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1. Soup.

Guaranteed error bounds for
elliptic boundary value problems



Poisson problem @

“Au=f inQcR
u=0 on 0f2

Weak formulation:
veV: (Vu,Vv)=(f,v) VYveV
Finite element method:
up € Vi (Vup, Vvp) = (f,vy) VYvp €V
Notation:
» V= H}(Q)

> (u’ V):fQUVdX
> Vi={vp e V:wlke€ Pl(K)erﬁ}



Poisson problem @

“Au=f inQcR
u=0 on 0f2

Weak formulation:
veV: (Vu,Vv)=(f,v) YveV
Finite element method:

up € V- (Vuh,VVh) = (f, Vh) Yvp € V,

Error bound:
[Vu—Vup| <n



Guaranteed error bound

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 2

190 = Vunl < 1+ €)' (lla = Tunl? + 27+ dval?)
Vq € H(div, Q)

Note:
. d_ —1/2
«<2(2a)

where L; are lenghts of sides of a box containing 2.
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Guaranteed error bound

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 2

190 = Vunl < 1+ €)' (lla = Tunl? + 27+ dval?)
Vq € H(div, Q)

Proof. v e V
(Vu—Vup, Vv)=(f,v) = (Vup, Vv) + (q,Vv) + (divqg, v)
=(q— Vup, Vv) + (f +divq, v)

<lla=Vull[Vv]+ f +divall [v]



Guaranteed error bound

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 2

190 = Vunl < 1+ €)' (lla = Tunl? + 27+ dval?)
Vq € H(div, Q)

Proof. v e V

(Vu—Vup, Vv)=(f,v) = (Vup, Vv) + (q,Vv) + (divqg, v)
=(q— Vup, Vv) + (f +divq, v)
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Silf + divaly'2llv]

< lla = Vun[l[[Vv]| +



Guaranteed error bound w

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 2

190 = Vunl < 1+ ) (lla = unl? + 27+ dval?)
vq € H(div, Q)

Proof. v e V

(Vu—Vup, Vv)=(f,v) = (Vup, Vv) + (q,Vv) + (divqg, v)
=(q— Vup, Vv) + (f +divq, v)

1

Silf + divaly'2llv]

< lla = Vun[l[[Vv]| +

L 1

1 ) 2
< (la=Sunl+ 21+ aivalR) (1912 + 7 412)’
0 S~
< GEIVVP



Guaranteed error bound @

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 2

190 = Vunl < 1+ ) (lla = unl? + 27+ dval?)
vq € H(div, Q)

Proof. ve VvV, v=u-—u,

(Vu—Vup, Vv)=(f,v) = (Vup, Vv) + (q,Vv) + (divqg, v)
= (q— Vup, Vv) + (f +divq, v)

1

Silf + divaly'2llv]

< lla = Vun[l[[Vv]| +

1
1 _ 2 3
< (la=Vunl?+ 21 +aival)” (19012 +147)°

/

1
(1+G)2 Vv

L]



Guaranteed error bound

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 _ 2

190 = Vunl < 1+ €)' (lla = Tunl? + 27+ dval?)
Vq € H(div, Q)

Find qn € Wy, C H(div,Q) minimizing

1 .
lan — Vup|> + ;Hf + div gp?



Guaranteed error bound @

Theorem.
Let up € V, v >0, and Cg be the Friedrichs constant. Then

1
1 1 2

190 = Vunl < 1+ €)' (lla = Tunl? + 27+ dval?)
Vq € H(div, Q)

Find qn € Wy, C H(div,Q) minimizing
2 1 - 2
lan — Vus|® + ;Hf + div qp||
Equivalent to: Find q5 € Wy, such that

1 1
;(diV dn, divwy)+(qn, wp) = (VUh,Wh)—;(fydiVWh) Ywp, € Wy,



2. Main course.

| ehmann—Goerisch lower bound
on eigenvalues



Laplace eigenvalue problem

—Aup=Aup, inQCRY
u,=0 onoQ

Weak formulation: A\, € R, u, € V\ {0}:
(Vun, Vv) = A\p(up,v) Vvev
Finite element method: Ay, € R, up, € Vi \ {0} :
(Vunn, Vvi) = Ann(Unn, vi) Yvh € Vp
Guaranteed upper bound

>\n < >\h,n



Laplace eigenvalue problem

—Aup=Aup, inQCRY
u,=0 onoQ

Weak formulation: A\, € R, u, € V\ {0}:
(Vun, Vv) = A\p(up,v) Vvev
Finite element method: Ay, € R, up, € Vi \ {0} :
(Vunn, Vvi) = Ann(Unn, vi) Yvh € Vp
Can we have a lower bound?

