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Lower bounds on eigenvalues

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,
. . .

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
C. Carstensen, R.G. Duran, D. Galistl, J. Gedicke, F. Goerisch,
L. Grubǐsić, Jun Hu, J.R. Kuttler, Y.A. Kuznetsov, Fubiao Lin,
Qun Lin, Xuefeng Liu, M. Plum, S.I. Repin, V.G. Sigillito,
Hehu Xie, Yidu Yang, Zhimin Zhang, . . .many others



Weinstein’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Setting:

I V . . . Hilbert space

I A : D(A)→ V linear, symmetric operator

I {ui} form ON basis in V

I 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·
Properties:

I ‖v‖2 =
∑∞

j=1〈v , uj〉2

I 〈Av , v〉 =
∑∞

j=1 λj〈v , uj〉2

I ‖Av‖2 =
∑∞

j=1 λ
2
j 〈v , uj〉2



Weinstein’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Theorem 1 (Weinstein 1937):
Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.
Let ε = ‖Au∗ − λ∗u∗‖/‖u∗‖.
Then there exists λn such that λ∗ − ε ≤ λn ≤ λ∗ + ε.



Weinstein’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Theorem 1 (Weinstein 1937):
Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.
Let ε = ‖Au∗ − λ∗u∗‖/‖u∗‖.
Then there exists λn such that λ∗ − ε ≤ λn ≤ λ∗ + ε.

Proof: ‖Au∗ − λ∗u∗‖2 =
∞∑
j=1
〈Au∗ − λ∗u∗, uj〉2

=
∞∑
j=1
|λj − λ∗|2〈u∗, uj〉2 ≥ min

j
|λj − λ∗|2‖u∗‖2

Thus,

|λn − λ∗| = min
j
|λj − λ∗| ≤

‖Au∗ − λ∗u∗‖
‖u∗‖

= ε



Kato’s bounds

Theorem 2 (Kato 1949): Let u∗ ∈ D(A) \ {0} be arbitrary and
λ∗ = 〈Au∗, u∗〉/〈u∗, u∗〉.
Let ε = ‖Au∗ − λ∗u∗‖/‖u∗‖ and ν ∈ R satisfy

λn−1 ≤ λ∗ < ν ≤ λn+1 for some n.

Then λ∗ −
ε2

ν − λ∗
≤ λn.



Kato’s bounds

Theorem 2 (Kato 1949): Let u∗ ∈ D(A) \ {0} be arbitrary and
λ∗ = 〈Au∗, u∗〉/〈u∗, u∗〉.
Let ε = ‖Au∗ − λ∗u∗‖/‖u∗‖ and ν ∈ R satisfy

λn−1 ≤ λ∗ < ν ≤ λn+1 for some n.

Then λ∗ −
ε2

ν − λ∗
≤ λn.

Proof: We have (λj − λn)(λj − ν) ≥ 0 for all j = 1, 2, . . . .

0 ≤
∞∑
j=1

(λj−λn)(λj−ν)〈u∗, uj〉2 =
∞∑
j=1

(λ2
j−(λn+ν)λj+λnν)〈u∗, uj〉2 =

‖Au∗‖2−(λn+ν)〈Au∗, u∗〉+λnν‖u∗‖2 =
(
ε2 + λ2

∗ − (λn + ν)λ∗ + λnν
)
‖u∗‖2

because ‖Au∗‖2 = (ε2 + λ2
∗)‖u∗‖2 and 〈Au∗, u∗〉 = λ∗‖u∗‖2.



Kato’s bound for multiple eigenvalues
Theorem 3 (Kato 1949):

I Let 1 ≤ n ≤ s.

I Let V∗ ⊂ V , dimV∗ = s−n+ 1 and u∗,i ∈ V∗, λ∗,i ∈ R satisfy

〈Au∗,i , v∗〉 = λ∗,i 〈u∗,i , v∗〉 ∀v∗ ∈ V∗, ‖u∗,i‖ = 1, i = n, . . . , s.

I Let λs−1 ≤ λ∗,s < ν ≤ λs+1.

I Let µmax > 0 be the maximal eigenvalues of Evk = µkUvk ,
where Eij = 〈Au∗,i − λ∗,iu∗,i ,Au∗,j − λ∗,ju∗,j〉 and
U = diag(ν − λ∗,n, . . . , ν − λ∗,s).

Then λ∗,n − µmax ≤ λn.

Corollary: If εi = ‖Au∗,i − λ∗,iu∗,i‖ then

λ∗,n −
s∑

i=n

ε2
i

ν − λ∗,i
≤ λn.



