T )× Ω; (2c)

∫ T

0

∫
Ω

[ρ∂tψ + ρu · ∇ψ] dxdt = −
∫

Ω
ρ0ψ(0, ·)dx, ∀ψ ∈ C∞c ([0, T )× Ω̄); (2d)

∫ T

0

∫
Ω

[ρu∂tψ + ρu⊗ u : ∇ψ + p(ρ, θ)divψ + 2µD(u) : D(ψ) + νdivudivψ] dxdt

= −
∫

Ω
ρ0u0ψ(0, ·)dx, ∀ψ ∈ C∞c ([0, T )× Ω;R3); (2e)

∫ T

0

∫
Ω

[
cv(ρθ∂tψ + ρθu · ∇ψ −K(θ)∆ψ + 2µ|D(u)|2ψ + ν|divu|2ψ

]
dxdt

−
∫ T

0

∫
Ω
ρθdivuψdxdt ≤ −

∫
Ω
cvρ0θ0ψ(0, ·)dx, ∀ψ ≥ 0, ψ ∈ C∞c ([0, T )× Ω̄) (2f)

where ∇ψ · n|∂Ω = 0;

∫
Ω

[
1

2
ρ|u|2 + cvρθ +

a

γ − 1
ργ + bρ log(ρ)

]
(τ, ·)dx

≤
∫

Ω
[
1

2
ρ0|u0|2 + cvρ0θ0 +

a

γ − 1
ργ0 + bρ0 log(ρ0)]dx for a.a. τ ∈ (0, T ). (2g)
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Numerical study of this model has attracted huge interests. Let us mention a few of
them, for example, finite volume method [5, 20], finite element method [23, 27], discontinu-
ous Galerkin method [7, 26, 30, 31, 35], mixed finite volume-finite element method on non-
conforming Crouzeix-Raviart elements [11, 13, 15], kinetic BGK scheme [36]. See also some
other schemes [6, 19, 28, 32].

Despite a large variety of numerical schemes available in the literature, their convergence
to the physical solution is rather underdeveloped. Our main goal follows in this direction to
achieve a convergent scheme for the Navier-Stokes-Fourier system. The designed scheme is
a mixed finite volume-finite element(FV-FE) method, motivated from a combination of the
methods proposed by Eymard et. al. [8, 9] and by Karper [25]. On one hand, the former proved
the convergence of a finite volume scheme for the convection-diffusion equation. On the other
hand, the latter showed the convergence of a low-order FEM-DG method based on the non-
conforming Crouzeix-Raviart element for the compressible Navier-Stokes, see also [12, 14] for
its extension to smooth and general domain.

This paper is an extension of Feireisl et al. [15], where the convergence of a FV-FE scheme
to the Navier-Stokes-Fourier system has been studied theoretically, while the numerical per-
formance is expected in this paper. The work [15] was also extended for a flow in a smooth
domain where the numerical scheme is defined on a family of polyhedral domains, converging
to the target one only in the sense of compacts, see [13]. Our work could be also rephrased as
an extension of [13], without any additional difficulties. Here we decided to stick to [15] mainly
due to the numerical tests taking place in a polyhedral domain.

Our first aim is to follow [15] and show the convergence of our new scheme theoretically.
The difference here is that we would like to consider a more physical dissipation mechanism in
the temperature energy balance law

Φ = 2µ|D(u)|2 + ν|divu|2

instead of Φ = µ|∇u|2 +λ|divu|2 considered in the paper [15] for λ = µ+ν. These two terms are
not equal when a finite volume scheme is applied to the balance law of energy, see Remark 2. For
this reason we want to use |D(u)|2 instead of |∇u|2 in our finite volume approximation of the
energy equation. Moreover, we will use

∫
Ω D(u)D(v) instead of

∫
Ω∇u∇v in the finite element

approximation of the momentum equation. Then the issue occurs that the Korn inequality is
not admissible for the non-conforming Crouzeix-Raviart element used in our scheme. Thus we
introduce a stabilization term studied by [3, 17, 21] and aim to show the convergence of the
stabilized scheme to suitable weak solution.

Another aim of this paper is to show the numerical performance of the scheme studied in [15]
as well as the stabilized scheme proposed here.

The rest of the paper is organized as follows. In Section 2 we give the notations and prescribe
the scheme as well as the main result. Sections 3 is devoted to the proof of the main result
through stating the stability, consistency and finally the convergence. In the last section, we
perform some numerical experiments of the schemes.

