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Outline
Model problem

—AU,’ = )\,-u,' in Q
u=20 on 0f2

Lower bounds on eigenvalues:
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Goal

Solve problems
» reliably — with guaranteed accuracy

» efficiently — as fast as possible
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Example — dumbbell

INE

—AU,’ = )\,-u,- in Q ™
ui=20 on 092 —

[Trefethen, Betcke 2006]



Example — dumbbell @

—AU,’ = )\,-u; in Q
u=0 on 00

1.9 1.95 2 T 205

A1 ~ 2.02280 A2 /= 2.02481
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
119 1'|95 — 2 2.65

A2 ~ 2.02481

A1~ 2.02280
X2 ~ 1.97967

A1 ~ 1.97588

O

7

J A




Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
. T -

Mo ~ 2.02481
Ao ~ 1.97967
Ao ~ 1.96644

A1 ~ 2.02280
A1 ~ 1.97588
A1 ~ 1.96196
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Example — dumbbell

—AU,’ = )\,'U,' in Q L
u=0 on 00 N = 19456
1.9 1.95 2 2.05
A1 ~ 2.02280 A2 =2 2.02481
A1 ~ 1.97588 A2 = 1.97967
A1~ 1.96196 A2 == 1.96644
A1 ~ 1.95777 A2 ~ 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 1.95 2 2.05

A1 =~ 2.02280 Ao = 2.02481

A1 ~ 1.97588 A2 =~ 1.97967

A1 ~ 1.96196 Ao &~ 1.96644

A1~ 1.95777 Ao &~ 1.96251

A1 &~ 1.95646 A2 &~ 1.96129



Example — dumbbell @

19 1.95 2 2.05




Example — dumbbell

1.9 1.95 i 2 2.05

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
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Example — dumbbell

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
1.95174 < A1 <1.96196 1.95694 < A\, < 1.96644




Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=20 on 90f2 Niri = 19456 _
1.9 1.05 > 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < X\, < 1.96644
1.95944 < A, < 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 195 2 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777
1.95532 < \; < 1.95646

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < A\p < 1.96644
1.95944 < A, < 1.96251
1.96025 < \p < 1.96129



Example: Square @
A1 =2, ui(x,y) = sin(x)sin(y)

0.8
0.6
0.4
0.2

A =5, uz(x, y) = sin(2x)sin(y)

-0.2
04
WM-os
A3 =5, u3(x, y) = sin(x)sin(2y) 038




Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8



Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4



Example: Dumbbell @
A1 ~ 1.9556 Ao &~ 1.9605

Mg =~ 4.8288 A3 =~ 4.7996

s ~ 4.9960 Mg ~ 4.9960 | IS




Lower bounds on eigenvalues @

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
C. Carstensen, R.G. Duran, D. Galistl, J. Gedicke, F. Goerisch,
L. Grubigi¢, Jun Hu, J.R. Kuttler, Y.A. Kuznetsov, Fubiao Lin,
Qun Lin, Xuefeng Liu, M. Plum, S.I. Repin, V.G. Sigillito,
Hehu Xie, Yidu Yang, Zhimin Zhang, ... many others



Weinstein's bounds
Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:

Auj = A\juj

Setting:
» V ... Hilbert space
» A:D(A) — V linear, symmetric operator
» {u;} form orthonormal basis in V
»0< A < <3<



Weinstein's bounds
Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:

Auj = A\juj

Theorem 1 (Weinstein 1937):
> Let u, € D(A)\ {0} and A, € R be arbitrary.
> Let & = ||Aus — M|/ us]|-

An—1+ An An + Anp1

Let — < <
> Let 5 <A < 5

Then Ay — e < A\,.

for some n.



Weinstein's bounds @

Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:
Auj = A\juj

Theorem 1 (Weinstein 1937):
> Let u, € D(A)\ {0} and A, € R be arbitrary.
> Let & = ||Aus — M|/ us]|-

An—1+ An An + Anp1

> Let — <A < 5 for some n.
Then Ay — e < A\,.
o
Proof: ||Aux — At = 3 (Auy — Ay, uj)?
j=1

o0
= 2 1N = AP {us, 1) > min [ — APl
j=1 J

|Au, — Asuy]|

0
[

Thus, [Ap — A] = min A — | <
J



Weak form m

Eigenvalue problem: Find u; € V'\ {0} and \; € R:
a(uj,v) = \ib(uj,v) YveV.

