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Motivation



Turing instability

Reaction-diffusion system:

du

dt
= d1∆u + f (u, v)

dv

dt
= d2∆v + g(u, v)

Linearisation at (u0, v0):

du

dt
= d1∆u + A11u + A12v

dv

dt
= d2∆v + A21u + A22v

Homogeneous steady state:

f (u0, v0) = 0

g(u0, v0) = 0

Linearisation matrix:

A =

(
fu fv
gu gv

)
(u0, v0)

Turing instability occurs if solution (u0, v0) of linearisation is:

(a) stable with respect to spatially homogeneous disturbances

(b) unstable to spatial disturbances



Turing conditions

(a) (u0, v0) is stable w.r.t. spatially homogeneous disturbances
if
(T1) trA < 0
(T2) detA > 0

(b) (u0, v0) is unstable to spatial disturbances
if
∃k > 0 :: λk = 1

2

[
−bk +

√
b2k − 4hk

]
> 0 ⇔ hk < 0

where
bk = (d1 + d2)µk − trA
hk = d1d2µ

2
k − (d2fu + d1gv )µk + detA

µk . . . eigenvalue of Laplacian

Remark 1: (b) ⇒
(T3) d2fu + d1gv > 0
(T4) 4d1d2 detA < (d2fu + d1gv )2



Turing conditions

(a) (u0, v0) is stable w.r.t. spatially homogeneous disturbances
if
(T1) trA < 0
(T2) detA > 0

(b) (u0, v0) is unstable to spatial disturbances
if
∃k > 0 :: λk = 1

2

[
−bk +

√
b2k − 4hk

]
> 0 ⇔ hk < 0

where
bk = (d1 + d2)µk − trA
hk = d1d2µ

2
k − (d2fu + d1gv )µk + detA

µk . . . eigenvalue of Laplacian

Remark 2:
wk(x , t) = eλk tzk(x)Uk is an unstable solution of linearisation.

[A− µkD]Uk = λkUk



Schnakenberg model

2A + B
k1→ 3A ∅

k2,k3

 A ∅ k4→ B

Notation:
u, v . . . number of molecules of A,B

Reaction-diffusion system:

du

dt
= d1∆u + k1u

2v + k2 − k3u,

dv

dt
= d2∆v − k1u

2v + k4

Stationary state:

us =
k4 + k2

k3
, vs =

k4
k1u2s



Schnakenberg model – shifting the system

Shifted variables:
u = u + us , v = v + us

Shifted system:

du

dt
= d1∆u + αu + βv + f (u, v)

dv

dt
= d2∆v − γu − βv − f (u, v)

where

α = k3
k4 − k2
k4 + k2

, β =
k1
k23

(k4 + k2)2, γ =
2k3k4
k4 + k2

f (u, v) = k1u
2v + 2k1usuv + k1vsu

2



Schnakenberg – Turing conditions

α = k3
k4 − k2
k4 + k2

, β =
k1
k23

(k4 + k2)2, γ =
2k3k4
k4 + k2

Linearisation matrix:

A =

(
α β
−γ −β

)
Turing conditions:
(T1) trA = α− β < 0
(T2) detA = k1(k4 + k2)2/k3 > 0

(T3) d2α− d1β > 0 ⇔ d2
d1

>
β

α
> 1

(T4) 4d1d2 detA < (d2fu + d1gv )2



Schnakenberg – particular example

Ω = (0, 1)

k1 = 10−6, k2 = 1, k3 = 0.02, k4 = 2 [sec−1]
d1 = 10−5, d2 = 10−3 [mm2 sec−1]

Linearisation matrix:

A =
1

100

(
1 4
−3 −4

)
Turing conditions:
(T1) trA = −0.03 < 0
(T2) detA = 1/1250 > 0

(T3)
d2
d1

> 4 ⇔ d2 > 4d1 ⇔ 10−3 > 4× 10−5

(T4) d2 >
100d1

25− 8d1
⇔ 10−3 >

10−3

25− 8× 10−5
≈ 4× 10−5



Schnakenberg – deterministic

du

dt
= d1u

′′ + αu + βv + f (u, v) in (0, 1), u′(0) = u′(1) = 0

dv

dt
= d2v

′′ − γu − βv − f (u, v) in (0, 1), v ′(0) = v ′(1) = 0

0 0.2 0.4 0.6 0.8 1
0

100

200

300

400

500

600

x [mm]

n
u

m
b

e
r 

o
f 

A
 m

o
le

c
u

le
s

 

 

stationary solution

initial condition

0 0.2 0.4 0.6 0.8 1
0

20

40

60

80

100

x [mm]

n
u

m
b

e
r 

o
f 

B
 m

o
le

c
u

le
s

 

 

stationary solution

initial condition



Schnakenberg – stochastic (compartments)

2A + B
k1→ 3A ∅

k2,k3

 A ∅ k4→ B
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Schnakenberg – stochastic vs. deterministic
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Schnakenberg – dependence on initial cond.
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Schnakenberg – dependence on initial cond.
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Schnakenberg – sharper conditions
(b) (u0, v0) is unstable to spatial disturbances if ∃k > 0:

λk = 1
2

[
−bk +

√
b2k − 4hk

]
> 0 . . . dispersion relation

⇔

hk = d1d2µ
2
k − (d2fu + d1gv )µk + detA < 0 . . . hyperbolas

Solutions of linearization:

(
u
v

)
(x , t) = wk(x , t) = eλk tzk(x)Uk ,

where

−z ′′k = µkzk in (0, 1)
zk(0) = zk(1) = 0

}
⇔

{
zk = cos(kπx), k = 0, 1, 2, . . .
µk = k2π2

[A− µkD]Uk = λkUk , D =

(
d1 0
0 d2

)
General solution of linearization: w(x , t) =

∞∑
k=0

ckwk(x , t)



Schnakenberg

Hyperbolas Dispersion relation
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Schnakenberg – Laplace eigenmodes
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Schnakenberg – dependence on initial cond.
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Schnakenberg – dependence on initial cond.
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Schnakenberg – dependence on initial cond.
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Schnakenberg 2D – sharper conditions
(b) (u0, v0) is unstable to spatial disturbances if ∃k , ` > 0:

λk,` = 1
2

[
−bk,` +

√
b2k,` − 4hk,`

]
> 0 . . . dispersion relation

⇔

hk,` = d1d2µ
2
k,` − (d2fu + d1gv )µk,` + detA < 0 . . . hyperbolas

Solutions of linearization:

(
u
v

)
(x , t) = wk,`(x , t) = eλk,`tzk,`(x)Uk,`,

where Ω = (0, 1)2, k, ` = 0, 1, 2, . . .

−∆zk,` = µk,`zk,` in Ω
∂zk,`/∂n = 0 on ∂Ω

}
⇔

{
zk,` = cos(kπx) cos(`πx)
µk,` = (k2 + `2)π2

[A− µk,`D]Uk,` = λk,`Uk,`, D =

(
d1 0
0 d2

)
General solution of linearization: w(x , t) =

∞∑
k,`=0

ck,`wk,`(x , t)



Schnakenberg 2D

Laplace eigenmode:



Schnakenberg 2D

Hyperbolas Dispersion relation
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Schnakenberg 2D

Hyperbolas Dispersion relation
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Schnakenberg 2D – stationary state

Number of A molecules Number of B molecules



Summary

I General conditions for Turing instability

I Schnakenberg system in 1D – stochastically and
deterministically

I Schnakenberg system in 2D
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