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Outline
Model problem

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Lower bounds on eigenvalues:

? ≤ λi ≤ Λh,i

I Motivation

I Classical Weinstein’s lower bound

I Method 1: Weinstein’s bound in weak setting

I Method 2: Kato’s bound in weak setting

I Method 3: Lehmann–Goerisch method

I Method 4: Crouzeix–Raviart elements based lower bounds

I Numerical comparison



Goal

Solve problems

I reliably – with guaranteed accuracy

I efficiently – as fast as possible



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

π

π

4

π

[Trefethen, Betcke 2006]
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 19456

1.9 1.95 2 2.05

λ1 ≈ 2.02280 λ2 ≈ 2.02481
λ1 ≈ 1.97588 λ2 ≈ 1.97967
λ1 ≈ 1.96196 λ2 ≈ 1.96644
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 77824

1.9 1.95 2 2.05

λ1 ≈ 2.02280 λ2 ≈ 2.02481
λ1 ≈ 1.97588 λ2 ≈ 1.97967
λ1 ≈ 1.96196 λ2 ≈ 1.96644
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
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1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 19456

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644
1.95443 ≤ λ1 ≤ 1.95777 1.95944 ≤ λ2 ≤ 1.96251



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 77824

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644
1.95443 ≤ λ1 ≤ 1.95777 1.95944 ≤ λ2 ≤ 1.96251
1.95532 ≤ λ1 ≤ 1.95646 1.96025 ≤ λ2 ≤ 1.96129



Example: Square
λ1 = 2, u1(x , y) = sin(x) sin(y)

λ2 = 5, u2(x , y) = sin(2x) sin(y)

λ3 = 5, u3(x , y) = sin(x) sin(2y)



Example: Two squares
λ1 = 2

λ2 = 5

λ3 = 5



Example: Two squares
λ1 = 2 λ2 = 2

λ3 = 5 λ4 = 5

λ5 = 5 λ6 = 5



Example: Dumbbell
λ1 ≈ 1.9556 λ2 ≈ 1.9605

λ4 ≈ 4.8288 λ3 ≈ 4.7996

λ5 ≈ 4.9960 λ6 ≈ 4.9960



Lower bounds on eigenvalues

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,
. . .

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
C. Carstensen, R.G. Duran, D. Galistl, J. Gedicke, F. Goerisch,
L. Grubǐsić, Jun Hu, J.R. Kuttler, Y.A. Kuznetsov, Fubiao Lin,
Qun Lin, Xuefeng Liu, M. Plum, S.I. Repin, V.G. Sigillito,
Hehu Xie, Yidu Yang, Zhimin Zhang, . . .many others



Weinstein’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Setting:

I V . . . Hilbert space

I A : D(A)→ V linear, symmetric operator

I {ui} form orthonormal basis in V

I 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·



Weinstein’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Theorem 1 (Weinstein 1937):

I Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.

I Let ε = ‖Au∗ − λ∗u∗‖/‖u∗‖.

I Let
λn−1 + λn

2
≤ λ∗ ≤

λn + λn+1

2
for some n.

Then λ∗ − ε ≤ λn.



Weinstein’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Theorem 1 (Weinstein 1937):

I Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.

I Let ε = ‖Au∗ − λ∗u∗‖/‖u∗‖.

I Let
λn−1 + λn

2
≤ λ∗ ≤

λn + λn+1

2
for some n.

Then λ∗ − ε ≤ λn.

Proof: ‖Au∗ − λ∗u∗‖2 =
∞∑
j=1
〈Au∗ − λ∗u∗, uj〉2

=
∞∑
j=1
|λj − λ∗|2〈u∗, uj〉2 ≥ min

j
|λj − λ∗|2‖u∗‖2

Thus, |λn − λ∗| = min
j
|λj − λ∗| ≤

‖Au∗ − λ∗u∗‖
‖u∗‖

= ε.



Weak form

Eigenvalue problem: Find ui ∈ V \ {0} and λi ∈ R:

a(ui , v) = λib(ui , v) ∀v ∈ V .

Setting:

I V is a Hilbert space

I a(·, ·) is a symmetric, continuous, V -elliptic bilinear form

I b(·, ·) is a symmetric, continuous, positive semidefinite bilinear form

I {ui} form orthonormal basis in V , i.e. b(ui , uj) = δij
I 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·

Example:

I a(u, v) = (∇u,∇v)

I b(u, v) = (u, v)



Method 1: Weinstein’s bound in the weak form

Theorem 2:

I Let u∗ ∈ V \ {0} and λ∗ ∈ R be arbitrary.

