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Guaranteed error bounds = OXFORD

To compute (approximate) solution is not sufficient.
We should provide an information about the error.

Can we provide
a guranteed upper bound?
Ju—upl <n

The sinking of the Sleipner A
offshore platform.

Babugka, Verfiirth, Ainsworth, Rannacher, Repin, . ..
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Complementary error estimates 0),43(0)23))
Poisson problem:
—Au=f inQ
u=0 on0Q
Upper bound:
|Vu = Vupll2(0) < lla = Vuallz) + Cellf +dival2q)

Yup € HY(Q) Vq € H(div, Q)



Complementary error estimates
Poisson problem:
—Au=f inQ
u=0 on 0

Upper bound:
IVu = Vupl[12(0) < lla— Vunllz@) + Crllf +divall2(q)
Yup € HY(Q) Vq € H(div, Q)
Proof. Let v = u — uy.
(Vu—Vup, Vv)=(f,v) = (Vup, Vv) + (q,Vv) + (divqg, v)
= (q— Vup, Vv) + (f +divq,v)

< lla = Vur[[ [Vv] +[If +diva] | v]
< lla = Vun[[ Vv + Cellf +dival [Vv]]
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Friedrichs inequality 0),43(0)23))

Ivlliz@) < GellVVvliz@) Vv € Hy()

Optimal constant:

Cr= sup Iviiiz@) 1 1
- - —
veri@) IV \/ Vg, VA

n
verl@) 1Vl

Laplace eigenvalue problem:
Find 0 # u; € H}(Q):  (Vu;, Vv) = M\i(uj,v) Vv € Hy(Q)

—Au,- = )\,‘U,‘ in Q
ui=0 on 902

Goal: Gp < G & Aow< )
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Outline OXFORD

1. Abstract theory

» Hilbert space setting
» Upper and lower bound on Ay

2. Application to
» Friedrichs inequality
> trace inequality

3. Numerical examples

» Friedrichs inequality
> trace inequality



1. Abstract theory



UNIVERSITY OF

Abstract setting 0),43(0)23))

» V., H Hilbert spaces

» ~v:V — H linear, continuous, compact

Eigenproblem: Find A; € R, u; € V, u; # 0 such that
(ui,v)v = Ai(yui, ) Vv eVv

Properties:

> A\;>0and vyu; #0



Abstract setting

» V., H Hilbert spaces

» ~v:V — H linear, continuous, compact

Eigenproblem: Find A; € R, u; € V, u; # 0 such that
(ui,v)v = Ai(yui, ) Vv eVv
Properties:

> (’yu,-,'yuj)H = (5,‘1' \V/I',j = 1,2,...
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Abstract setting

» V., H Hilbert spaces

» ~v:V — H linear, continuous, compact

Eigenproblem: Find A; € R, u; € V, u; # 0 such that
(ui,v)v = Ai(yui, ) Vv eVv

Properties:

» {Xi: Aj < M} is finite for all M > 0
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Abstract setting

» V., H Hilbert spaces

» ~v:V — H linear, continuous, compact
Eigenproblem: Find A; € R, u; € V, u; # 0 such that
(ui, v)v = Xi(yuisyv)n Vv eV
Properties:

>\ = ve{/n,t;éo [v]|3 /|lvv||3 is the smallest eigenvalue
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Abstract setting

» V., H Hilbert spaces

» ~v:V — H linear, continuous, compact

Eigenproblem: Find A; € R, u; € V, u; # 0 such that
(ui,v)v = Ai(yui, ) Vv eVv
Properties:

>\ = ve{/n,t;éo [v]|3 /|lvv||3 is the smallest eigenvalue

Theorem (abstract inequality):
There exists C, > 0 such that [|yv|y < C)|jv|lv Vv e V.

Moreover, C, = /\1_1/2 is optimal.
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Galerkin method — upper bound on A;

vhcv

Discrete eigenproblem:
Find A" € R, ul € V", ul # 0 such that

(uf V") = A (yuf vy W e vh

Theorem: A\ < )\f

Proof:
2

I o IVR
oAvev V]2, = opmeve VI, ~ 1

AL =
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Lower bound on \;

Theorem
> A\ € R, u, € V arbitrary, ||[yu.|lp =1
»weV: (w,v)y=(u,Vv)v — A(yue, W)y Yvev

AL — Ay Ai — A
A1 Ai

» Relative closeness: ‘ Vi=1,2,....