2 Numerical scheme

2.1 Time discretization

Let us extend for convenience the numerical solution to be defined for any t ∈ [0, T ] as follows

ρh(t, ·) = ρkh, θh(t, ·) = θkh, uh(t, ·) = ukh, for t ∈ [k∆t, (k + 1)∆t), k = 1, 2, · · · , NT =
T

∆t
and

ρh(t, ·) = ρ0
h, θh(t, ·) = θ0

h, uh(t, ·) = u0
h, for t ≤ 0.
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Accordingly, we set the discrete time derivative of a quantity vh as

Dtvh(t, ·) =
vh(t)− vh(t−∆t)

∆t
, t > 0.

2.2 Space discretization

Let the physical domain Ω be polyhedral, divided into triangulation Th, E be the collection of
all (d− 1)-dimensional faces, Eext = E ∩ ∂Ω be the exterior faces, Eint = E \ Eext be the interior
faces, K ∈ Th be an arbitrary element. In addition, we require the mesh Th to be in the sense
of Eymard et al. [9]:

• for K,L ∈ Th,K 6= L, the intersection K∩L is either a vertex, or an edge, or a face Γ ∈ E .

• There is a family of control points {xK |xK ∈ K,K ∈ Th} such that the segment [xK ,xL]
for two adjacent elements K,L is perpendicular to their common face Γ = K ∩ L. We
denote their distance as dΓ ≡ |xK − xL|.

• The mesh is regular in the sense that inf
K∈Th

inf
Γ∈∂K

dist[xK ,Γ] & h.

Remark 1. The above properties are satisfied, for example, by the well-centered meshes stud-
ied by VanderZee et al. [33, 34], where the control points are simply the circumcenters of the
elements.

Let Γ = K ∩ L be an edge of element K, nΓ,K be its outer normal pointing from K to L.
Then for piecewise constant f we can define the jump and average operators on the face Γ

JfKΓ = fL − fK , {f}Γ =
1

2
(fK + fL). (3)

and upwind flux

F(f,u)|Γ = fK [sΓ,K ]+ + fL[sΓ,K ]− =

{
fK sΓ,K if sΓ,K ≥ 0,
fL sΓ,K else.

(4)

where we have denoted

[c]+ = max{0, c}, [c]− = min{0, c}, sΓ,K = ũ · nΓ,K , ũ =
1

|Γ|

∫
Γ
udσ.

Further, the average operator on the element K is given by

f̂K =
1

|K|

∫
K
fdx. (5)

We also denote
co{a, b} = [min(a, b),max(a, b)] .

2.2.1 Functional spaces

Specifically, we adopt the piecewise linear Crouzeix-Raviart elements for the discretization of
velocity, while the density and pressure are set as piecewise constants. The functional spaces
are defined as

Qh ≡ {φh ∈ L2(Ω);φh|K ∈ P0(K),K ∈ Th},

Vh ≡ {vh ∈ L2(Ω); vh|K ∈ P1(K),∀K ∈ Th;

∫
Γ
JvhK = 0, ∀ Γ ∈ Eint},

V0,h ≡ {vh ∈ Vh(Ω);

∫
Γ
vh = 0, ∀ Γ ∈ Eext},

where Pn(K) denotes polynomial of degree not greater than n on element K.
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2.2.2 Discrete Sobolev spaces

In the following we introduce the associated projections to the functional spaces

ΠQ
h : L2(Ω) 7→ Qh, ΠV

h : W 1,1(Ω) 7→ Vh,

defined by

ΠQ
h [φ]|K = φ̂K , ∀K ∈ Th;

∫
Γ
ΠV
h [v] =

∫
Γ
v, ∀Γ ∈ E . (6)

Then it is easy to observe the following properties, see also similar result in [25, Lemma 2.11]

divhΠV
h [v] = ΠQ

h [divv],

∫
Ω

Dh(uh) : Dh(ΠV
h [v]− v) = 0, for uh ∈ Vh,v ∈W 1,1. (7)

For φ ∈ Qh,v ∈ V0,h, let us denote the following norms

‖φ‖2H1
Qh

(E) :=
∑

Γ∈Eint

∫
Γ

1

h
JφK2dσ, ‖v‖2H1

Vh
(E) :=

∑
Γ∈Eint

∫
Γ

1

h
JvK2dσ,

‖v‖2H1 :=
∑
K∈Th

∫
K
|D(v)|2dx+

∑
Γ∈Eint

∫
Γ

1

h
JvK2dσ = ‖D(v)‖2L2 + ‖v‖2H1

Vh
(E).