? S)\n S)\h,n



Laplace eigenvalue problem

—Aup+yup = (An+7)up in QcRY, v >0
u, =0 on 99

Weak formulation: A\, € R, u, € V\ {0}:
(Vun, Vv) +~(up,v) = (An+7)(tn,v) Vvev
Finite element method: Ay, € R, up, € Vi \ {0} :
(Vupn, Vva) +v(unn, vi) = (Ann +7)(Unn, vh)  Yvp € Vi,
Can we have a lower bound?

? S)\n S)\h,n



Lehmann—Goerisch method @

Theorem (Lehmann—Goerisch)
Let p < Ayg1+7v, 7> 0
> Up1,Up2,...,Upn € V be linearly independent
> Aoj = (Vuni, Vupg) +(uni, upj)
> Avj = (Un,i, unj)
» 01,02,...,0n € H(div, Q) be arbitrary

/2\27,]- = (oi,0j) + §(uh,,- +dive;, upj+divo;)

> << <pn: (pAL— Ao)x = p(Ao — 2pA1 + pPAr)x

If Ag — 2pA;1 + p2A; is positive definite
then for all n=1,2,..., N such that u, > 0 we have

En:p—fy—l_i_pu < A
n

[Behnke, Mertins, Plum, Wieners 2000]



How to choose o;? m

A 1
Goerisch matrix: A jj = (0, 0)) + —(upi + divej, upj + divo))
Y
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A 1
Goerisch matrix: A jj = (0, 0)) + —(upi + divej, upj + divo))
Lehmann matrix: Az jj = (Vw;, Vw;j) + v(w;, wj)
where wi € Vi (Vw;, Vv) +v(w;,v) = (upj,v) YveV



How to choose o;? @

o 1
Goerisch matrix: A jj = (0, 0)) + —(upi + divej, upj + divo))
Lehmann matrix: Az jj = (Vw;, Vw;j) + v(w;, wj)
where wi € Vi (Vw;, Vv) +v(w;,v) = (upj,v) YveV

Vup i Up i
Note: (up;, v) = — v |+ v
(uis V) <)\h,i+7 > fy<)‘h,i+'7 )
Up. i

= Wi X :
YR




How to choose o;? @

o 1
Goerisch matrix: A jj = (0, 0)) + —(upi + divej, upj + divo))
7
Lehmann matrix: Az jj = (Vw;, Vw;j) + v(w;, wj)
where wi € Vi (Vw;, Vv) +v(w;,v) = (upj,v) YveV

o Up,i
Note: i ~ 7 ,
ote: (up,j, V) <)\h,i+7?v> +’Y<)\hi+7,V>

)

= W X Uhi
A
Ani +y
Observe - \
up i _ S
oi~Vw,~ —— and dive; ~yw; —up; & —
Anji +y Ani +



How to choose o;? @

o 1
Goerisch matrix: A jj = (0, 0)) + —(upi + divej, upj + divo))
Lehmann matrix: Az jj = (Vw;, Vw;j) + v(w;, wj)
where wi € Vi (Vw;, Vv) +v(w;,v) = (upj,v) YveV

Vup i Uh,i
Note: i, V)~ 7 ’
ote: (un,i, v) <>\h,i+7’v> +7</\h,i+77v>

= W R Hhi
YR
Observe v )
Upi N Up
oi~Vw; ~ L and  div O R YW — Upj R Z2hiThi
Ami+y Ahi+ 7y
Thus, we look for o, ; € H(div,2) such that
Vuni 17 1| Miuni 2
HO’&,’ — hyi H — ‘ kT + div Thi is small
Anji + 7 YA Anyi +y




3. Dessert.
Surprise.



Comparison

Boundary value problem:
Find q, € Wj, C H(div, Q) minimizing

1 .
lan — Vup|> + ;Hf + div gp?

Eigenvalue problem
Find o € Wy, C H(div, Q) minimizing

Vupi H2 1‘ Ah,ilp i . 2
Ohi— : — |~ +divoy;
H D YR Y Ani + :
Thus, if f = )\h7;uh7,- then
qh

Ohi=
T Api



Take home message @

The same flux reconstruction can be used for both
1. guaranteed upper bounds on error for boundary value problems

2. lower bounds of eigenvalues for eigenvalue problems
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