S ‘

» Abstract complementarity: ||w|y <A+ C,B, B< A\, C, =

=~
p

Then

1
X3 < A1, where X; = 5 (—A + \/A2 + 4\ — B)) :
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Lower bound on \;
Theorem

> A\ € R, u, € V arbitrary, ||[yu.|lp =1
»weV: (w,v)y=(u,Vv)v — A(yue, W)y Yvev
A1 — A Ai — A

A1 ‘ Ai

» Relative closeness: < Vi=1,2,....

» Abstract complementarity: ||w|y <A+ C,B, B< A\, C, =

=~
p

Then

1
X3 < A1, where X; = 5 (—A + \/A2 + 4\ — B)) :

Proof:
. Ai - A*
min [ 22| <yl

[Kuttler, Sigillito, 1978]
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Lower bound on \;

Theorem
> A\ € R, u, € V arbitrary, ||[yu.|lp =1
»weV: (w,v)y=(u,Vv)v — A(yue, W)y Yvev

AL — Ay Ai — A
A1 Ai

» Relative closeness: ‘ Vi=1,2,....

S ‘

» Abstract complementarity: ||w|y <A+ C,B, B< A\, C, =

=~
p

Then

1
X3 < A1, where X; = 5 (—A + \/A2 + 4\ — B)) :

Proof:
A =M min
A1 o

Ai — A

1

< lvw|lH
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Lower bound on \;

Theorem
> A\ € R, u, € V arbitrary, ||[yu.|lp =1
»weV: (w,v)y=(u,Vv)v — A(yue, W)y Yvev

AL — Ay Ai — A
A1 Ai

» Relative closeness: ‘ Vi=1,2,....

S ‘

» Abstract complementarity: ||w|y <A+ C,B, B< A\, C, =

=~
p

Then

1
X3 < A1, where X; = 5 (—A + \/A2 + 4\ — B)) :

Proof:
A — A1

< m Ai = A
A1 o

1

< ywllw < Gliwllv
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Lower bound on \;

Theorem
> A\ € R, u, € V arbitrary, ||[yu.|lp =1
»weV: (w,v)y=(u,Vv)v — A(yue, W)y Yvev

AL — Ay Ai — A
A1 Ai

» Relative closeness: ‘ Vi=1,2,....

S ‘

» Abstract complementarity: ||w|y <A+ C,B, B< A\, C, =

=~
p

Then

1
X3 < A1, where X; = 5 (—A + \/A2 + 4\ — B)) :

Proof:
A — A1

< m Ai = A
A1 o

1

1 1
<|ywln < Glwlly £ ——=A+ —B
< lwlln < Gllwlly < A+ 5
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Lower bound on \;
Theorem

> A\ € R, u, € V arbitrary, ||[yu.|lp =1
»weV: (w,v)y=(u,Vv)v — A(yue, W)y Yvev
A1 — A Ai — A

A1 ‘ Ai

» Relative closeness: < Vi=1,2,....

» Abstract complementarity: ||w|y <A+ C,B, B< A\, C, =

=~
p

Then

1
X3 < A1, where X; = 5 (—A + \/A2 + 4\ — B)) :

Proof:

)\* _Al . A,_A* 1
S min| T = ywllh < Gllwlv < SN

S 0<B-M+VMA+NM = VA1 X O

1
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Comment on relative closeness

It cannot be guaranteed unless lower bounds on A1 and \» are known.

Alow A A, AW Ay AGP
Observation:
o )\* _ )\low o )\low _ )\*
Di(AY) = Twl Dy (A5™) = 2)\#
1 2

IFAPY <A < A S APV < X < AP
= Dy (M%) < Dy(AY™) = relative closeness
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Comment on relative closeness

It cannot be guaranteed unless lower bounds on A1 and \» are known.