Then we have the following inequality, see [18, Lemma 2.2].

‖v‖H1
Vh

(E)
<∼ ‖∇hv‖L2 , ∀v ∈ Vh (8)

and with elementwise application of Sobolev inequality also

‖v‖L6
<∼ ‖∇hv‖L2 , ∀v ∈ V0,h. (9)

Further, the interpolation error estimates can be stated as

‖φ−ΠB
h [φ]‖L∞ ≤ h‖∇xφ‖L∞ , (10)

‖v −ΠV
h [v]‖L2 ≤ h‖∇xv‖L2 , (11)

Following the proof of [18, Lemma 2.2], using the continuity of v across the edge and [25, Lemma
2.7], we can derive

‖JΠV
h [v]K‖H1

Vh
(E) =

 ∑
Γ∈Eint

∫
Γ

1

h
JΠV

h [v]− vK2dσ

 1
2

<∼ h‖∇2
xv‖L2 , (12)

for v ∈ C2(Ω),v|∂Ω = 0.
Importantly, we need the compensated Korn inequality,

‖v‖2L2
+ ‖∇hv‖2L2

<∼ ‖v‖2H1 , v ∈ V0,h, (13)

which is a consequence of a work of Brenner. In particular, we combine relation (1.19) in [2],
relation (1.3) in [1] and zero Dirichlet boundary condition for v.

After applying the Poincaré inequality we also have

‖∇hv‖2L2
<∼ ‖v‖2H1 , v ∈ V0,h. (14)
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2.3 Scheme

With the notations defined above, we propose the numerical scheme for the Navier-Stokes-
Fourier system (1). Hereafter, we will call it as ‘SA’ while ‘SB’ for the scheme studied in [15].

Definition 2 (Scheme SA). Find {(ρk+1
h ,uk+1

h , θk+1
h )}NT−1

k=0 ⊂ (Qh × V0,h × Qh) such that for
any (φh,vh) ∈ (Qh × V0,h) we have∫

K

ρk+1
h − ρkh

∆t
φh −

∑
Γ∈∂K

∫
Γ

(
F(ρk+1

h ,uk+1
h )JφhK− hαJρk+1

h KJφhK
)

= 0,∀K ∈ Th, (15a)

∑
K∈Th

∫
K

qk+1
h − qkh

∆t
vh −

∑
K∈Th

∑
Γ∈∂K

∫
Γ
F
(
qk+1
h ,uk+1

h

)
Jv̂hK

−
∑
K∈Th

∫
K
pk+1
h divhvh + 2µ

∑
K∈Th

∫
K

Dh(uk+1
h ) : Dh(vh) + ν

∑
K∈Th

∫
K

divhu
k+1
h divhvh

+2µ
∑
K∈Th

∑
Γ∈∂K

∫
Γ

1

h
Juk+1

h KJvhK + hα
∑
K∈Th

∑
Γ∈∂K

∫
Γ
Jρk+1
h K{ûk+1

h }Jv̂hK = 0, (15b)

cv

∫
K

Θk+1
h −Θk

h

∆t
φh +

∑
Γ∈∂K

∫
Γ

1

dΓ
JK(θk+1

h )KJφhK +

∫
K

Θk+1
h divhu

k+1
h φh

− cv
∑

Γ∈∂K

∫
Γ
F
(
Θk+1
h ,uk+1

h

)
JφhK =

∫
K

(
2µ|D(uk+1

h )|2 + ν|divuk+1
h |2

)
φh, ∀K ∈ Th (15c)

where qh and Θh are the momentum and the internal energy, which are defined as piecewise
constant for all K ∈ Th

qh|K = ρhûK , Θh = ρhθh (16)

and the initial conditions for the scheme are given by

%0
K = ΠQ

h [%0]|K , q0
K = ΠQ

h [%0u0]|K , θ0
K = ΠQ

h [θ0]|K . (17)

Before going further, let us recall the scheme SB presented in [15].

