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Laplace eigenvalue problem @

Classical formulation

—Au,- = )\,-u,- in Q
u=20 on 02

Countable sequence of eigenvalues
O<A <3<

Weak formulation
NER, 0#£u € Hi(Q): (Vui, Vv) = Ni(ui,v) Vv € HY(Q)

Finite element method
Vi, = {vi, € H3(Q) : vilk € P1(K), VK € Tp}
/\h,i € R, 0 75 Up,i € Vh : (Vuhﬂ',VVh) = /\h,i(uh,i’ V/-,) Vvh S Vh

Upper bound: Ai <MNpiy 1=1,2,...,dimV,



Laplace eigenvalue problem @

Classical formulation

—Au,- = )\,-u,- in Q
u=20 on 02

Countable sequence of eigenvalues
O<A <3<

Weak formulation
NER, 0#£u € Hi(Q): (Vui, Vv) = Ni(ui,v) Vv € HY(Q)

Finite element method
Vi, = {vi, € H3(Q) : vilk € P1(K), VK € Tp}
/\h,i € R, 0 75 Up,i € Vh : (Vuhﬂ',VVh) = /\h,i(uh,i’ V/-,) Vvh S Vh

Lower bound: TN S Ay, i=1,2,...,dimV,



Example — dumbbell
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[Trefethen, Betcke 2006]




Example — dumbbell @

—AU,’ = )\,-u; in Q
u=0 on 00

1.9 1.95 2 T 205

A1 ~ 2.02280 A2 /= 2.02481
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
119 1'|95 — 2 2.65

A2 ~ 2.02481

A1~ 2.02280
X2 ~ 1.97967

A1 ~ 1.97588
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
. T -

Mo ~ 2.02481
Ao ~ 1.97967
Ao ~ 1.96644

A1 ~ 2.02280
A1 ~ 1.97588
A1 ~ 1.96196
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Example — dumbbell

—AU,’ = )\,'U,' in Q L
u=0 on 00 N = 19456
1.9 1.95 2 2.05
A1 ~ 2.02280 A2 =2 2.02481
A1 ~ 1.97588 A2 = 1.97967
A1~ 1.96196 A2 == 1.96644
A1 ~ 1.95777 A2 ~ 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 1.95 2 2.05

A1 =~ 2.02280 Ao = 2.02481

A1 ~ 1.97588 A2 =~ 1.97967

A1 ~ 1.96196 Ao &~ 1.96644

A1~ 1.95777 Ao &~ 1.96251

A1 &~ 1.95646 A2 &~ 1.96129



Example — dumbbell @

19 1.95 2 2.05




Example — dumbbell

1.9 1.95 i 2 2.05

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
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Example — dumbbell

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
1.95174 < A1 <1.96196 1.95694 < A\, < 1.96644




Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=20 on 90f2 Niri = 19456 _
1.9 1.05 > 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < X\, < 1.96644
1.95944 < A, < 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 195 2 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777
1.95532 < \; < 1.95646

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < A\p < 1.96644
1.95944 < A, < 1.96251
1.96025 < \p < 1.96129



Example: Square @
A1 =2, ui(x,y) = sin(x)sin(y)

0.8
0.6
0.4
0.2

A =5, uz(x, y) = sin(2x)sin(y)

-0.2
04
WM-os
A3 =5, u3(x, y) = sin(x)sin(2y) 038




Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8



Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4



Example: Dumbbell @
A1 ~ 1.9556 Ao &~ 1.9605

Mg =~ 4.8288 A3 =~ 4.7996

s ~ 4.9960 Mg ~ 4.9960 | IS




Lower bounds on eigenvalues

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,

Many results: Hehu Xie, Qun Lin, Jun Hu, Xuefeng Liu, Yidu
Yang, Zhimin Zhang, Fubiao Lin, C. Carstensen, J. Gedicke, D.
Galistl, G. Barrenechea, M. Plum, J.R. Kuttler, V.G. Sigillito, Y.A.
Kuznetsov, S.I. Repin, H. Behnke, F. Goerisch, M.G. Armentano,
R.G. Duran, L. Grubisi¢, ... many others



Weinstein's and Kato's bounds @
Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:

Auj = A\juj

Setting:
» V ... Hilbert space
» A:D(A) — V linear, symmetric operator
» {u;j} form ON basis in V
»0< A < <3<



Weinstein's and Kato's bounds
Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:
Au; = \ju;

Theorem 1 (Weinstein 1937):

Let u, € D(A)\ {0} and A, € R be arbitrary.
Let § = [|Aux — Awu|| /]t ]]-
Then there exists A\; such that A, — 0 < \; < A\, + 4.



Weinstein's and Kato's bounds

Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:
Auj = A\juj

Theorem 1 (Weinstein 1937):

Let u, € D(A)\ {0} and A, € R be arbitrary.