Setting:
» V is a Hilbert space

v

a(-,-) is a symmetric, continuous, V-elliptic bilinear form
b(-,-) is a symmetric, continuous, positive semidefinite bilinear form

v

v

{u;} form orthonormal basis in V/, i.e. b(u;, uj) = dj
O< A< A3
Example:

» a(u,v) = (Vu,Vv)

» b(u,v) = (u,v)

v



Method 1: Weinstein's bound in the weak form @

Theorem 2:
» Let u, € V'\ {0} and A\, € R be arbitrary.
> Let w € V be given by

a(w,v) = a(us, v) — A\b(uy,v) Vve V.

> Let ||wl]l, <.

> Let \/ An—1An < A < AV )\n)\n—i-l

Then

1 2
WV <\, where (V¥ = T (n+ \/n2+4)\*]u*|12)> .
*1b

[Vejchodsky, Sebestova 2017]




Method 2: Kato's bound in the weak form @
Theorem 3:
> let 1 <n<s.
» Let u,; € Vand A\, ; €R, i =n,...,s, satisfy
a(u*,,-, V*) = )\*,,-b(u*7,-, V*) Vv € Vi, ‘U*J‘b =1,
where V, =span{u,;, i =n,...,s}.

> Let w; € V,i=n,...,s, be given by

a(wj, v) = a(uy i, v) — A ib(uyj,v) Vv e V.

> Let [|wil|ls <mjforalli=n, ... s.
> Let A\;_1 < )\*,s <v < Asyr1.
Then

-1
K K _
Cr < Ap, wheref,,—)\*,,<1+1/)\*,,z . */)) .

[Vejchodsky, Sebestova 2017]



Complementary upper bound on the residual @

Theorem 4:
» Let V = H}(Q), a(u, v) = (Vu, Vv), and b(u,v) = (u, V).
> Let u, € V and A, € R be arbitrary.
> Let w € V satisfy

a(w,v) = a(ux, v) — Aub(us,v) Vv e V.

> Let g € H(div,Q) be such that —divq = A, us.
Then
Vw2 <1 = IVus — qll2(q)-

[Synge 1957], [Haslinger, Hlavacek 1976], [K¥izek, Hlavatek 1984,
[Neittaanmaki, Repin 2004], [Braess 2007], ...



Flux reconstruction @

» FEM eigenpairs: Ay, € R, up, € Vi, ||Uh’n”L2(Q) =1l,n=r,...,s

» Flux reconstruction: qp, = Z qzn  [Braess, Schéberl 2006]
ZENh
» Local mixed FEM: q; , € W,, d,, € P{(77)

(Az,n; Wh)w, — (dzn, divWp)w, = (V2Vup, Wh)w, Ywh € W,
*(le CIz,mSDh)wz = (rZ,nvth)UJz \V/SDh € Pf('];)

where

v

wy is the patch of elements around vertex z € N},

T, is the set of elements in w,

W, = {wj € H(div,w;) : wy|x € RT1(K) VK € T,

and wy-n,, =0on et}
. {vh € Pi(TZ) : [, vhdx =0} for z € N}y \ 0Q
Pi(Tz) = A
Pi(Tz) for z e N\ynoQ
rz,n = /\h,nq/}zuh,n = Vi) - vUh,n

v

v

v

v



Flux reconstruction @

» FEM eigenpairs: Ay, € R, up, € Vi, ||Uh’n”L2(Q) =1l,n=r,...,s

» Flux reconstruction: qp, = Z qzn  [Braess, Schéberl 2006]
ZENh
Local mixed FEM: q;,, € Wy, d;, € P;(7;)

v

(Az,n; Wh)w, — (dzn, divWp)w, = (V2Vup, Wh)w, Ywh € W,
*(le CIz,mSDh)wz = (rZ,nvth)UJz \V/SD[-, € Pf(ﬁ)

v

Error estimator: 0, = [[Vupn — annll12(0)

2
Weinstein's bound: E},V = <_77n +4/n2+ 4/\h,n> /4

provided Ap , < \/ApAns1.

S

1
2
Kato's bound: /5 = A, (1 S Z 77'))

v

v

N (V= M
provided Aps < v < Agyp.

i=n



How to get v/7

—AU,' = )\,-u,- in Q
u=20 on 0f2

Theorem: If Q C L then /\E,E) < /\S,Q).

Proof:

> H(Q) C Hg(L)

> 2O~ min (Vv,Vv)aS min (VV,VV)Q:)\gQ)
veHi(c) (v,v)c veHl(@) (v,v)a

» Use Courant minimax principle for A,.



How to get v/7

—AU,' = )\,-u,- in Q

u=20 on 0f2

Theorem: If Q C L then /\g,ﬁ) < /\S,Q).