I Let w ∈ V be given by

a(w , v) = a(u∗, v)− λ∗b(u∗, v) ∀v ∈ V .

I Let ‖w‖a ≤ η.
I Let

√
λn−1λn ≤ λ∗ ≤

√
λnλn+1

Then

`Wn ≤ λn, where `Wn =
1

4|u∗|2b

(
−η +

√
η2 + 4λ∗|u∗|2b

)2

.

[Vejchodský, Šebestová 2017]



Method 2: Kato’s bound in the weak form
Theorem 3:

I Let 1 ≤ n ≤ s.
I Let u∗,i ∈ V and λ∗,i ∈ R, i = n, . . . , s, satisfy

a(u∗,i , v∗) = λ∗,ib(u∗,i , v∗) ∀v∗ ∈ V∗, |u∗,i |b = 1,

where V∗ = span{u∗,i , i = n, . . . , s}.
I Let wi ∈ V , i = n, . . . , s, be given by

a(wi , v) = a(u∗,i , v)− λ∗,ib(u∗,i , v) ∀v ∈ V .

I Let ‖wi‖a ≤ ηi for all i = n, . . . , s.
I Let λs−1 ≤ λ∗,s < ν ≤ λs+1.

Then

`Kn ≤ λn, where `Kn = λ∗,n

(
1 + νλ∗,n

s∑
i=n

η2
i

λ2
∗,i (ν − λ∗,i )

)−1

.

[Vejchodský, Šebestová 2017]



Complementary upper bound on the residual

Theorem 4:

I Let V = H1
0 (Ω), a(u, v) = (∇u,∇v), and b(u, v) = (u, v).

I Let u∗ ∈ V and λ∗ ∈ R be arbitrary.

I Let w ∈ V satisfy

a(w , v) = a(u∗, v)− λ∗b(u∗, v) ∀v ∈ V .

I Let q ∈ H(div,Ω) be such that − div q = λ∗u∗.

Then
‖∇w‖L2(Ω) ≤ η = ‖∇u∗ − q‖L2(Ω).

[Synge 1957], [Haslinger, Hlaváček 1976], [Kř́ıžek, Hlaváček 1984],

[Neittaanmäki, Repin 2004], [Braess 2007], . . .



Flux reconstruction

I FEM eigenpairs: Λh,n ∈ R, uh,n ∈ Vh, ‖uh,n‖L2(Ω) = 1, n = r , . . . , s

I Flux reconstruction: qh,n =
∑
z∈Nh

qz ,n [Braess, Schöberl 2006]

I Local mixed FEM: qz ,n ∈Wz , dz ,n ∈ P∗1 (Tz)

(qz ,n,wh)ωz − (dz ,n, divwh)ωz = (ψz∇uh,n,wh)ωz ∀wh ∈Wz

−(div qz ,n, ϕh)ωz = (rz ,n, ϕh)ωz ∀ϕh ∈ P∗1 (Tz)

where

I ωz is the patch of elements around vertex z ∈ Nh

I Tz is the set of elements in ωz
I Wz = {wh ∈ H(div, ωz) : wh|K ∈ RT1(K ) ∀K ∈ Tz

and wh · nωz = 0 on Γext
ωz

}
I P∗1 (Tz) =

{
{vh ∈ P1(Tz) :

∫
ωz

vh dx = 0} for z ∈ Nh \ ∂Ω

P1(Tz) for z ∈ Nh ∩ ∂Ω
I rz ,n = Λh,nψzuh,n −∇ψz · ∇uh,n

I Error estimator: ηn = ‖∇uh,n − qh,n‖L2(Ω)

I Weinstein’s bound: `Wn =

(
−ηn +

√
η2
n + 4Λh,n

)2

/4

provided Λh,n ≤
√
λnλn+1.

I Kato’s bound: `Kn = Λh,n

(
1 + νΛh,n

s∑
i=n

η2
i

Λ2
h,i (ν − Λh,i )

)−1

provided Λh,s < ν ≤ λs+1.