Definition 3. (Scheme SB [15]) Find {(ρk+1
h ,uk+1

h , θk+1
h )}NT−1

k=0 ⊂ (Qh × V0,h × Qh) such that
for any (φh,vh) ∈ (Qh × V0,h) we have∫

K

ρk+1
h − ρkh

∆t
φh −

∑
Γ∈∂K

∫
Γ

(
F(ρk+1

h ,uk+1
h )JφhK− hαJρk+1

h KJφhK
)

= 0,∀K ∈ Th (18a)

∑
K∈Th

∫
K

qk+1
h − qkh

∆t
vh −

∑
K∈Th

∑
Γ∈∂K

∫
Γ
F
(
qk+1
h ,uk+1

h

)
Jv̂hK

−
∑
K∈Th

∫
K
pk+1
h divhvh + µ

∑
K∈Th

∫
K
∇huk+1

h : ∇hvh + λ
∑
K∈Th

∫
K

divhu
k+1
h divhvh

+ hα
∑
K∈Th

∑
Γ∈∂K

∫
Γ
Jρk+1
h K{ûk+1

h }Jv̂hK = 0, (18b)
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cv

∫
K

Θk+1
h −Θk

h

∆t
φh +

∑
Γ∈∂K

∫
Γ

1

dΓ
JK(θk+1

h )KJφhK +

∫
K

Θk+1
h divhu

k+1
h φh

− cv
∑

Γ∈∂K

∫
Γ
F
(
Θk+1
h ,uk+1

h

)
JφhK =

∫
K

(
µ|∇huk+1

h |2 + λ|divuk+1
h |2

)
φh,∀K ∈ Th, (18c)

and (16) and (17).

Remark 2. Comparing the schemes SA (15) and SB (18), the only differences are the diffusion
terms, marked by underline. As mentioned in the introduction, we have the following equality
in the finite element method, supplied with no-slip boundary condition u|∂Ω = 0,∫

Ω
2µDh(uk+1

h ) : Dh(vh) + νdivhu
k+1
h divhvh =

∫
Ω
µ∇huk+1

h : ∇hvh + λdivhu
k+1
h divhvh.

However, we lose such equality in the finite volume method when the integral is specified on an
arbitrary element K ∈ Th∫

K
2µDh(uk+1

h ) : Dh(vh) + νdivhu
k+1
h divhvh 6=

∫
K
µ∇huk+1

h : ∇hvh + λdivhu
k+1
h divhvh.

Clearly, the diffusion terms in (15c) are more physically reasonable than that in (18c).

2.4 Main result

Our main result is stated as follows:

Theorem 1. Let Ω ⊂ R3 be a bounded polyhedral domain admitting a tetrahedral mesh satisfying
assumptions described in Section 2.2 for any h > 0. Let [ρh,uh, θh] be a family of numerical
solutions constructed by the scheme (15) such that

ρh, θh > 0 for all h > 0, with ∆t ≈ h, γ > 3.

Then, at least for a suitable subsequence,

ρh → ρ weakly-(*) in L∞(0, T ;Lγ(Ω)) and strongly in L1((0, T )× Ω),

θh → θ weakly in L2(0, T ;L2(Ω)),

uh → u weakly in L2(0, T ;L6(Ω;R3)),∇huh → ∇u weakly in L2((0, T )× Ω;R3×3)

where [ρ,u, θ] is a weak solution of the problem (1) in the sense of Definition 1.

Remark 3. The theorem holds also for d = 2. Moreover, the condition of γ > 3 will be more
lax due to better Sobolev embeddings which we leave it as an exercise to the readers.

3 Proof of main result Theorem 1

This section is devoted to the proof of the main result Theorem 1. As this paper is an extension
of [15], we will only show the proof for the parts that are different. In what follows, we will give
the proof by showing the stability, consistency and convergence step by step.
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3.1 Renormalization

In this subsection, we introduce two renormalized equations and total energy balance from [15,
Section 4].

Lemma 1. [15, Section 4.1](Renormalized continuity)∫
Th
DtB(ρkh)φdx−

∑
Γ∈Eint

∫
Γ
F [B(ρkh),ukh]JφKdσ +

∫
Th
φ
(
B′(ρkh)ρkh −B(ρkh)

)
divhu

k
hdx

= −
∫
Th

∆t

2
B′′(ξkρ,h)

(
ρkh − ρ

k−1
h

∆t

)2

φdx− hα
∑

Γ∈Eint

∫
Γ
φ B′′(ηkρ,h)JρkhK

2

− 1

2

∑
Γ∈Eint

∫
Γ
φ B′′(ηkρ,h)JρkhK

2|ũkh · n| (19)

for any φ ∈ Qh, B ∈ C2(0,∞), where ξkρ,h ∈ co{ρk−1
h , ρkh} on each element K ∈ Th and

ηkρ,h, η
k
ρ,h ∈ co{ρkK , ρkL} on each face Γ(= K ∩ L) ∈ Eint.