X2 M A A E A Ag AW
2
Observation:
o )\* _ )\low o )\low _ )\*
Di(AY) = Twl Dy (A5™) = 2)\#
1 2

IFAPY <A < A S APV < X < AP
= Dy (M%) < Dy(AY™) = relative closeness

Diagnostics:
)\* +/\11p
Dy =D (X3)  D=D; <22>

If Dy > D, = assumptions (probably) not satisfied
If D; <« Dy = good confidence in relative closeness
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2. Application of the abstract theory to specific cases.
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Application to Friedrichs inequality

T r
Ivllizgy < Cellvila Vv € Hi, () % °

> vz = a(v.v)

> a(u, v):/Q(Vu)T.AVvdx

Notation

> H}D(Q) ={veHYQ):v=0o0nTp}
Assumptions

> A€ [L®(Q)]9%9 symmetric

> ETA(X)E > Ml€)? VEERY, ae xeQ

» a(-,-) scalar product in H}D(Q)



Application to Friedrichs inequality

I r
IVll2@) < Celivlla ¥v € Hi () % 0
Setting

» V= H}D(Q), (u,v)v = a(u, v)

» H=12%(Q), (u,v)y=(u,v)
> v H#D () — L2(Q) identity mapping,
compact by Rellich theorem
Conclusions

» Cp = )\1_1/2, where A1 is the smallest eigenvalue of

ANi€eR, 0#u € H%D(Q) o a(uj,v) = Ni(ui,v) Vve H}D(Q)

— diV(AVU,‘) = )\,’U,‘ in Q
uy=0 onlp
Jui/on=0 only



Friedrichs inequality — complementarity

Notation:
» H(div,Q) = {q € [L2(Q)]9 : divg € L3(Q)}
> [lall% = (Ag,q) a norm in [L3(Q)]

Theorem: If

» M €R, woe HL(Q)

> wE H}D(Q) coa(w,v) = a(uy, v) — A(us,v) Vv e H}D(Q)
Then

Iwls < Vo — Atally +Ce | Ao, + divallz@y  Va € Wo,
A B

where Wo = {q € H(div,Q):q-n=0o0n Ny}




Choice of g € W (%;;) OXFORD

> A=A(q) =|[Vuf — Atq|a
B = B(q) = | \uf + div q||2(q)
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Choice of g € W
> A=A(q) = [Vu] — A 'q]a
B = B(q) = | \uf + div q||2(q)

» Best choice: q”*' = arg min{A(q) + CrB(q)}
qeWp
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Choice of g € W

> A=A(q) =|[Vuf — Atq|a
B = B(q) = | \uf + div q||2(q)

» Best choice: q”*' = arg min{A(q) + CrB(q)}
qeWp
> Practical: q" = argmin{(1 + 07 1)A%(q) + (1 + 0)(\]) "' B?(a)}
qewy

> Woh C Wy Raviart-Thomas finite element space
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Choice of g € W

> A=A(q) = V] — A q||4
B = B(q) = | \uf + div q||2(q)
best _ arg mm{A(q) + CFB(CI)}
qeWp

Practical: q" = argmin{(1 + 0" 1)A%(q) + (1 + 0)(\]) "' B?(a)}
qewy

v

Best choice: q

v

v

Woh C Wy Raviart-Thomas finite element space

v

Equivalent to
a" e Wl B(q",w") = Fw") wvw"e w}
where
B(q, w) = (divq, divw) LA (A q,w),

)\h
F(w) = Q(Vuh) (A?ufvdivw)
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Application to trace inequality OXFORD

IVlli2(ra) < Crlivlla Vv € HE (9) %FD

Setting measy_1 Ny >0

» V= H}D(Q), (u,v)v = a(u, v)

» H= L2(rN)7 (U, V)H = (U, V)FN
> 1 HE (R2) = L2(Tx) trace operator,
compact, see e.g. [Kufner, John, Fu&ik, 1977]

Conclusions
—1/2 . .
» Cr =)\ / , Wwhere Aj is the smallest eigenvalue of

Ai€R, 0#u € H%D(Q) : o a(uj,v) = ANi(uj, v)ry Vve H%D(Q)

—div(AVuyj)) =0 inQ
u; = 0 on FD
(‘)u,-/c?n = )\,’U,‘ on I'N



Trace inequality — complementarity

Iwll, < Aa) + CrB(a) Va € H(div, Q)

> A(q) = [Vue — A7 afa + Gelldivall 2
B(a) = [[Asue — - nll2(ry)

Variants
» A(Q) = |Vu. — A qlj4, Vg € H(div,Q), divg =0

> AQ) = [Vu. — A alla + Goll dival 2
Vq € H(div,Q), [,divqdx =0

. h .
> A(a) = [Vu. — A 'qlla + m” divql[2(q)
Vq € H(div,Q) : [, divgdx=0VK € Ty,
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3. Numerical examples