Example: 10 eigenvalues in the dumbbell

L

D

Q

L
8

— 8.93827 < A\11

But Ag =~ 7.986, A\g ~ 9.353, A9 =~ 9.510, A11 ~ 9.998.



Homotopy method @

—AU,' = )\,-u,- in Q
u=20 on 02

» Let Q= QM c Qm-1) ... c V) c QO
» Let exact eigenvalues are known on Q(©),
» Theorem = )\S,k_l) < )\gk), k=1,2,....m
[Plum 1990, 1991]

Example:
(0) (1I)_l (2I)_I (3)IJ (4)|_|
Q Q ) Q - Q - Q M

Analytically: v =12.16 v =11.39 v =10.77 v =9.988
1216 < M9 & =1139 /5 =10.77 £ =9.988



Method 3. Lehmann—Goerisch @

Input: A priori lower bound: v < Ag41
Algorithm:

» FEM eigenpairs: A €R, up; € Vp, i=1,2,...,5

» Mixed FEM problem: o€ Wh, qni€ Qp i =1,2,...,s
W, = {on € H(div,Q) : o4k € RT«(K) VK € Tp}
Qn=1{qn € L2(Q) S gnlk € Pk(K) VK € Th}

(oh,i»Wh) + (gn,i,divwy) =0 Ywy € W,
(diveni,on) = (—uni,on) Ven € Qn,

[Behnke, Mertins, Plum, Wieners 2000]



Method 3. Lehmann—Goerisch @

Input: A priori lower bound: v < Ag41
Algorithm:

» FEM eigenpairs: A €R, up; € Vp, i=1,2,...,5
» Mixed FEM problem: o€ Wh, qni€ Qp i =1,2,...,s

» Set:
v = [lun,s + divons|iz(q)
p=v+1

M = (Vupi, Vunj) + (v — p)(uni, unj)
Njj = (Vuni, Vung) + (v = 20)(unis unj) + p*(0his oh))
+(p?/7)(un,i + divop, upj + divos)
> Solve:
pr < <ps:  My;=upiNy;, i=12..s
> If Niss.p.d. and if psy1—pn < O then
S =p—y—p/(1—psy1-n) <Xay n=1,2,...,s.

[Behnke, Mertins, Plum, Wieners 2000]



Method 4. Crouzeix—Raviart elements

Crouzeix—Raviart finite elements
VER = {v}, € Pi(T}) : vi continuous in midpoints of all v € &,}
Find 0 # upR € VER ASR e R -

(VUE}D”, V) = )\glf”(u,?f‘, vh) Vv, € V,,CR.

Lower bound (no round-off errors)

ACR
FR=— D <)\ Vi=1,2,...
1+ r2Ag8m2,
where
» r =0.1893

> hmax = MaxkeT;, diam K

[Carstensen, Gedicke 2013], [Xuefeng LIU 2015]

Y



Method 4. Crouzeix—Raviart elements

Crouzeix—Raviart finite elements
= {vp € P1(Tp) : v continuous in midpoints of all v € Ex}
Find 0 # ufR € VPR AR e R

(Vu,,, ,Vvp) = )\ (uh, ,Vp) Vv, € V,,CR.

Lower bound (inexact solver: Ad¢® ~ )\CRB"CR)

JOR _ 5‘%{ —[[r][g-1 <\ Vie12
‘i - ~ Vi =4, 4...
1 w2 (AR~ |7l gt ) P

where Provided
» k= 0.1893 > [lrll g2 < AGR
> Pmax = maxger, diam K » 3R s closer to AR than to
> r= Aﬁ,CR )\CRBUCR any other discrete elgenvalue

h’JVJ#I

Y



Method 4. Crouzeix—Raviart elements @

Upper bound
» T, is the red refinement of 7},
> up; = Tomig fori=1,2,...,m
S, Q € R™™ with entries Sj = (Vu}, ;, Vuy ) and
Qjk = (Uh s Up k)
» Sy, =N Qy;, i=12,....m
NSNS <o <AL
Ai <N fori=1,2,....m

v

v

v



Example: Dumbbell — convergence

—Au; = A\ju;  in Q = dumbbell
ui=20 on 02

Uniformly refined meshes:

Y




Example: Dumbbell — convergence w

Spectrum:
Al /\,’, )\T>\8 /\5))\1()

Il | | |

1Ll I T T

[l |
I T
2 3 4 5 6 7 8 9 10

1.95569(1,q) < A < 1.95591 (cR) 1.96059(1,¢) < Ao < 1.96079cr)