Weak form – general setting

Eigenvalue problem: Find ui ∈ V \ {0} and λi ∈ R:

a(ui , v) = λib(ui , v) ∀v ∈ V .

Properties:

I 0 < λ1 ≤ λ2 ≤ · · ·
I b(ui , uj) = δij
I ‖v‖2

b =
∑∞

j=1 |b(v , uj)|2

I ‖v‖2
a =

∑∞
j=1 λj |b(v , uj)|2



Weinstein’s bound in the weak form
Theorem 4: Let u∗ ∈ V \ {0} and λ∗ ∈ R be arbitrary and w ∈ V
be given by

a(w , v) = a(u∗, v)− λ∗b(u∗, v) ∀v ∈ V .

Then

min
j

|λj − λ∗|2

λj
≤ ‖w‖

2
a

‖u∗‖2
b

.

Proof:

‖w‖2
a =

∞∑
j=1

λj |b(w , uj)|2 =
∞∑
j=1

|a(w , uj)|2

λj

=
∞∑
j=1

|a(u∗, uj)− λ∗b(u∗, uj)|2

λj
=
∞∑
j=1

|λj − λ∗|2

λj
|b(u∗, uj)|2

Thus,

‖w‖2
a ≥ min

j

|λj − λ∗|2

λj

∞∑
j=1

|b(u∗, uj)|2



Weinstein’s bound in the weak form

Corollary 2: If √
λn−1λn ≤ λ∗ ≤

√
λnλn+1

and
‖w‖a ≤ η

then
`n ≤ λn,

where `n =
1

4‖u∗‖2
b

(
−η +

√
η2 + 4λ∗‖u∗‖2

b

)2

.

Proof: Clearly,

(λn − λ∗)2

λn
= min

j

|λj − λ∗|2

λj
≤ ‖w‖

2
a

‖u∗‖2
b

≤ η2

‖u∗‖2
b

and solve for λn.



Kato’s bound in the weak form

Theorem 5: Let u∗ ∈ V \ {0} be arbitrary and let
λ∗ = ‖u∗‖2

a/‖u∗‖2
b. Let there be ν ∈ R such that

λn−1 ≤ λ∗ < ν ≤ λn+1

for a fixed index n. Let ‖w‖a ≤ η. Then

Ln ≤ λn,

where

Ln = λ∗

(
1 +

ν

λ∗(ν − λ∗)
η2

‖u∗‖2
b

)−1

.



. . . for multiple eigenvalues

Theorem 6:

I Let 0 < n ≤ s.

I Let V∗ ⊂ V , dimV∗ = s − n + 1, and

I λ∗,i > 0, u∗,i ∈ V∗, ‖u∗,i‖b = 1, i = n, . . . , s, satisfy

a(u∗,i , v∗) = λ∗,ib(u∗,i , v∗) ∀v∗ ∈ V∗,

I Let λs−1 ≤ λ∗,s < ν ≤ λs+1.

I Let wi ∈ V be given by

a(wi , v) = a(u∗,i , v)− λ∗,ib(u∗,i , v) ∀v ∈ V

and let ‖wi‖a ≤ ηi for all i = n, . . . , s.

Then Ln ≤ λn, where Ln = λ∗,n

(
1 + νλ∗,n

s∑
i=n

η2
i

λ2
∗,i (ν − λ∗,i )

)−1

.



Complementary upper bound on the residual
Theorem 7: Let V = H1

0 (Ω), a(u, v) = (∇u,∇v), and
b(u, v) = (u, v). Let w ∈ V satisfy

a(w , v) = a(u∗, v)− λ∗b(u∗, v) ∀v ∈ V .

Let q ∈ H(div,Ω) be such that − div q = λ∗u∗ then

‖∇w‖L2(Ω) ≤ η = ‖∇u∗ − q‖L2(Ω).

Proof: Let v ∈ H1
0 (Ω), then

a(w , v) = (∇u∗,∇v)− λ∗(u∗, v)− (div q, v)− (q,∇v)

= (∇u∗ − q,∇v)− (λ∗u∗ + div q, v)

≤ ‖∇u∗ − q‖‖∇v‖

[Synge 1957], [Haslinger, Hlaváček 1976], [Kř́ıžek, Hlaváček 1984],

[Neittaanmäki, Repin 2004], [Braess 2007], . . .