Example 1: Friedrichs inequality

1/2 55)
||VHL2 < CFHA VVHLZ(Q)
I_D FN
a 1
Ay = L e <o E
R2)Z U5 for xyxe > 0

v

uf e vh = {vh ¢ HE ,(Q): vk € PY(K), VK € T}
q" € W = {wy € Wp : wp, € [P?(K)]?, VK € Tp}
Adaptive algorithm

v

v



Example 1: Adaptive algorithm

AL T o
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Initial mesh 7

Galerkin approximation: \f € R, uf € Vh = Clov = (\[)~1/2
Find: q" € W

Upper bounds: G’ =1/X>

up __ ~low
e < Etor, where CSVg = (C;p 4 Clli‘ow)/2

avg
CF

StOp if ERgr, = =
Error indicators:

1+o h —~1.h L+0,\hh | 4 h
nk = o IVul — A7'q" |2« + N [A{uf +divg ||%2(K)
1

7. ldentify elements to refine (bulk criterion)
8. Refine T,
9. Go to 2.



Example 1: results
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il gov (o Erer  Npor
0.001 | 9.0086 9.0939 0.94% 4832
0.01 | 2.8697 2.8971 0.95% 5003
0.1]1.0035 1.0124 0.88% 7866
11]0.5693 05743 0.86% 4802

10 | 0.3173 0.3201 0.88% 7866
100 | 0.2870 0.2897 0.95% 5003
1000 | 0.2849 0.2876 0.94% 4832

Note: Cp = 4/(7V/5) ~ 0.5694 for 3 = 1.



a = 0.001 —— P a = 0.001 —e— FREL

'E 1 o Cl]ow 100 < - 'Dl
= F ~ — = Dy
£ 10
[}
z 107"
E 9
=
g
=
=8 107

10’ 10° 10° 10* 10" 10° 10° 10

degrees of freedom (Npor)

Lower and upper bound.

degrees of freedom (Npor)

Relative error and
heuristic indicators.
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Example 1: Adapted meshes 3 = 0.001

Adaptive step 8. Adaptive step 16 (final).



Example 2: Trace inequality

IVIiz(ry) < CrllAY2Vv| 2y Vv € HE ()

UNIVERSITY OF

a Clow (o Erer. Npor
0.001 | 17.8110 17.9760 0.92% 5523
0.01 | 5.6490 5.7047 0.98% 5418
0.1 | 1.8433 1.8593 0.86% 7775

1| 0.7963 0.8033 0.88% 5499

10 | 0.5829 05880 0.86% 7775
100 | 0.5649 0.5705 0.98% 5421
1000 | 0.5632 0.5685 0.92% 5523

Note: Cp = y/2/(mcoth7) ~ 0.7964 for 3 =1



n
~

nt
nN
N

n
o

Trace consta
NN
()] [o¢]

-
>

e
N

10' 10° 10° 10* 10" 10 10° 10"

degrees of freedom (Npor) degrees of freedom (Npor)

Lower and upper bound. Relative error and
heuristic indicators.
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Example 2: Adapted meshes & = 0.001

Adaptive step 8. Adaptive step 15 (final).
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Other approaches %’ OXFORD

Guaranteed lower bounds on eigenvalues:
» A priori-a posteriori inequalities [Kuttler, Sigillito, 1978]
» Analytic estimates — special cases [Mikhlin, 1986]

v

Nonconforming elements — asymptotic bounds
[Lin, Luo, Xie, Yang, Zhang, Andreev,. . .]

Nonconforming elements and postprocessing
[Carstensen, Gedicke 2013]

Method of intermediate problems [Fox, Rheinboldt 1996, .. .|

Inclusion theorems [Goerisch, He, Zimmermann, .. .|

v

v

v

v

Maxwell operator [Barrenechea, Boulton, Boussaid 2013]
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Conclusions 0).4:(0)23))

v

General method for two-sided bounds of principal eigenvalues

v

Straightforward applications
Guaranteed lower bound if

v

no round-off errors

all integrals evaluated exactly
domain Q represented exactly
relative closeness (crucial)

v

v

v

v

v

Guaranteed upper bound if
» exact solution of matrix eigenproblem

Outlook
» Local construction of q
» Convergence of the adaptive algorithm

> Nonlinear and nonsymmetric problems
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