Flux reconstruction

I FEM eigenpairs: Λh,n ∈ R, uh,n ∈ Vh, ‖uh,n‖L2(Ω) = 1, n = r , . . . , s

I Flux reconstruction: qh,n =
∑
z∈Nh

qz ,n [Braess, Schöberl 2006]

I Local mixed FEM: qz ,n ∈Wz , dz ,n ∈ P∗1 (Tz)

(qz ,n,wh)ωz − (dz ,n, divwh)ωz = (ψz∇uh,n,wh)ωz ∀wh ∈Wz

−(div qz ,n, ϕh)ωz = (rz ,n, ϕh)ωz ∀ϕh ∈ P∗1 (Tz)

I Error estimator: ηn = ‖∇uh,n − qh,n‖L2(Ω)

I Weinstein’s bound: `Wn =

(
−ηn +

√
η2
n + 4Λh,n

)2

/4

provided Λh,n ≤
√
λnλn+1.

I Kato’s bound: `Kn = Λh,n

(
1 + νΛh,n

s∑
i=n

η2
i

Λ2
h,i (ν − Λh,i )

)−1

provided Λh,s < ν ≤ λs+1.



How to get ν?

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Theorem: If Ω ⊂ L then λ
(L)
n ≤ λ(Ω)

n .

Proof:

I H1
0 (Ω) ⊂ H1

0 (L)

I λ
(L)
1 = min

v∈H1
0 (L)

(∇v ,∇v)L
(v , v)L

≤ min
v∈H1

0 (Ω)

(∇v ,∇v)Ω

(v , v)Ω
= λ

(Ω)
1

I Use Courant minimax principle for λn.



How to get ν?

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Theorem: If Ω ⊂ L then λ
(L)
n ≤ λ(Ω)

n .

Example: 10 eigenvalues in the dumbbell

L ⊃ Ω =⇒ 8.93827 ≤ λ11

But λ8 ≈ 7.986, λ9 ≈ 9.353, λ10 ≈ 9.510, λ11 ≈ 9.998.



Homotopy method

−∆ui = λiui in Ω

ui = 0 on ∂Ω

I Let Ω = Ω(m) ⊂ Ω(m−1) ⊂ · · · ⊂ Ω(1) ⊂ Ω(0).

I Let exact eigenvalues are known on Ω(0).

I Theorem ⇒ λ
(k−1)
n ≤ λ(k)

n , k = 1, 2, . . . ,m.

[Plum 1990, 1991]

Example:

Ω(0) Ω(1) Ω(2) Ω(3) Ω(4)

Analytically:

12.16 ≤ λ(0)
17

ν = 12.16
`K15

.
= 11.39

ν = 11.39
`K13

.
= 10.77

ν = 10.77
`K11

.
= 9.988

ν = 9.988



Method 3. Lehmann–Goerisch

Input: A priori lower bound: ν ≤ λs+1

Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . , s

I Mixed FEM problem: σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . , s
Wh = {σh ∈ H(div,Ω) : σh|K ∈ RTk(K ) ∀K ∈ Th}
Qh = {qh ∈ L2(Ω) : qh|K ∈ Pk(K ) ∀K ∈ Th}

(σh,i ,wh) + (qh,i , divwh) = 0 ∀wh ∈Wh,

(divσh,i , ϕh) = (−uh,i , ϕh) ∀ϕh ∈ Qh,

[Behnke, Mertins, Plum, Wieners 2000]



Method 3. Lehmann–Goerisch

Input: A priori lower bound: ν ≤ λs+1

Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . , s

I Mixed FEM problem: σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . , s

I Set:
γ = ‖uh,s + divσh,s‖L2(Ω)

ρ = ν + γ
M ij = (∇uh,i ,∇uh,j) + (γ − ρ)(uh,i , uh,j)
N ij = (∇uh,i ,∇uh,j) + (γ − 2ρ)(uh,i , uh,j) + ρ2(σh,i ,σh,j)

+(ρ2/γ)(uh,i + divσh,i , uh,j + divσh,j)

I Solve:
µ1 ≤ · · · ≤ µs : Myi = µiNyi , i = 1, 2, . . . , s

I If N is s.p.d. and if µs+1−n < 0 then
`LGn = ρ− γ − ρ/ (1− µs+1−n) ≤ λn, n = 1, 2, . . . , s.