Lemma 2. [15, Section 4.2](Renormalized thermal energy)

cv

∫
Th
Dt

(
ρkhχ(θkh)

)
φ− cv

∑
Γ∈Eint

∫
Γ
F(ρkhχ(θkh),ukh) JφKdσ +

∑
Γ∈Eint

∫
Γ

1

dΓ
JK(θkh)K Jχ′(θkh)φK dSx

=

∫
Th

(
2µ|Dh(ukh)|2 + ν|divhu

k
h|2 − ρkhθkhdivhu

k
h

)
χ′(θkh)φ− cv∆t

2

∫
Th
χ′′(ξkθ,h)ρk−1

h

(
θkh − θ

k−1
h

∆t

)2

φ

+
cv
2

∑
Γ∈Eint

∫
Γ
φχ′′(ηkθ,h)JθkhK

2(ρkh)out[ũkh · n]− − hαcv
∑

Γ∈Eint

∫
Γ
JρkhK J

(
χ(θkh)− χ′(θkh)θkk

)
φK (20)

for any φ ∈ Qh, χ ∈ C2(0,∞), with ξkθ,h ∈ co{θk−1
h , θkh} on each element K ∈ Th and

ηkθ,h ∈ co{θkK , θkL} on each face Γ(= K ∩ L) ∈ Eint, superscript ′out′ denotes the value on
the neighbouring element.

By using (19), (20) and the momentum scheme (15a) we deduce similarly as in [15, Section
4.3] the following lemma for the total energy.

Lemma 3 (Total energy balance).

Dt

∫
Th

(
1

2
ρkh|ûkh|2 + cvρ

k
hθ
k
h +

a

γ − 1

(
ρkh

)γ
+ bρkh log(ρkh)

)

+
∆t

2

∫
Th

A ∣∣∣∣∣ρkh − ρk−1
h

∆t

∣∣∣∣∣
2

+ ρk−1
h

∣∣∣∣∣ ûkh − ûk−1
h

∆t

∣∣∣∣∣
2
− ∑

Γ∈Eint

∫
Γ
(ρkh)out[ũkh · n]−

∣∣∣ûkh − (ûkh)out
∣∣∣2

2

+
∑

Γ∈Eint

∫
Γ

1

h
JukhK

2 +
A

2

∑
Γ∈Eint

∫
Γ

(
hα + |ũkh · n|

)
JρkhK

2 dSx ≤ 0 (21)

where A = min
ρ>0

{
aγργ−2 + b

ρ

}
> 0.

3.2 Stability

This subsection is devoted to show the stability by deriving the uniform bounds on the family
of numerical solutions independent of the mesh size h.
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Mass balance Taking φ ≡ 1 in the continuity scheme (15a) we obtain∫
Th
ρ(t, ·)dx =

∫
Th
ρ0
hdx ≈

∫
Ω
ρ0dx > 0, for any h > 0, (22)

which means the total mass is preserved by the scheme.

Uniform bounds The total energy balance (21) gives us the energy bounds∫
Th

[
1

2
ρh|ûh|2 + cvρhθh +

a

γ − 1
(ρh)γ + bρh log(ρh)

]
(τ, ·)

≤
∫
Th

[
1

2
ρ0
h|û0

h|2 + cvρ
0
hθ

0
h +

a

γ − 1

(
ρ0
h

)γ
+ bρ0

h log(ρ0
h)

]
≡ Eh(0), Eh(0)

<∼ 1.

Further, we deduce the following uniform bounds independent of h→ 0 (see [15, Section 5]):

supτ∈(0,T )‖ρh(τ, ·)‖Lγ
<∼ 1, (23a)

∑
Γ∈Eint

∫ T

0

∫
Γ

1

h
JuhK2 dxdt

<∼ 1. (23b)

‖θh‖L2(0,T ;L6(Ω)) + ‖ log(θh)‖L2(0,T ;L6(Ω))
<∼ 1, (23c)

‖θh‖Lp(0,T ;Lq(Ω))
<∼ 1 for any 1 ≤ p < 3, 1 ≤ q < 9. (23d)

Moreover, testing the thermal energy method (15c) with φ = 1, we conclude∫ T

0

∫
Ω
|Dh(uh)|2 dt <∼ 1, (23e)

together with the second inequality of (23b), and using (14) and (9), we obtain

‖∇huh‖2L2(0,T ;L2(Ω))
<∼ 1, ‖uh‖2L2(0,T ;L6(Ω;R3))

<∼ 1. (23f)

3.3 Consistency

In this section we show the consistency of the scheme (15). The proofs of consistency of the
continuity and the temperature equations are the same as in [15, Section 6]. On the other hand,
the proof of the consistency of the momentum equation needs more effort on the diffusion terms.