Let 0 = ||Aux — Awusl| /]| usl-

Then there exists A\; such that A, — 0 < \; < A\, + 4.

Theorem 2 (Kato 1949):
Let u, € D(A) \ {0} be arbitrary and A\, = (Auy, us) /{us, uy).
Let 6 = ||Aux — Acuy]|/||us|| and p, v € R satisfy

Aic1 Sp <A <v<Ay1 forsome .
2 62

<A < A .
v—>A T T +)\*—u

Then A\ —



Proof of Theorem 1 @

Theorem 1 (Weinstein 1937):

Let u, € D(A) \ {0} and A, € R be arbitrary.
Let 0 = ||Aux — Asusl| /]| usl-
Then there exists A; such that A\, — d < \; < A\, + 9.

Proof: ||Aux — Atie]]? = 3 (Aus — At uj)?

j=1
oo
= Zl N = Al (e, 1j)? > mjin A = Al 2
J:
Thus,

|Au. — Acul| B

5
[

’)\,‘ — )\*‘ = mjin ’)\j — )\*| S



Proof of Theorem 2 @

Theorem 2 (Kato 1949):
Let u, € D(A) \ {0} be arbitrary and A\ = (Au, us)/{us, uy).
Let 6 = ||Aux — Aty /|| us]| and p, v € R satisfy

Aic1 S p <A <v<Ay1 forsomei.
2 62

<A < A+ .
v — A x [

Proof: We have (\; — \j)(A\j —v) >0 forall j=1,2,....

Then A\ —

0 <Y (=N =) (s u))® = D (A =(NAV) N+ AW) (e, 1)) =
Jj=1 j=1

A2 = (A ) (A, ) A A [ = (8 4 X2 = (7 + DA+ Aw) [l

because ||Au,||? = (62 + A2)||u.|]?. -



Weak form — general setting

Eigenvalue problem: Find u; € V'\ {0} and \; € R:

a(uj, v) = \ib(uj,v) VYve V.

Properties:
»0< A< A<
> b(u,-, Uj) = 6’]

> IvIE = 32720 [b(v, w)?
> VI = 32720 Ajlb(v, uj)?



Weinstein's bound in the weak form @
Theorem 3: Let u, € V' \ {0} and A, € R be arbitrary and w € V
be given by

a(w,v) = a(us,v) — Aub(uy,v) Vv e V.

Then ) )
min Ml
TN Sl
Proof:

oo 2
a(w, u;

\WH2 E Ajlb(w, uj)|* = E 7| ( )\'J)|
= \j

o0
|au*,u) Ab(uy, uj)] |)\—)\]
_Z ! )\J J Z *7UJ)|

j=1
Thus,

>\
|wl? > m|n i Z |b(uy, uj)|



Weinstein's bound in the weak form

Corollary: If
VAN < A < VA
and
[wlla<n
then
i < A,
1 2
o 2
where E,‘ = m <_77 + 772 + 4>\*”“*Hb) :
Proof: Clearly,
M = min A — >‘*‘2 < [wl|3 7
Ai j Ao T el T el

and solve for );.

Y



Kato's bound in the weak form

Theorem 4: Let u, € V' \ {0} be arbitrary and let
As = ||ux]|2/|lus||?. Let there be v € R such that

Aic1 < A < v < Ajgpa
for a fixed index i. Let ||w|[; <n. Then
L < )\iv

where

v n? -t
L; = X <1 + > .
(v =) w2



Complementary upper bound on the residual @

Theorem 5: Let q € H(div, Q) be such that —divq = \.u, then
IVwW(2@@) <1 = [Vux —all2(0)-
Proof: Let v € H}(S), then
a(w,v) = (Vu, Vv) — A\i(uy, v) — (divg, v) — (q, Vv)

= (Vu, —q,Vv) — (\us +divg, v)
< [Vu. —ql[[ V]|

O
[Braess 2007]



Flux reconstruction @

» FEM eigenpairs: Ap; € R, up; € Vp, ||Uh7,’HL2(Q) =1,i=1,2,...,m

» Flux reconstruction: qp; = Z qz,i [Braess, Schéberl 2006]
ZGN},
» Local mixed FEM: q,; € W,, d,; € P;(72)

(Qz,is Wh)w, — (dziy divwp)e, = (V2 Vup i, Wh)w, Yw, € W,
*(le qz,l'a SDh)wz = (rZ,i7 SOh)Wz \V/SDh € P:?-((’];)

where

v

w is the patch of elements around vertex z € NV,

T, is the set of elements in w,

W, = {wp, € H(div,w,) : wy|x € RT1(K) VK € T,

and  wp-n,, =0on ety
. {vh € Pi(Tz) : [, vadx =0} for z € Njy\ 0Q
Pi(T2) = \
P1(T;) forz e N,NoQ
ry,i = Npitzup i — Vi, - Vup

v

v

v

v



Flux reconstruction @

» FEM eigenpairs: Ap; € R, up; € Vp, ||Uh7,’HL2(Q) =1,i=1,2,...,m

» Flux reconstruction: qp; = Z qz,i [Braess, Schéberl 2006]
ZGN},
» Local mixed FEM: q,; € W,, d,; € P;(72)