Flux reconstruction

I FEM eigenpairs: Λh,n ∈ R, uh,n ∈ Vh, ‖uh,n‖L2(Ω) = 1, n = 1, . . . , s

I Flux reconstruction: qh,n =
∑
z∈Nh

qz,n [Braess, Schöberl 2006]

I Local mixed FEM: qz,n ∈Wz, dz,n ∈ P∗1 (Tz)

(qz,n,wh)ωz − (dz,n, divwh)ωz = (ψz∇uh,n,wh)ωz ∀wh ∈Wz

−(div qz,n, ϕh)ωz = (rz,n, ϕh)ωz ∀ϕh ∈ P∗1 (Tz)

where

I ωz is the patch of elements around vertex z ∈ Nh

I Tz is the set of elements in ωz

I Wz = {wh ∈ H(div, ωz) : wh|K ∈ RT1(K ) ∀K ∈ Tz
and wh · nωz = 0 on Γext

ωz

}
I P∗1 (Tz) =

{
{vh ∈ P1(Tz) :

∫
ωz

vh dx = 0} for z ∈ Nh \ ∂Ω

P1(Tz) for z ∈ Nh ∩ ∂Ω
I rz,n = Λh,nψzuh,n −∇ψz · ∇uh,n

I Error estimator: ηn = ‖∇uh,n − qh,n‖L2(Ω)

I Weinstein’s bound: `n =

(
−ηn +

√
η2
n + 4Λh,n

)2

/4

provided Λh,n ≤
√
λnλn+1.

I Kato’s bound: Ln = Λh,n

(
1 + νΛh,n

s∑
i=n

η2
i

Λ2
h,i (ν − Λh,i )

)−1

provided Λh,s < ν ≤ λs+1.



Flux reconstruction

I FEM eigenpairs: Λh,n ∈ R, uh,n ∈ Vh, ‖uh,n‖L2(Ω) = 1, n = 1, . . . , s

I Flux reconstruction: qh,n =
∑
z∈Nh

qz,n [Braess, Schöberl 2006]
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Guaranteed ν by homotopy method [Plum 1990, 1991]

−∆ui = λiui in Ω

ui = 0 on ∂Ω

I Let Ω = Ω(m) ⊂ Ω(m−1) ⊂ · · · ⊂ Ω(1) ⊂ Ω(0).

I Let exact eigenvalues are known on Ω(0).

I Courant minimax principle ⇒ λ
(k−1)
n ≤ λ(k)

n , k = 1, 2, . . . ,m.

Example:

Ω(0) Ω(1) Ω(2) Ω(3) Ω(4)

λ
(0)
11

.
= 8.938 ν = λ

(0)
11

L
(1)
10

.
= 8.185

ν = L
(1)
10

L
(2)
8

.
= 7.399

ν = L
(2)
8

L
(3)
7

.
= 7.080

ν = L
(3)
7



Example: Dumbbell – convergence

−∆ui = λiui in Ω = dumbbell

ui = 0 on ∂Ω

Adaptively refined meshes:



Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8

λ1λ2 λ3λ4 λ5λ6 λ7 λ8



Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8

λ1λ2 λ3λ4 λ5λ6 λ7 λ8

λ1 λ2

200×



Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8

λ1λ2 λ3λ4 λ5λ6 λ7 λ8

λ3 λ4

200×



Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8

λ1λ2 λ3λ4 λ5λ6 λ7 λ8

λ5 λ6

2000×



Example: Dumbbell – convergence

Spectrum:
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Weinstein
Kato ν = ℓ2
Kato mult. ν = ℓ7
Kato homotopy
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Weinstein
Kato ν = ℓ3
Kato mult. ν = ℓ7
Kato homotopy
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Weinstein
Kato ν = ℓ4
Kato mult. ν = ℓ7
Kato homotopy

10
1

10
2

10
3

10
4

10
5

10
6

10
−4

10
−3

10
−2

10
−1

10
0

1

0.5

1

1

NDOF

e
n

c
lo

s
u

re
 s

iz
e

λ4: enclosure size

 

 

Weinstein
Kato ν = ℓ5
Kato mult. ν = ℓ7
Kato homotopy
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Weinstein
Kato ν = ℓ6
Kato mult. ν = ℓ7
Kato homotopy

10
1

10
2

10
3

10
4

10
5

10
6

10
−4

10
−3

10
−2

10
−1

10
0

1

0.5

1

1

NDOF

e
n

c
lo

s
u

re
 s

iz
e

λ6: enclosure size

 

 

Weinstein
Kato ν = ℓ7
Kato mult. ν = ℓ7
Kato homotopy



Conclusions

I Good for general symmetric elliptic second-order operators.

I Mixed boundary conditions (e.g. Steklov problem).

I Standard conforming finite element technology.

I Natural for adaptive mesh refinement.

I A priori information on spectrum needed.

I Combination of both Weinstein’s and Kato’s bound is useful.

I Homotopy method enables a guaranteed choice of ν.
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