Lemma 4. [15, Section 6.1](Consistency of continuity) There exists β > 0, such that for all
φ ∈ C1(Ω̄)∫

Ω
[Dtρh − ρhuh · ∇xφ] dx =

∫
Ω
R1
h(t, ·) · ∇xφdx,

∥∥R1
h

∥∥
L2(0,T ;L

6γ
5γ−6 (Ω;R3))

<∼hβ.

Lemma 5 (Consistency of momentum). There exists β > 0, such that for all v ∈ C2(Ω̄)∫
Ω
Dt(ρhûh) · v −

∫
Ω

(ρhûh ⊗ uh) : ∇xv +

∫
Ω

2µDh(uh) : D(v) + νdivhuhdivxv

−
∫

Ω
p(ρh, θh)divxv =

∫
Ω
R2
h : ∇xv+Rh : ∇2

xv,

with
∥∥R2

h

∥∥
L1(0,T ;L

γ
γ−1 (Ω;R3×3))

<∼ hβ and ‖Rh‖L2(0,T ;L2(Ω;R3×3))
<∼ hβ.
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Proof. Here we chose the test function ΠV
h [v] for our scheme. To show the convergence of

momentum, it is enough to show∑
Γ∈Eint

∫
Γ

1

h
JuhKJΠV

h [v]K =

∫
Ω
Rh : ∇2

xv, for ‖Rh‖
<∼ hβ, (24)

for some constant β > 0 as the following holds

2µ

∫
Ω

Dh(uh) : D(ΠV
h [v]) = 2µ

∫
Ω

Dh(uh) : D(v),

by virtue of (7) and the rest part has already been proved in [15, Section 6.2].
Using the fact that JvK ≡ 0 together with Hölder’s inequality, (8), and (12), we obtain∑

Γ∈Eint

∫
Γ

1

h
JuhKJΠV

h [v]K =
∑

Γ∈Eint

∫
Γ

1

h
JuhKJΠV

h [v]− vK ≤ ‖uh‖H1
V (E)‖ΠV

h [v]− v‖H1
V (E)

<∼ h‖∇huh‖L2‖∇2
xv‖L2 .

The consistency of temperature is shown through the renormalized equation (20) other than
the original scheme (15c), see [15, Section 6.3].

Lemma 6. [15, Section 6.3](Consistency of temperature)∫
Th
Dt

(
ρkhχ(θkh)

)
φ−

∫
Ω
ρkhχ(θkh)ukh · ∇xφ−

∫
Ω
Kχ(θkh)∆φ

=

∫
Ω

(
2µ|Dh(ukh)|2 + ν|divhu

k
h|2
)
χ′(θkh)φ−

∫
Ω
χ′(θkh)θkhρ

k
hdivhu

k
hφ+ 〈Dh, φ〉+ hβ

〈
R3
h, φ
〉
,

for some β > 0, for any φ ∈ C2(Ω̄) and Kχ is given by K′χ(θ) = χ′(θ)K′(θ) and χ belongs to the
class χ ∈W 2,∞[0,∞), χ′(θ) ≥ 0, χ′′(θ) ≤ 0, χ(θ) = const for all θ > θχ.

3.4 Convergence

We just briefly list the results that are necessary to prove the convergence. As the vast majority
of these results are identical with those presented in [15], we recommend the interested reader
to find details of the proofs in there or in references listed therein.