[Behnke, Mertins, Plum, Wieners 2000]



Method 4. Crouzeix–Raviart elements

Crouzeix–Raviart finite elements
VCR
h = {vh ∈ P1(Th) : vh continuous in midpoints of all γ ∈ Eh}

Find 0 6= uCR
h,i ∈ VCR

h , λCR
h,i ∈ R :

(∇uCR
h,i ,∇vh) = λCR

h,i (uCR
h,i , vh) ∀vh ∈ VCR

h .

Lower bound (no round-off errors)

`CR
i =

λCR
h,i

1 + κ2λCR
h,i h

2
max

≤ λi ∀i = 1, 2, . . .

where

I κ = 0.1893

I hmax = maxK∈Th diamK

I r = AũCR
i − λ̃CR

h,i BũCR
i

[Carstensen, Gedicke 2013], [Xuefeng LIU 2015]



Method 4. Crouzeix–Raviart elements

Crouzeix–Raviart finite elements
VCR
h = {vh ∈ P1(Th) : vh continuous in midpoints of all γ ∈ Eh}

Find 0 6= uCR
h,i ∈ VCR

h , λCR
h,i ∈ R :

(∇uCR
h,i ,∇vh) = λCR

h,i (uCR
h,i , vh) ∀vh ∈ VCR

h .

Lower bound (inexact solver: AũCR
i ≈ λ̃CR

h,i BũCR
i )

˜̀CR
i =

λ̃CR
h,i − ‖r‖B−1

1 + κ2
(
λ̃CR
h,i − ‖r‖B−1

)
h2
max

≤ λi ∀i = 1, 2, . . .

where

I κ = 0.1893

I hmax = maxK∈Th diamK

I r = AũCR
i − λ̃CR

h,i BũCR
i

Provided

I ‖r‖B−1 < λ̃CR
h,i

I λ̃CR
h,i is closer to λCR

h,i than to
any other discrete eigenvalue
λCR
h,j , j 6= i



Method 4. Crouzeix–Raviart elements

Upper bound

I T ∗h is the red refinement of Th
I u∗h,i = ICMũCR

h,i for i = 1, 2, . . . ,m

I S ,Q ∈ Rm×m with entries S j ,k = (∇u∗h,j ,∇u∗h,k) and
Q j ,k = (u∗h,j , u

∗
h,k)

I Syi = Λ∗i Qyi , i = 1, 2, . . . ,m

I Λ∗1 ≤ Λ∗2 ≤ · · · ≤ Λ∗m
I λi ≤ Λ∗i for i = 1, 2, . . . ,m



Example: Dumbbell – convergence

−∆ui = λiui in Ω = dumbbell

ui = 0 on ∂Ω

Uniformly refined meshes:



Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8 9 10

1.95569(LG) ≤ λ1 ≤ 1.95591(CR) 1.96059(LG) ≤ λ2 ≤ 1.96079(CR)
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Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8 9 10

4.80024(CR) ≤ λ3 ≤ 4.80129(CR) 4.82944(CR) ≤ λ4 ≤ 4.83036(CR)

10
1

10
2

10
3

10
4

10
5

10
6

degrees of freedom

10
-4

10
-3

10
-2

10
-1

10
0

re
la

ti
v
e
 e

n
c
lo

s
u
re

 s
iz

e

Weinstein

Kato

Lehmann-Goerisch

Crouzeix-Raviart

10
1

10
2

10
3

10
4

10
5

10
6

degrees of freedom

10
-4

10
-3

10
-2

10
-1

10
0

re
la

ti
v
e
 e

n
c
lo

s
u
re

 s
iz

e
Weinstein

Kato

Lehmann-Goerisch

Crouzeix-Raviart



Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8 9 10

4.99671(CR) ≤ λ5 ≤ 4.99693(CR) 4.99672(CR) ≤ λ6 ≤ 4.99694(CR)
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Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8 9 10

7.98657(CR) ≤ λ7 ≤ 7.98725(CR) 7.98664(CR) ≤ λ8 ≤ 7.98732(CR)
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Example: Dumbbell – convergence

Spectrum:

2 3 4 5 6 7 8 9 10

9.35556(CR) ≤ λ9 ≤ 9.35888(CR) 9.50943(CR) ≤ λ10 ≤ 9.51210(CR)
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Conclusions

Weinstein Kato Lehmann– Crouzeix–
–Goerisch –Raviart

speed of convergence − + + +
a priori information − − − ±
algebraic error + − + +
generality + + + −
higher-order ± + + −
robustness + − − +
local problems + + − +
error indicator + + + −
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