(Qz,is Wh)w, — (dziy divwp)e, = (V2 Vup i, Wh)w, Yw, € W,
*(le qZ,I'a SDh)wz = (rZ,i7 soh)wz \V/SD[-, € Pik(7;)

v

Error estimator: n; = |[Vup; — an,ill2(q)

2
Weinstein's bound: ¢; = (—77,- + 77,-2 + 4/\h,i> /4

provided /\h,i < \/)\,')\,'+1.

-1
v
Kato's bound:  Lj =Ap; |1+ —Fn?
ato's boun h, < —i—/\h’i(y_/\h’i)n,)

provided /\h,i <v< )\i+1-

v

v



Example: Dumbbell — convergence @
—Au; = A\ju;  in Q = dumbbell
u=20 on 00

Adaptively refined meshes:




Example: Dumbbell — convergence

Spectrum:
Ao Aadadadg As
# 1 1 - 1 1 1
2 3 4 . 5 B, 7 8
A oy oo T A Ag
—+ 1 L i :
Eigenvalue enclosure sizes:
A1: enclosure size Ag: enclosure size
10° 10°}
S o
‘» 10 ‘» 10
o o
> _. > _
2107 810”
o [$]
&, 3 T, 3
10 7 10
- Weinstein —& Weinstein
_4f&-Kato v =1, _4f|"&-Kato v =13
10 —)(—Katq v = Lz‘ ‘ ‘ 5 10 ’—X—Katg v = L3‘ ‘ ‘ N
10" 10°  10°__10* 10° 10° 10'  10°  10° __10*  10° 10
NDOF NDOF



Example: Dumbbell — convergence

Spectrum:
Ay AsAAoAg As
i : : A : : ::
2 3 4. 5 6 7 8
RO Dy N e As Ao
=~ : —— 5

Eigenvalue enclosure sizes:
A3: enclosure size

10° 10°}
8, D,
‘» 10 > 10
p o
3 >
2107 210
o o
&, &, 3
10°¢ 10
- Weinstein —& Weinstein
_4f|&-Kato v =14 _4f|&-Kato v =15
10 —)(—Katq V= L,1‘ ‘ ‘ E 10 ’—X—Katg V= L;,‘ ‘ ‘
10" 10°  10° __10*  10°  10° 10" 10°  10° __10*  10° 10
NDOF NDOF



Example: Dumbbell — convergence

Spectrum:
Ay AsAAoAg As
i : : A : : ::
2 3 4. 5 6 7 8
RO Dy N e As Ao
=~ : —— 5

Eigenvalue enclosure sizes:
A5 enclosure size

10° 10°}
(S D,
‘» 10 ‘» 10
p o
3 ]
2107 210
o [$]
&, &, 3
10°¢ 10
- Weinstein —& Weinstein
_4f|"&-Kato v = (g _4f|"&-Kato v = {7
10 —Kato v = Lg| ‘ ‘ E 10 floeKatorv = Ly ‘ ‘
10" 10°  10° __10*  10°  10° 10" 10°  10° __10*  10°  10°
NDOF NDOF



Closeness condition

Test if

Apj < AJAPEIAPESE < /NN,

=0
best v=Li1 V:L:‘V+1 2
where A7 = max< ¢;, L; ,L;

best lower bound

upper bound

best y best
\ATTANT = Ani

Y

A7
A6
As
A4
A3

A2
A1

L

7 = 7.94671
Le=" = 4.99667
(5 = 4.97426
L5~ = 4.82639

V:LV:€5
3% =4.78059
L5=5 = 1.96067
{1 = 1.94982

An7 = 7.98716
Ahs = 4.99695
Ans = 4.99693
Ana = 4.82999
Ap3 = 4.80086
Ap2 = 1.96070
Ap1 = 1.95581

1.3044
-0.0115
0.0698

0.0026
1.1009
-0.0006



Conclusions

v

Good for general symmetric elliptic operators.

v

Mixed boundary conditions (e.g. Steklov problem).

v

Standard conforming finite element technology.

v

Natural for adaptive refinement.

v

A priori information on spectrum needed.
» Weinstein — robust, but less accurate.

» Kato — accurate if the spectral gap is large.

Open problems:
» Kato's bound is not suitable for multiple eigenvalues.

» Does exists k > Npor such that |b(up i, uk)| > &, where
& > 0 is explicitly given?

> Are there rough lower bounds on )\;, which are based on i?
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