Elastic pressure estimates.
The uniform bound (23a) is not sufficient for passing to the limit in the elastic pressure

term, fortunately we can deduce a better integrability of density. To achieve this, one uses the
divergence inverse, called Bogovskii operator, that satisfies

B[r] ∈W 1,p
0 (Ω, R3), for r ∈ Lp(Ω),divxB[r] = r,

∫
Ω
r dx = 0, 1 < p <∞. (25)

Then we consider

φ = B
[
%h −

1

|Ω|

∫
Ω
%h dx

]
(26)

in the momentum consistency formulation (5) and shift all terms but the elastic pressure term
to the right hand side. Using (25) and our uniform estimates one can show that all these terms
are uniformly bounded, which implies

‖%h‖Lγ+1(0,T )×Ω
<∼ 1. (27)
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Weak sequential compactness, convective and thermal pressure terms.
From the uniform bounds (23a), (23d) and (23f) we deduce that (up to a subsequence)

%h → % weakly-* in L∞(0, T ;Lγ(Ω)) (28)

θh → θ weakly in Lp(0, T ;Lq(Ω)), p ∈ [1, 3), q ∈ [1, 9), (29)

uh → u weakly in L2(0, T ;L6(Ω, R3)). (30)

Next, from (11) and (23f) it follows that ‖ûh − uh‖L2(0,T ;L2(Ω,R3)) → 0, i.e. consequently

ûh → u weakly in L2(0, T ;L6(Ω, R3)), (31)

and also
∇huh → ∇xu weakly in L2(0, T ;L2(Ω, R3×3)). (32)

Moreover, one can deduce from renormalized scheme (19) that % ≥ 0 (see the detailed proof
in a slightly different setting in [22]) and setting φh ≡ 1 in (15a) together with the projection
of initial condition (17) yield∫

Ω
%(t, .)dx =

∫
Ω
%0dx, for a.a. t ∈ (0, T ). (33)

A consequence of (23c) is that

θ > 0 a.e. in (0, T )× Ω. (34)

Weak convergences itself do not guarantee convergence of the nonlinear terms in the form
of multiplication. These are treated using the discrete version of Aubin–Lions lemma, see [24,
Lemma 2.3], in the very same manner as in [15]. We get

%huh → %u weakly in L2(0, T ;L
6γ
γ+6 (Ω, R3)), (35)

%hûh ⊗ uh → %u⊗ u weakly in Lq((0, T )× Ω, R3×3) for some q > 1, (36)

%hχ(θh)→ %χ(θ)weakly-* in L∞(0, T ;Lγ(Ω)), (37)

%hχ(θh)uh → %χ(θ)u weakly in L2(0, T ;L
6γ
γ+6 (Ω, R3)), (38)

where χ is from Lemma 6 and f(%,u, θ) is the limit of f(%h,uh, θh) for h→ 0.
In the light of the just listed estimates, one may state the following convergence result for

the continuity and momentum scheme:

T∫
0

∫
Ω

[%∂tϕ+ %u · ∇xϕ] dxdt = −
∫

Ω
%0ϕ(0, .)dx, (39)

for any ϕ ∈ C1
c ([0, T ]× Ω) and

T∫
0

∫
Ω

[%u · ∂tϕ+ %u⊗ u : ∇xϕ+ %θdivxϕ+ a%γdivxϕ+ b%divxϕ] dxdt

=

T∫
0

∫
Ω

[2µDxu : Dxϕ+ λdivxudivxϕ] dxdt−
∫

Ω
%0u0 · ϕ(0, .)dx,

(40)
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for any ϕ ∈ C2([0, T ]× Ω).

Strong convergence of density.
To show that %γ = %γ , we need to prove that the sequence of numerical densities con-

verges strongly. This is performed using the so called effective viscous flux identity, a technique
developed by Lions, see [29].

Roughly speaking, inverse of divergence of the discrete density is as a test function in
momentum consistency formulation 5 while the inverse of divergence of the target density is
used for testing the equation (40). Comparing these two and using above deduced convergences
as well as a convexity argument, one deduces %h → % in L1((0, T )× Ω).

For the details of the proof, see [15, Section 7.3], where the only difference when applying
the proof to our scheme is the dissipation term that is treated as follows:

2µ

∫
Ω

Dhuh : Dxvdx = µ

∫
Ω

curlhuh · curlxvdx+ 2

∫
Ω

divhuhdivxvdx+ 2〈E ,v〉, (41)

where

〈E ,v〉 =

∫
Ω

(
∇huh : ∇Txv − divhuhdivxv

)
dx =

∑
E∈Eh

∫
∂E

(uh · ∇xv · n− uh · ndivxv) dSx,

(42)
compare (41) with [15, equation 7.28]. Notice that E is the same and thus its treatment can
be taken completely from [15]. The first equality of (41) is a consequence of the following
observation

2µDhuh : Dxv = µ(∇huh +∇Thuh)(∇hv +∇Txv) = µ(∇huh : ∇xv + 2µ∇huh : ∇Txv)

= µ∇huh : (∇xv −∇Txv) + 2µ∇huh : ∇Txv = µcurlhuh · curlxv + 2µ∇huh : ∇Txv.
(43)

Convergence of the temperature.
The last step of the proof is establishing strong (almost everywhere) pointwise convergence

of the density. This is performed in the very same way as in [15, Section 7.4] and is therefore
omitted.