0l ] 0l
1 1
X DY i L DY
G..
210" Qai 13107 x @
o = o )
31072 131072
k<] o
e . 3l |12, 3l
3 10 -®--Weinstein $ 10 -@-:-Weinstein
.; 4 =% Kato ; 4 = Kato N
© 10 7 | |—e—Lehmann-Goerisch B © 10™ f |—e—Lehmann-Goerisch ¥ B
e =B~ Crouzeix-Raviart o =0~ Crouzeix-Raviart
10" 102 10 10* 10° 10° 10" 102 10 10* 10° 10°

degrees of freedom degrees of freedom



Example: Dumbbell — convergence w

Spectrum:
Al /\,’, )\T>\8 /\5))\1()

Il | | |

1Ll I T T

[l |
I T
2 3 4 5 6 7 8 9 10

4.80024(cpy < A3 < 4.80129cRy  4.82944(cR) < \a < 4.83036(Cr)

0l ] 0l
10 10
A3 :\ " A\ X
()] ALN [0} .
Ny 2 110
o )
31072 131072
k<] o
e . 3l |12, 3l
3 10 -®--Weinstein $ 10 -@-:-Weinstein
.; 4 =% Kato ; 4 = Kato
© 10 7 | |—e—Lehmann-Goerisch 1 8 10 7 | |—e—Lehmann-Goerisch
e =B~ Crouzeix-Raviart o =0~ Crouzeix-Raviart
10" 102 10 10* 10° 10° 10" 102 10 10* 10° 10°

degrees of freedom degrees of freedom



Example: Dumbbell — convergence w

Spectrum:
Al /\,’, )\T>\8 /\5))\1()

Il | | |

1Ll I T T

[l |
I T
2 3 4 5 6 7 8 9 10

4.99671(cRy < A5 < 4.99693(cr)  4.99672(cRy < A < 4.99694cR,

0l ] 0l
10°) 5, « 10°) 3
" ¢
Q. & 3 1 "
N o 1840 R
o o
31072 131072
k<] o
e . 3l |2, 3]
3 10 -®--Weinstein $ 10 -@-:-Weinstein
= 4 =%--Kato 2 4 == Kato 8
© 10 7 | |—e—Lehmann-Goerisch \! 1 8 10 7 | |—e—Lehmann-Goerisch *\n ]
e =B~ Crouzeix-Raviart o =0~ Crouzeix-Raviart
10" 102 10 10* 10° 10° 10" 102 10 10* 10° 10°
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Example: Dumbbell — convergence w

Spectrum:
Al /\,’, )\T>\8 /\5))\1()

Il | | |

1Ll I T T

[l |
I T
2 3 4 5 6 7 8 9 10

7.98657(cry < A7 < 7.98725(cr)  7.98664(cRy < A < 7.98732(cr

0l ] 0l

1 ek 1 -

0 )\7 . 0 )\8 ‘K\
(O] G.., [} G..,
N 1 %\., 1 N 1 %g.,
% 10 2 % 10 Kol
o )
31072 131072
k<] o
e 3l |2, 3]
3 10 -®--Weinstein $ 10 -@-:-Weinstein
.; 4 =% Kato ; 4 = Kato
© 10 7 | |—e—Lehmann-Goerisch B ® 10 ' ; l—e—Lehmann-Goerisch LI
e =B~ Crouzeix-Raviart o =0~ Crouzeix-Raviart

10" 102 10 10* 10° 10° 10" 102 10 10* 10° 10°

degrees of freedom degrees of freedom



Example: Dumbbell — convergence w

Spectrum:
Al /\,’, )\T>\8 /\5))\1()
Il |

1Ll

[l |
I T
2 3 4 5 6 7 8 9 10

o[ "] o[
10 ek 10 ek
A9 o.. )\10 o..
8 - 8 -
% 10 1% 10
o o
31072 131072
k<] o
e . 3l |12, 3l
3 10 -®--Weinstein $ 10 -@-:-Weinstein
.; 4 =% Kato ; 4 = Kato
© 10 7 | |—e—Lehmann-Goerisch 1 8 10 7 | |—e—Lehmann-Goerisch
e =B~ Crouzeix-Raviart o =0~ Crouzeix-Raviart
10" 102 10 10* 10° 10° 10" 102 10 10* 10° 10°

degrees of freedom degrees of freedom



Conclusions @

Weinstein | Kato | Lehmann— | Crouzeix—

—Goerisch | —Raviart
speed of convergence — + + +
a priori information — — — +
algebraic error + — + +
generality + + + -
higher-order + + + —
robustness + — — +
local problems + + — +
error indicator + + + —
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