4 Numerical experiments

To illustrate the performance of the schemes, we present two numerical experiments in 2D,
with the aim to show the numerical convergence rate and positivity of density. Due to the
implicit time discretization, we have no stability condition between a time step and a spatial
mesh parameter. On the other hand, we solve the nonlinear systems by fixed point iteration
method and we have to control the inner time substeps at each time step. Alternatively, one
can use the (quasi-)Newton method, which will relax the time step restriction.

4.1 Experiment 1

In this experiment we aim to show the convergence and accuracy of the schemes by a plane
Poiseulle flow

u =
(
U, 0

)T
, ρ = 1 +

1

2
sin
(
2π(x− Ut)

)
, θ = 1 +

1

2
sin(2πt) cos2(2πx) cos2(2πy),

with U = y(1 − y). The parameters are chosen in agreement with the assumptions in Section
1 by a = b = cv = µ = 1, λ = µ/3, γ = 4, α = 0.83, κ(θ) = 1 + θ2. For the boundary

12



Table 1: Error norms and EOC.

h ‖ρ‖L∞(Lγ) EOC ‖ρ‖L1(L1) EOC ‖u‖L2(L2) EOC ‖∇u‖L2(L2) EOC ‖θ‖L2(L6) EOC

1/32 2.31e-02 – 1.16e-02 – 3.27e-02 – 1.59e-01 – 3.63e-02 –
1/64 1.06e-02 1.12 5.04e-03 1.20 1.34e-02 1.29 7.95e-02 1.00 1.38e-02 1.40
1/128 5.10e-03 1.06 2.40e-03 1.07 5.87e-03 1.19 4.14e-02 0.94 5.61e-03 1.30
1/256 2.62e-03 0.96 1.25e-03 0.94 2.70e-03 1.12 2.22e-02 0.90 2.43e-03 1.21

(a) Scheme-SA.

h ‖ρ‖L∞(Lγ) EOC ‖ρ‖L1(L1) EOC ‖u‖L2(L2) EOC ‖∇u‖L2(L2) EOC ‖θ‖L2(L6) EOC

1/32 2.40e-02 – 1.25e-02 – 3.47e-02 – 4.10e-01 – 5.34e-02 –
1/64 1.08e-02 1.15 5.25e-03 1.25 1.38e-02 1.33 2.06e-01 0.99 1.65e-02 1.69
1/128 5.16e-03 1.07 2.45e-03 1.10 5.96e-03 1.21 1.04e-01 0.99 5.86e-03 1.49
1/256 2.63e-03 0.97 1.26e-03 0.96 2.72e-03 1.13 5.24e-02 0.99 2.42e-03 1.28

(b) Scheme-SB.

conditions we have no-slip insulated wall on the top and bottom boundaries while periodic in
horizontal direction. Table 1 presents the convergence results of the numerical solution to the
exact solution and these results are further presented in Figure 1. Clearly, the numerical results
support our main result Theorem 1. Moreover, the two schemes perform similar behaviour of
convergence.

(a) Scheme-SA (b) Scheme-SB

Figure 1: Relative errors of the numerical test
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4.2 Experiment 2

This experiment is a benchmark Riemann problem for checking the positivity preserving of the
scheme. The initial values are setting as

(ρ, u1, u2, p) =

{
(1,−2, 0, 0.4) if x ≤ 0.5,

(1, 2, 0, 0.4) else.

We have chosen the equation of state of a perfect gas p = ρθ with γ = 1.4, cv = 2.5, µ = 5×10−4,
λ = µ/3, κ(θ) = a = b = 0, α = 0.83. In this case, there are two rarefaction waves travelling
away from the center x = 0.5. Consequently, a vacuum area is generated. Then it is crucial
to preserve the positivity for the density approximated by the numerical scheme. We show
in Figure 2 the density ρ, pressure p, internal energy Θ, and velocity component u1 at time
t = 0.15 for both schemes. Clearly the two schemes show similar behaviour and the numerical
positivity is well preserved.
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(d) u1

Figure 2: result of Experiment 1 at time t = 0.15.
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